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Topology is King

Most robust quantity in any theory is topological

Topology robust to new physics 
between the UV and the IR

Measure topological quantities!



Aharonov-Bohm Effect

 Φ = BS

 φ =
eΦ
ℏ

Electron acquire phase as it 
moves around a magnetic flux

Independent of path and 
mass of the electron



Topological interactions

Standard Model
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Unphysical without monopoles

Strong CP problem

B+L violation



Topological interactions

Standard Model
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1 Introduction

The ultraviolet structure of the standard model is one of the most fundamental questions in particle
physics. In general, it is a daunting task to unearth high-energy properties of the theory from low-
energy observations. However, there is a unique type of interaction that contains universal information
about the fundamental theory unpolluted by intervening physics. This special type of interaction is a
topological interaction [1]. In this paper, we consider the topological coupling of a compact pseudo-
scalarÑan axionÑwith photons,

L =
A ! em

4"
a
f

F !F (1.1)

where 2" f is the periodicity of the axion a, ! em is the Þne structure constant, andA is the anomaly
coe! cient for the mixed anomaly between electromagnetism and the continuous shift symmetry of
the axion. Anomaly matching Þxes the form of the interaction at any scale [2], such that the rational
number A is not renormalized and intervening physics between the high energy scale and the low

Ð 1 Ð

Decay constant RG runs : Wavefunction renormalization

Particle approach HARD

Anomaly - decay constant ambiguity

Need something independent of f
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1 Introduction

The ultraviolet structure of the standard model is one of the most fundamental questions in particle
physics. In general, it is a daunting task to unearth high-energy properties of the theory from low-
energy observations. However, there is a unique type of interaction that contains universal information
about the fundamental theory unpolluted by intervening physics. This special type of interaction is a
topological interaction [1]. In this paper, we consider the topological coupling of a compact pseudo-
scalarÑan axionÑwith photons,

L =
A ! em

4"
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f

F !F (1.1)

where 2" f is the periodicity of the axion a, ! em is the Þne structure constant, andA is the anomaly
coe! cient for the mixed anomaly between electromagnetism and the continuous shift symmetry of
the axion. Anomaly matching Þxes the form of the interaction at any scale [2], such that the rational
number A is not renormalized and intervening physics between the high energy scale and the low
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1 Introduction

The ultraviolet structure of the standard model is one of the most fundamental questions in particle
physics. In general, it is a daunting task to unearth high-energy properties of the theory from low-
energy observations. However, there is a unique type of interaction that contains universal information
about the fundamental theory unpolluted by intervening physics. This special type of interaction is a
topological interaction [1]. In this paper, we consider the topological coupling of a compact pseudo-
scalarÑan axionÑwith photons,

L =
A ! em
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where 2" f is the periodicity of the axion a, ! em is the Þne structure constant, andA is the anomaly
coe! cient for the mixed anomaly between electromagnetism and the continuous shift symmetry of
the axion. Anomaly matching Þxes the form of the interaction at any scale [2], such that the rational
number A is not renormalized and intervening physics between the high energy scale and the low
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String theory predicts many near 
massless axions with these couplings
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Anomalies

A is the ’t Hooft anomaly of the axion

Axion is periodic but coupling is not

! em
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<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

✓ = ✓ + 2⇡A
<latexit sha1_base64="bHPq+zUvE7fcCEFsF5W/PAU2mcs=">AAACDHicbVDLSgNBEJz1GeMr6tHLYBAEIewGQS9C1IvHCOYB2RB6J7PJkNkHM71CWPIBXvwVLx4U8eoHePNvnE32oIkFA0VVNdNdXiyFRtv+tpaWV1bX1gsbxc2t7Z3d0t5+U0eJYrzBIhmptgeaSxHyBgqUvB0rDoEnecsb3WR+64ErLaLwHscx7wYwCIUvGKCReqWyi0OOQC9pTk5plbqxoG4AOGQg06uJSdkVewq6SJyclEmOeq/05fYjlgQ8RCZB645jx9hNQaFgkk+KbqJ5DGwEA94xNISA6246PWZCj43Sp36kzAuRTtXfEykEWo8DzySzFfW8l4n/eZ0E/YtuKsI4QR6y2Ud+IilGNGuG9oXiDOXYEGBKmF0pG4IChqa/oinBmT95kTSrFceuOHdn5dp1XkeBHJIjckIcck5q5JbUSYMw8kieySt5s56sF+vd+phFl6x85oD8gfX5A13Cmes=</latexit><latexit sha1_base64="bHPq+zUvE7fcCEFsF5W/PAU2mcs=">AAACDHicbVDLSgNBEJz1GeMr6tHLYBAEIewGQS9C1IvHCOYB2RB6J7PJkNkHM71CWPIBXvwVLx4U8eoHePNvnE32oIkFA0VVNdNdXiyFRtv+tpaWV1bX1gsbxc2t7Z3d0t5+U0eJYrzBIhmptgeaSxHyBgqUvB0rDoEnecsb3WR+64ErLaLwHscx7wYwCIUvGKCReqWyi0OOQC9pTk5plbqxoG4AOGQg06uJSdkVewq6SJyclEmOeq/05fYjlgQ8RCZB645jx9hNQaFgkk+KbqJ5DGwEA94xNISA6246PWZCj43Sp36kzAuRTtXfEykEWo8DzySzFfW8l4n/eZ0E/YtuKsI4QR6y2Ud+IilGNGuG9oXiDOXYEGBKmF0pG4IChqa/oinBmT95kTSrFceuOHdn5dp1XkeBHJIjckIcck5q5JbUSYMw8kieySt5s56sF+vd+phFl6x85oD8gfX5A13Cmes=</latexit><latexit sha1_base64="bHPq+zUvE7fcCEFsF5W/PAU2mcs=">AAACDHicbVDLSgNBEJz1GeMr6tHLYBAEIewGQS9C1IvHCOYB2RB6J7PJkNkHM71CWPIBXvwVLx4U8eoHePNvnE32oIkFA0VVNdNdXiyFRtv+tpaWV1bX1gsbxc2t7Z3d0t5+U0eJYrzBIhmptgeaSxHyBgqUvB0rDoEnecsb3WR+64ErLaLwHscx7wYwCIUvGKCReqWyi0OOQC9pTk5plbqxoG4AOGQg06uJSdkVewq6SJyclEmOeq/05fYjlgQ8RCZB645jx9hNQaFgkk+KbqJ5DGwEA94xNISA6246PWZCj43Sp36kzAuRTtXfEykEWo8DzySzFfW8l4n/eZ0E/YtuKsI4QR6y2Ud+IilGNGuG9oXiDOXYEGBKmF0pG4IChqa/oinBmT95kTSrFceuOHdn5dp1XkeBHJIjckIcck5q5JbUSYMw8kieySt5s56sF+vd+phFl6x85oD8gfX5A13Cmes=</latexit><latexit sha1_base64="bHPq+zUvE7fcCEFsF5W/PAU2mcs=">AAACDHicbVDLSgNBEJz1GeMr6tHLYBAEIewGQS9C1IvHCOYB2RB6J7PJkNkHM71CWPIBXvwVLx4U8eoHePNvnE32oIkFA0VVNdNdXiyFRtv+tpaWV1bX1gsbxc2t7Z3d0t5+U0eJYrzBIhmptgeaSxHyBgqUvB0rDoEnecsb3WR+64ErLaLwHscx7wYwCIUvGKCReqWyi0OOQC9pTk5plbqxoG4AOGQg06uJSdkVewq6SJyclEmOeq/05fYjlgQ8RCZB645jx9hNQaFgkk+KbqJ5DGwEA94xNISA6246PWZCj43Sp36kzAuRTtXfEykEWo8DzySzFfW8l4n/eZ0E/YtuKsI4QR6y2Ud+IilGNGuG9oXiDOXYEGBKmF0pG4IChqa/oinBmT95kTSrFceuOHdn5dp1XkeBHJIjckIcck5q5JbUSYMw8kieySt5s56sF+vd+phFl6x85oD8gfX5A13Cmes=</latexit>



Periodicity of theta

What does this periodicity teach us?

Witten effect qe =
! eg
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<latexit sha1_base64="LU4HAlX9zCRFx6RUD2QYl8D/SE8="></latexit><latexit sha1_base64="LU4HAlX9zCRFx6RUD2QYl8D/SE8="></latexit><latexit sha1_base64="LU4HAlX9zCRFx6RUD2QYl8D/SE8="></latexit><latexit sha1_base64="LU4HAlX9zCRFx6RUD2QYl8D/SE8="></latexit>

✓ = ✓ + 2⇡A
<latexit sha1_base64="bHPq+zUvE7fcCEFsF5W/PAU2mcs=">AAACDHicbVDLSgNBEJz1GeMr6tHLYBAEIewGQS9C1IvHCOYB2RB6J7PJkNkHM71CWPIBXvwVLx4U8eoHePNvnE32oIkFA0VVNdNdXiyFRtv+tpaWV1bX1gsbxc2t7Z3d0t5+U0eJYrzBIhmptgeaSxHyBgqUvB0rDoEnecsb3WR+64ErLaLwHscx7wYwCIUvGKCReqWyi0OOQC9pTk5plbqxoG4AOGQg06uJSdkVewq6SJyclEmOeq/05fYjlgQ8RCZB645jx9hNQaFgkk+KbqJ5DGwEA94xNISA6246PWZCj43Sp36kzAuRTtXfEykEWo8DzySzFfW8l4n/eZ0E/YtuKsI4QR6y2Ud+IilGNGuG9oXiDOXYEGBKmF0pG4IChqa/oinBmT95kTSrFceuOHdn5dp1XkeBHJIjckIcck5q5JbUSYMw8kieySt5s56sF+vd+phFl6x85oD8gfX5A13Cmes=</latexit><latexit sha1_base64="bHPq+zUvE7fcCEFsF5W/PAU2mcs=">AAACDHicbVDLSgNBEJz1GeMr6tHLYBAEIewGQS9C1IvHCOYB2RB6J7PJkNkHM71CWPIBXvwVLx4U8eoHePNvnE32oIkFA0VVNdNdXiyFRtv+tpaWV1bX1gsbxc2t7Z3d0t5+U0eJYrzBIhmptgeaSxHyBgqUvB0rDoEnecsb3WR+64ErLaLwHscx7wYwCIUvGKCReqWyi0OOQC9pTk5plbqxoG4AOGQg06uJSdkVewq6SJyclEmOeq/05fYjlgQ8RCZB645jx9hNQaFgkk+KbqJ5DGwEA94xNISA6246PWZCj43Sp36kzAuRTtXfEykEWo8DzySzFfW8l4n/eZ0E/YtuKsI4QR6y2Ud+IilGNGuG9oXiDOXYEGBKmF0pG4IChqa/oinBmT95kTSrFceuOHdn5dp1XkeBHJIjckIcck5q5JbUSYMw8kieySt5s56sF+vd+phFl6x85oD8gfX5A13Cmes=</latexit><latexit sha1_base64="bHPq+zUvE7fcCEFsF5W/PAU2mcs=">AAACDHicbVDLSgNBEJz1GeMr6tHLYBAEIewGQS9C1IvHCOYB2RB6J7PJkNkHM71CWPIBXvwVLx4U8eoHePNvnE32oIkFA0VVNdNdXiyFRtv+tpaWV1bX1gsbxc2t7Z3d0t5+U0eJYrzBIhmptgeaSxHyBgqUvB0rDoEnecsb3WR+64ErLaLwHscx7wYwCIUvGKCReqWyi0OOQC9pTk5plbqxoG4AOGQg06uJSdkVewq6SJyclEmOeq/05fYjlgQ8RCZB645jx9hNQaFgkk+KbqJ5DGwEA94xNISA6246PWZCj43Sp36kzAuRTtXfEykEWo8DzySzFfW8l4n/eZ0E/YtuKsI4QR6y2Ud+IilGNGuG9oXiDOXYEGBKmF0pG4IChqa/oinBmT95kTSrFceuOHdn5dp1XkeBHJIjckIcck5q5JbUSYMw8kieySt5s56sF+vd+phFl6x85oD8gfX5A13Cmes=</latexit><latexit sha1_base64="bHPq+zUvE7fcCEFsF5W/PAU2mcs=">AAACDHicbVDLSgNBEJz1GeMr6tHLYBAEIewGQS9C1IvHCOYB2RB6J7PJkNkHM71CWPIBXvwVLx4U8eoHePNvnE32oIkFA0VVNdNdXiyFRtv+tpaWV1bX1gsbxc2t7Z3d0t5+U0eJYrzBIhmptgeaSxHyBgqUvB0rDoEnecsb3WR+64ErLaLwHscx7wYwCIUvGKCReqWyi0OOQC9pTk5plbqxoG4AOGQg06uJSdkVewq6SJyclEmOeq/05fYjlgQ8RCZB645jx9hNQaFgkk+KbqJ5DGwEA94xNISA6246PWZCj43Sp36kzAuRTtXfEykEWo8DzySzFfW8l4n/eZ0E/YtuKsI4QR6y2Ud+IilGNGuG9oXiDOXYEGBKmF0pG4IChqa/oinBmT95kTSrFceuOHdn5dp1XkeBHJIjckIcck5q5JbUSYMw8kieySt5s56sF+vd+phFl6x85oD8gfX5A13Cmes=</latexit>

Not periodic!

Need many monopoles that are exchanged



Periodicity of theta

q! 1(! )
<latexit sha1_base64="hBSmVuyYiupzRgHJu8/WzDRyA8I=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhHgy7Iugx6MVjBPOAZFlmJ51kyOzDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIJFCo+N8Wyura+sbm4Wt4vbO7l7J3j9o6jhVHBo8lrFqB0yDFBE0UKCEdqKAhYGEVjC6mfqtR1BaxNE9jhPwQjaIRF9whkby7dKDn525E1rp4hCQnfp22ak6M9Bl4uakTHLUffur24t5GkKEXDKtO66ToJcxhYJLmBS7qYaE8REbQMfQiIWgvWx2+ISeGKVH+7EyFSGdqb8nMhZqPQ4D0xkyHOpFbyr+53VS7F95mYiSFCHi80X9VFKM6TQF2hMKOMqxIYwrYW6lfMgU42iyKpoQ3MWXl0nzvOo6Vffuoly7zuMokCNyTCrEJZekRm5JnTQIJyl5Jq/kzXqyXqx362PeumLlM4fkD6zPH3MVkko=</latexit><latexit sha1_base64="hBSmVuyYiupzRgHJu8/WzDRyA8I=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhHgy7Iugx6MVjBPOAZFlmJ51kyOzDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIJFCo+N8Wyura+sbm4Wt4vbO7l7J3j9o6jhVHBo8lrFqB0yDFBE0UKCEdqKAhYGEVjC6mfqtR1BaxNE9jhPwQjaIRF9whkby7dKDn525E1rp4hCQnfp22ak6M9Bl4uakTHLUffur24t5GkKEXDKtO66ToJcxhYJLmBS7qYaE8REbQMfQiIWgvWx2+ISeGKVH+7EyFSGdqb8nMhZqPQ4D0xkyHOpFbyr+53VS7F95mYiSFCHi80X9VFKM6TQF2hMKOMqxIYwrYW6lfMgU42iyKpoQ3MWXl0nzvOo6Vffuoly7zuMokCNyTCrEJZekRm5JnTQIJyl5Jq/kzXqyXqx362PeumLlM4fkD6zPH3MVkko=</latexit><latexit sha1_base64="hBSmVuyYiupzRgHJu8/WzDRyA8I=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhHgy7Iugx6MVjBPOAZFlmJ51kyOzDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIJFCo+N8Wyura+sbm4Wt4vbO7l7J3j9o6jhVHBo8lrFqB0yDFBE0UKCEdqKAhYGEVjC6mfqtR1BaxNE9jhPwQjaIRF9whkby7dKDn525E1rp4hCQnfp22ak6M9Bl4uakTHLUffur24t5GkKEXDKtO66ToJcxhYJLmBS7qYaE8REbQMfQiIWgvWx2+ISeGKVH+7EyFSGdqb8nMhZqPQ4D0xkyHOpFbyr+53VS7F95mYiSFCHi80X9VFKM6TQF2hMKOMqxIYwrYW6lfMgU42iyKpoQ3MWXl0nzvOo6Vffuoly7zuMokCNyTCrEJZekRm5JnTQIJyl5Jq/kzXqyXqx362PeumLlM4fkD6zPH3MVkko=</latexit><latexit sha1_base64="hBSmVuyYiupzRgHJu8/WzDRyA8I=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAYhHgy7Iugx6MVjBPOAZFlmJ51kyOzDmV4hLvkSLx4U8eqnePNvnCR70MSChqKqm+6uIJFCo+N8Wyura+sbm4Wt4vbO7l7J3j9o6jhVHBo8lrFqB0yDFBE0UKCEdqKAhYGEVjC6mfqtR1BaxNE9jhPwQjaIRF9whkby7dKDn525E1rp4hCQnfp22ak6M9Bl4uakTHLUffur24t5GkKEXDKtO66ToJcxhYJLmBS7qYaE8REbQMfQiIWgvWx2+ISeGKVH+7EyFSGdqb8nMhZqPQ4D0xkyHOpFbyr+53VS7F95mYiSFCHi80X9VFKM6TQF2hMKOMqxIYwrYW6lfMgU42iyKpoQ3MWXl0nzvOo6Vffuoly7zuMokCNyTCrEJZekRm5JnTQIJyl5Jq/kzXqyXqx362PeumLlM4fkD6zPH3MVkko=</latexit>

q! 2(! )
<latexit sha1_base64="9FQidNjqG40/ou5IBZU9n2ofYnU=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9WBJiqDHohePFewHtCFstpt26WYTdydCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7dftg8O2zpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8c3M7zwypXks72GSMC8iQ8lDTgkYybfLD352Xp/iah9GDMiZb1ecmjMHXiVuTiooR9O3v/qDmKYRk0AF0brnOgl4GVHAqWDTUj/VLCF0TIasZ6gkEdNeNj98ik+NMsBhrExJwHP190RGIq0nUWA6IwIjvezNxP+8XgrhlZdxmaTAJF0sClOBIcazFPCAK0ZBTAwhVHFzK6YjoggFk1XJhOAuv7xK2vWa69Tcu4tK4zqPo4iO0QmqIhddoga6RU3UQhSl6Bm9ojfryXqx3q2PRWvBymeO0B9Ynz90o5JL</latexit><latexit sha1_base64="9FQidNjqG40/ou5IBZU9n2ofYnU=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9WBJiqDHohePFewHtCFstpt26WYTdydCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7dftg8O2zpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8c3M7zwypXks72GSMC8iQ8lDTgkYybfLD352Xp/iah9GDMiZb1ecmjMHXiVuTiooR9O3v/qDmKYRk0AF0brnOgl4GVHAqWDTUj/VLCF0TIasZ6gkEdNeNj98ik+NMsBhrExJwHP190RGIq0nUWA6IwIjvezNxP+8XgrhlZdxmaTAJF0sClOBIcazFPCAK0ZBTAwhVHFzK6YjoggFk1XJhOAuv7xK2vWa69Tcu4tK4zqPo4iO0QmqIhddoga6RU3UQhSl6Bm9ojfryXqx3q2PRWvBymeO0B9Ynz90o5JL</latexit><latexit sha1_base64="9FQidNjqG40/ou5IBZU9n2ofYnU=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9WBJiqDHohePFewHtCFstpt26WYTdydCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7dftg8O2zpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8c3M7zwypXks72GSMC8iQ8lDTgkYybfLD352Xp/iah9GDMiZb1ecmjMHXiVuTiooR9O3v/qDmKYRk0AF0brnOgl4GVHAqWDTUj/VLCF0TIasZ6gkEdNeNj98ik+NMsBhrExJwHP190RGIq0nUWA6IwIjvezNxP+8XgrhlZdxmaTAJF0sClOBIcazFPCAK0ZBTAwhVHFzK6YjoggFk1XJhOAuv7xK2vWa69Tcu4tK4zqPo4iO0QmqIhddoga6RU3UQhSl6Bm9ojfryXqx3q2PRWvBymeO0B9Ynz90o5JL</latexit><latexit sha1_base64="9FQidNjqG40/ou5IBZU9n2ofYnU=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI9WBJiqDHohePFewHtCFstpt26WYTdydCDf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7dftg8O2zpOFWUtGotYdQOimeCStYCDYN1EMRIFgnWC8c3M7zwypXks72GSMC8iQ8lDTgkYybfLD352Xp/iah9GDMiZb1ecmjMHXiVuTiooR9O3v/qDmKYRk0AF0brnOgl4GVHAqWDTUj/VLCF0TIasZ6gkEdNeNj98ik+NMsBhrExJwHP190RGIq0nUWA6IwIjvezNxP+8XgrhlZdxmaTAJF0sClOBIcazFPCAK0ZBTAwhVHFzK6YjoggFk1XJhOAuv7xK2vWa69Tcu4tK4zqPo4iO0QmqIhddoga6RU3UQhSl6Bm9ojfryXqx3q2PRWvBymeO0B9Ynz90o5JL</latexit>

q0(! )
<latexit sha1_base64="XD/+FbAsUrsoXHu2fNT/JXxGXt4=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QrGF2MkmGzM6uM71KWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95iPXRkTqDscx90M6UKIvGEUr3T90U3dCyh0ccqSn3WLJrbgzkGXiZaQEGWrd4lenF7Ek5AqZpMa0PTdGP6UaBZN8UugkhseUjeiAty1VNOTGT2dXT8iJVXqkH2lbCslM/T2R0tCYcRjYzpDi0Cx6U/E/r51g/9JPhYoT5IrNF/UTSTAi0whIT2jOUI4toUwLeythQ6opQxtUwYbgLb68TBpnFc+teLfnpepVFkcejuAYyuDBBVThBmpQBwYanuEV3pwn58V5dz7mrTknmzmEP3A+fwCNV5Hh</latexit><latexit sha1_base64="XD/+FbAsUrsoXHu2fNT/JXxGXt4=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QrGF2MkmGzM6uM71KWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95iPXRkTqDscx90M6UKIvGEUr3T90U3dCyh0ccqSn3WLJrbgzkGXiZaQEGWrd4lenF7Ek5AqZpMa0PTdGP6UaBZN8UugkhseUjeiAty1VNOTGT2dXT8iJVXqkH2lbCslM/T2R0tCYcRjYzpDi0Cx6U/E/r51g/9JPhYoT5IrNF/UTSTAi0whIT2jOUI4toUwLeythQ6opQxtUwYbgLb68TBpnFc+teLfnpepVFkcejuAYyuDBBVThBmpQBwYanuEV3pwn58V5dz7mrTknmzmEP3A+fwCNV5Hh</latexit><latexit sha1_base64="XD/+FbAsUrsoXHu2fNT/JXxGXt4=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QrGF2MkmGzM6uM71KWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95iPXRkTqDscx90M6UKIvGEUr3T90U3dCyh0ccqSn3WLJrbgzkGXiZaQEGWrd4lenF7Ek5AqZpMa0PTdGP6UaBZN8UugkhseUjeiAty1VNOTGT2dXT8iJVXqkH2lbCslM/T2R0tCYcRjYzpDi0Cx6U/E/r51g/9JPhYoT5IrNF/UTSTAi0whIT2jOUI4toUwLeythQ6opQxtUwYbgLb68TBpnFc+teLfnpepVFkcejuAYyuDBBVThBmpQBwYanuEV3pwn58V5dz7mrTknmzmEP3A+fwCNV5Hh</latexit><latexit sha1_base64="XD/+FbAsUrsoXHu2fNT/JXxGXt4=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QrGF2MkmGzM6uM71KWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95iPXRkTqDscx90M6UKIvGEUr3T90U3dCyh0ccqSn3WLJrbgzkGXiZaQEGWrd4lenF7Ek5AqZpMa0PTdGP6UaBZN8UugkhseUjeiAty1VNOTGT2dXT8iJVXqkH2lbCslM/T2R0tCYcRjYzpDi0Cx6U/E/r51g/9JPhYoT5IrNF/UTSTAi0whIT2jOUI4toUwLeythQ6opQxtUwYbgLb68TBpnFc+teLfnpepVFkcejuAYyuDBBVThBmpQBwYanuEV3pwn58V5dz7mrTknmzmEP3A+fwCNV5Hh</latexit>

q1(! )
<latexit sha1_base64="yNFFh6/xFNlf3b9ItPSIUA9QVQc=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QrGF20kmGzM6uM71KWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQdjmPwQzZQoi84QyvdP3RTb0LLHRwCstNuseRW3BnoMvEyUiIZat3iV6cX8SQEhVwyY9qeG6OfMo2CS5gUOomBmPERG0DbUsVCMH46u3pCT6zSo/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPuXfipUnCAoPl/UTyTFiE4joD2hgaMcW8K4FvZWyodMM442qIINwVt8eZk0ziqeW/Fuz0vVqyyOPDkix6RMPHJBquSG1EidcKLJM3klb86T8+K8Ox/z1pyTzRySP3A+fwCO5ZHi</latexit><latexit sha1_base64="yNFFh6/xFNlf3b9ItPSIUA9QVQc=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QrGF20kmGzM6uM71KWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQdjmPwQzZQoi84QyvdP3RTb0LLHRwCstNuseRW3BnoMvEyUiIZat3iV6cX8SQEhVwyY9qeG6OfMo2CS5gUOomBmPERG0DbUsVCMH46u3pCT6zSo/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPuXfipUnCAoPl/UTyTFiE4joD2hgaMcW8K4FvZWyodMM442qIINwVt8eZk0ziqeW/Fuz0vVqyyOPDkix6RMPHJBquSG1EidcKLJM3klb86T8+K8Ox/z1pyTzRySP3A+fwCO5ZHi</latexit><latexit sha1_base64="yNFFh6/xFNlf3b9ItPSIUA9QVQc=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QrGF20kmGzM6uM71KWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQdjmPwQzZQoi84QyvdP3RTb0LLHRwCstNuseRW3BnoMvEyUiIZat3iV6cX8SQEhVwyY9qeG6OfMo2CS5gUOomBmPERG0DbUsVCMH46u3pCT6zSo/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPuXfipUnCAoPl/UTyTFiE4joD2hgaMcW8K4FvZWyodMM442qIINwVt8eZk0ziqeW/Fuz0vVqyyOPDkix6RMPHJBquSG1EidcKLJM3klb86T8+K8Ox/z1pyTzRySP3A+fwCO5ZHi</latexit><latexit sha1_base64="yNFFh6/xFNlf3b9ItPSIUA9QVQc=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QrGF20kmGzM6uM71KWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PfWbj6CNiNQdjmPwQzZQoi84QyvdP3RTb0LLHRwCstNuseRW3BnoMvEyUiIZat3iV6cX8SQEhVwyY9qeG6OfMo2CS5gUOomBmPERG0DbUsVCMH46u3pCT6zSo/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPuXfipUnCAoPl/UTyTFiE4joD2hgaMcW8K4FvZWyodMM442qIINwVt8eZk0ziqeW/Fuz0vVqyyOPDkix6RMPHJBquSG1EidcKLJM3klb86T8+K8Ox/z1pyTzRySP3A+fwCO5ZHi</latexit>

q2(! )
<latexit sha1_base64="FIueB7u1p9FWk1+TlLha+BAtJeg=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBDiJewGQY9BLx4jmAcka5iddJIhs7PrTK8SlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6nvrNR9BGROoOxzH4IRso0RecoZXuH7ppZUJLHRwCsrNuoeiW3RnoMvEyUiQZat3CV6cX8SQEhVwyY9qeG6OfMo2CS5jkO4mBmPERG0DbUsVCMH46u3pCT63So/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPuXfipUnCAoPl/UTyTFiE4joD2hgaMcW8K4FvZWyodMM442qLwNwVt8eZk0KmXPLXu358XqVRZHjhyTE1IiHrkgVXJDaqROONHkmbySN+fJeXHenY9564qTzRyRP3A+fwCQc5Hj</latexit><latexit sha1_base64="FIueB7u1p9FWk1+TlLha+BAtJeg=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBDiJewGQY9BLx4jmAcka5iddJIhs7PrTK8SlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6nvrNR9BGROoOxzH4IRso0RecoZXuH7ppZUJLHRwCsrNuoeiW3RnoMvEyUiQZat3CV6cX8SQEhVwyY9qeG6OfMo2CS5jkO4mBmPERG0DbUsVCMH46u3pCT63So/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPuXfipUnCAoPl/UTyTFiE4joD2hgaMcW8K4FvZWyodMM442qLwNwVt8eZk0KmXPLXu358XqVRZHjhyTE1IiHrkgVXJDaqROONHkmbySN+fJeXHenY9564qTzRyRP3A+fwCQc5Hj</latexit><latexit sha1_base64="FIueB7u1p9FWk1+TlLha+BAtJeg=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBDiJewGQY9BLx4jmAcka5iddJIhs7PrTK8SlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6nvrNR9BGROoOxzH4IRso0RecoZXuH7ppZUJLHRwCsrNuoeiW3RnoMvEyUiQZat3CV6cX8SQEhVwyY9qeG6OfMo2CS5jkO4mBmPERG0DbUsVCMH46u3pCT63So/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPuXfipUnCAoPl/UTyTFiE4joD2hgaMcW8K4FvZWyodMM442qLwNwVt8eZk0KmXPLXu358XqVRZHjhyTE1IiHrkgVXJDaqROONHkmbySN+fJeXHenY9564qTzRyRP3A+fwCQc5Hj</latexit><latexit sha1_base64="FIueB7u1p9FWk1+TlLha+BAtJeg=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBDiJewGQY9BLx4jmAcka5iddJIhs7PrTK8SlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiOdR5JCPdCpgBKRTUUaCEVqyBhYGEZjC6nvrNR9BGROoOxzH4IRso0RecoZXuH7ppZUJLHRwCsrNuoeiW3RnoMvEyUiQZat3CV6cX8SQEhVwyY9qeG6OfMo2CS5jkO4mBmPERG0DbUsVCMH46u3pCT63So/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPuXfipUnCAoPl/UTyTFiE4joD2hgaMcW8K4FvZWyodMM442qLwNwVt8eZk0KmXPLXu358XqVRZHjhyTE1IiHrkgVXJDaqROONHkmbySN+fJeXHenY9564qTzRyRP3A+fwCQc5Hj</latexit>

! ! ! + 2 " A
<latexit sha1_base64="HIkdM5JYcfJIdVj1dYjw6+2Iv9U=">AAACFnicbVDLSgNBEJyNrxhfUY9eBoMgiGE3CHqMevEYwTwgG0LvZJIdMvtgplcJS77Ci7/ixYMiXsWbf+Mk2YMmFjQUVd10d3mxFBpt+9vKLS2vrK7l1wsbm1vbO8XdvYaOEsV4nUUyUi0PNJci5HUUKHkrVhwCT/KmN7ye+M17rrSIwjscxbwTwCAUfcEAjdQtnrrocwTqKjHwEZSKHmgmndAKdWNB3QDQZyDTy3G3WLLL9hR0kTgZKZEMtW7xy+1FLAl4iEyC1m3HjrGTgkLBJB8X3ETzGNgQBrxtaAgB1510+taYHhmlR/uRMhUinaq/J1IItB4FnumcnKjnvYn4n9dOsH/RSUUYJ8hDNlvUTyTFiE4yoj2hOEM5MgSYEuZWynxQwNAkWTAhOPMvL5JGpezYZef2rFS9yuLIkwNySI6JQ85JldyQGqkTRh7JM3klb9aT9WK9Wx+z1pyVzeyTP7A+fwAoSZ63</latexit><latexit sha1_base64="HIkdM5JYcfJIdVj1dYjw6+2Iv9U=">AAACFnicbVDLSgNBEJyNrxhfUY9eBoMgiGE3CHqMevEYwTwgG0LvZJIdMvtgplcJS77Ci7/ixYMiXsWbf+Mk2YMmFjQUVd10d3mxFBpt+9vKLS2vrK7l1wsbm1vbO8XdvYaOEsV4nUUyUi0PNJci5HUUKHkrVhwCT/KmN7ye+M17rrSIwjscxbwTwCAUfcEAjdQtnrrocwTqKjHwEZSKHmgmndAKdWNB3QDQZyDTy3G3WLLL9hR0kTgZKZEMtW7xy+1FLAl4iEyC1m3HjrGTgkLBJB8X3ETzGNgQBrxtaAgB1510+taYHhmlR/uRMhUinaq/J1IItB4FnumcnKjnvYn4n9dOsH/RSUUYJ8hDNlvUTyTFiE4yoj2hOEM5MgSYEuZWynxQwNAkWTAhOPMvL5JGpezYZef2rFS9yuLIkwNySI6JQ85JldyQGqkTRh7JM3klb9aT9WK9Wx+z1pyVzeyTP7A+fwAoSZ63</latexit><latexit sha1_base64="HIkdM5JYcfJIdVj1dYjw6+2Iv9U=">AAACFnicbVDLSgNBEJyNrxhfUY9eBoMgiGE3CHqMevEYwTwgG0LvZJIdMvtgplcJS77Ci7/ixYMiXsWbf+Mk2YMmFjQUVd10d3mxFBpt+9vKLS2vrK7l1wsbm1vbO8XdvYaOEsV4nUUyUi0PNJci5HUUKHkrVhwCT/KmN7ye+M17rrSIwjscxbwTwCAUfcEAjdQtnrrocwTqKjHwEZSKHmgmndAKdWNB3QDQZyDTy3G3WLLL9hR0kTgZKZEMtW7xy+1FLAl4iEyC1m3HjrGTgkLBJB8X3ETzGNgQBrxtaAgB1510+taYHhmlR/uRMhUinaq/J1IItB4FnumcnKjnvYn4n9dOsH/RSUUYJ8hDNlvUTyTFiE4yoj2hOEM5MgSYEuZWynxQwNAkWTAhOPMvL5JGpezYZef2rFS9yuLIkwNySI6JQ85JldyQGqkTRh7JM3klb9aT9WK9Wx+z1pyVzeyTP7A+fwAoSZ63</latexit><latexit sha1_base64="HIkdM5JYcfJIdVj1dYjw6+2Iv9U=">AAACFnicbVDLSgNBEJyNrxhfUY9eBoMgiGE3CHqMevEYwTwgG0LvZJIdMvtgplcJS77Ci7/ixYMiXsWbf+Mk2YMmFjQUVd10d3mxFBpt+9vKLS2vrK7l1wsbm1vbO8XdvYaOEsV4nUUyUi0PNJci5HUUKHkrVhwCT/KmN7ye+M17rrSIwjscxbwTwCAUfcEAjdQtnrrocwTqKjHwEZSKHmgmndAKdWNB3QDQZyDTy3G3WLLL9hR0kTgZKZEMtW7xy+1FLAl4iEyC1m3HjrGTgkLBJB8X3ETzGNgQBrxtaAgB1510+taYHhmlR/uRMhUinaq/J1IItB4FnumcnKjnvYn4n9dOsH/RSUUYJ8hDNlvUTyTFiE4yoj2hOEM5MgSYEuZWynxQwNAkWTAhOPMvL5JGpezYZef2rFS9yuLIkwNySI6JQ85JldyQGqkTRh7JM3klb9aT9WK9Wx+z1pyVzeyTP7A+fwAoSZ63</latexit>

qn (! + 2 " A) = qn +1 (! )
<latexit sha1_base64="jvnc9pcJaeHAw/1ZssdFLcaU+Uo=">AAACHnicbVDLSgMxFM34rPVVdenmYhFaCmWmKLoRfGxcVrBW6JQhk6ZtMJMZkztCGfolbvwVNy4UEVzp35g+Fr4OBA7nnEvuPWEihUHX/XRmZufmFxZzS/nlldW19cLG5pWJU814g8Uy1tchNVwKxRsoUPLrRHMahZI3w5uzkd+849qIWF3iIOHtiPaU6ApG0UpBYf82UFACH/scKVSgBn4iwI8o9hmV2ckQynAEt0GmKt4QSpNcOSgU3ao7Bvwl3pQUyRT1oPDud2KWRlwhk9SYlucm2M6oRsEkH+b91PCEshva4y1LFY24aWfj84awa5UOdGNtn0IYq98nMhoZM4hCmxztbX57I/E/r5Vi97CdCZWkyBWbfNRNJWAMo66gIzRnKAeWUKaF3RVYn2rK0DaatyV4v0/+S65qVc+tehd7xePTaR05sk12SIl45IAck3NSJw3CyD15JM/kxXlwnpxX520SnXGmM1vkB5yPL2nUn5E=</latexit><latexit sha1_base64="jvnc9pcJaeHAw/1ZssdFLcaU+Uo=">AAACHnicbVDLSgMxFM34rPVVdenmYhFaCmWmKLoRfGxcVrBW6JQhk6ZtMJMZkztCGfolbvwVNy4UEVzp35g+Fr4OBA7nnEvuPWEihUHX/XRmZufmFxZzS/nlldW19cLG5pWJU814g8Uy1tchNVwKxRsoUPLrRHMahZI3w5uzkd+849qIWF3iIOHtiPaU6ApG0UpBYf82UFACH/scKVSgBn4iwI8o9hmV2ckQynAEt0GmKt4QSpNcOSgU3ao7Bvwl3pQUyRT1oPDud2KWRlwhk9SYlucm2M6oRsEkH+b91PCEshva4y1LFY24aWfj84awa5UOdGNtn0IYq98nMhoZM4hCmxztbX57I/E/r5Vi97CdCZWkyBWbfNRNJWAMo66gIzRnKAeWUKaF3RVYn2rK0DaatyV4v0/+S65qVc+tehd7xePTaR05sk12SIl45IAck3NSJw3CyD15JM/kxXlwnpxX520SnXGmM1vkB5yPL2nUn5E=</latexit><latexit sha1_base64="jvnc9pcJaeHAw/1ZssdFLcaU+Uo=">AAACHnicbVDLSgMxFM34rPVVdenmYhFaCmWmKLoRfGxcVrBW6JQhk6ZtMJMZkztCGfolbvwVNy4UEVzp35g+Fr4OBA7nnEvuPWEihUHX/XRmZufmFxZzS/nlldW19cLG5pWJU814g8Uy1tchNVwKxRsoUPLrRHMahZI3w5uzkd+849qIWF3iIOHtiPaU6ApG0UpBYf82UFACH/scKVSgBn4iwI8o9hmV2ckQynAEt0GmKt4QSpNcOSgU3ao7Bvwl3pQUyRT1oPDud2KWRlwhk9SYlucm2M6oRsEkH+b91PCEshva4y1LFY24aWfj84awa5UOdGNtn0IYq98nMhoZM4hCmxztbX57I/E/r5Vi97CdCZWkyBWbfNRNJWAMo66gIzRnKAeWUKaF3RVYn2rK0DaatyV4v0/+S65qVc+tehd7xePTaR05sk12SIl45IAck3NSJw3CyD15JM/kxXlwnpxX520SnXGmM1vkB5yPL2nUn5E=</latexit><latexit sha1_base64="jvnc9pcJaeHAw/1ZssdFLcaU+Uo=">AAACHnicbVDLSgMxFM34rPVVdenmYhFaCmWmKLoRfGxcVrBW6JQhk6ZtMJMZkztCGfolbvwVNy4UEVzp35g+Fr4OBA7nnEvuPWEihUHX/XRmZufmFxZzS/nlldW19cLG5pWJU814g8Uy1tchNVwKxRsoUPLrRHMahZI3w5uzkd+849qIWF3iIOHtiPaU6ApG0UpBYf82UFACH/scKVSgBn4iwI8o9hmV2ckQynAEt0GmKt4QSpNcOSgU3ao7Bvwl3pQUyRT1oPDud2KWRlwhk9SYlucm2M6oRsEkH+b91PCEshva4y1LFY24aWfj84awa5UOdGNtn0IYq98nMhoZM4hCmxztbX57I/E/r5Vi97CdCZWkyBWbfNRNJWAMo66gIzRnKAeWUKaF3RVYn2rK0DaatyV4v0/+S65qVc+tehd7xePTaR05sk12SIl45IAck3NSJw3CyD15JM/kxXlwnpxX520SnXGmM1vkB5yPL2nUn5E=</latexit>



Periodicity of theta

�qe =
e

emin
A e
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Periodicity gives difference in 
charge between various 

monopoles

Fundamental electric 
charge of monopoles ! qe = emin =

!
A e
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qn (! + 2 " A) = qn +1 (! )
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Periodicity of theta

Without any assumptions

A = Z e2
min =

!

f

Nf Na Q2
f
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Fractional anomaly necessarily implies fractional 
electric charge is the minimal charge
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Kibble Mechanism

If the universe was hot enough that the symmetry 
was restored …..



Kibble Mechanism

If the universe was hot enough that the symmetry 
was restored …..   Strings !

Each Hubble patch 
randomly determines its 

own value of a/f

Strings by chance



String evolution

¥ Scaling solution : 

¥ Scaling violation : 

String density ρstring = ξ(t) H2f2 log ( f/H)

1 ! ! ! 1000
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1 Introduction

The ultraviolet structure of the standard model is one of the most fundamental questions in particle
physics. In general, it is a daunting task to unearth high-energy properties of the theory from low-
energy observations. However, there is a unique type of interaction that contains universal information
about the fundamental theory unpolluted by intervening physics. This special type of interaction is a
topological interaction [1]. In this paper, we consider the topological coupling of a compact pseudo-
scalarÑan axionÑwith photons,

L =
A ! em

4"
a
f

F !F (1.1)

where 2" f is the periodicity of the axion a, ! em is the Þne structure constant, andA is the anomaly
coe! cient for the mixed anomaly between electromagnetism and the continuous shift symmetry of
the axion. Anomaly matching Þxes the form of the interaction at any scale [2], such that the rational
number A is not renormalized and intervening physics between the high energy scale and the low

Ð 1 Ð

Dispersion relation of photon

! 2 = k2 ± k
A" em

#f
da
dt
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Polarization Rotation

vphase ! 1 ±
A ! em

2" f
da
dt
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! =
!

vdt = A! em
" a

2" f
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Suggestive equation?

Photon coupling! EM
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Strings and photons - a love story
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Strings and photons - a love story

! =
a
f

<latexit sha1_base64="5YHYaiBbzM+ZgcVJsgz41ocMdaw=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuCHoRgl48RjAxkA1hdtKbDJl9MNMrxGXxV7x4UMSr/+HNv3GS7EETCxqKqm66u/xECo2O822VlpZXVtfK65WNza3tHXt3r6XjVHFo8ljGqu0zDVJE0ESBEtqJAhb6Eu790fXEv38ApUUc3eE4gW7IBpEIBGdopJ594OEQkNFL6gWK8YzlWZD37KpTc6agi8QtSJUUaPTsL68f8zSECLlkWndcJ8FuxhQKLiGveKmGhPERG0DH0IiFoLvZ9PqcHhulT4NYmYqQTtXfExkLtR6HvukMGQ71vDcR//M6KQYX3UxESYoQ8dmiIJUUYzqJgvaFAo5ybAjjSphbKR8ykwKawComBHf+5UXSOq25Ts29PavWr4o4yuSQHJET4pJzUic3pEGahJNH8kxeyZv1ZL1Y79bHrLVkFTP75A+szx8345UR</latexit><latexit sha1_base64="5YHYaiBbzM+ZgcVJsgz41ocMdaw=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuCHoRgl48RjAxkA1hdtKbDJl9MNMrxGXxV7x4UMSr/+HNv3GS7EETCxqKqm66u/xECo2O822VlpZXVtfK65WNza3tHXt3r6XjVHFo8ljGqu0zDVJE0ESBEtqJAhb6Eu790fXEv38ApUUc3eE4gW7IBpEIBGdopJ594OEQkNFL6gWK8YzlWZD37KpTc6agi8QtSJUUaPTsL68f8zSECLlkWndcJ8FuxhQKLiGveKmGhPERG0DH0IiFoLvZ9PqcHhulT4NYmYqQTtXfExkLtR6HvukMGQ71vDcR//M6KQYX3UxESYoQ8dmiIJUUYzqJgvaFAo5ybAjjSphbKR8ykwKawComBHf+5UXSOq25Ts29PavWr4o4yuSQHJET4pJzUic3pEGahJNH8kxeyZv1ZL1Y79bHrLVkFTP75A+szx8345UR</latexit><latexit sha1_base64="5YHYaiBbzM+ZgcVJsgz41ocMdaw=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuCHoRgl48RjAxkA1hdtKbDJl9MNMrxGXxV7x4UMSr/+HNv3GS7EETCxqKqm66u/xECo2O822VlpZXVtfK65WNza3tHXt3r6XjVHFo8ljGqu0zDVJE0ESBEtqJAhb6Eu790fXEv38ApUUc3eE4gW7IBpEIBGdopJ594OEQkNFL6gWK8YzlWZD37KpTc6agi8QtSJUUaPTsL68f8zSECLlkWndcJ8FuxhQKLiGveKmGhPERG0DH0IiFoLvZ9PqcHhulT4NYmYqQTtXfExkLtR6HvukMGQ71vDcR//M6KQYX3UxESYoQ8dmiIJUUYzqJgvaFAo5ybAjjSphbKR8ykwKawComBHf+5UXSOq25Ts29PavWr4o4yuSQHJET4pJzUic3pEGahJNH8kxeyZv1ZL1Y79bHrLVkFTP75A+szx8345UR</latexit><latexit sha1_base64="5YHYaiBbzM+ZgcVJsgz41ocMdaw=">AAAB/XicbVDLSgNBEJyNrxhf6+PmZTAInsKuCHoRgl48RjAxkA1hdtKbDJl9MNMrxGXxV7x4UMSr/+HNv3GS7EETCxqKqm66u/xECo2O822VlpZXVtfK65WNza3tHXt3r6XjVHFo8ljGqu0zDVJE0ESBEtqJAhb6Eu790fXEv38ApUUc3eE4gW7IBpEIBGdopJ594OEQkNFL6gWK8YzlWZD37KpTc6agi8QtSJUUaPTsL68f8zSECLlkWndcJ8FuxhQKLiGveKmGhPERG0DH0IiFoLvZ9PqcHhulT4NYmYqQTtXfExkLtR6HvukMGQ71vDcR//M6KQYX3UxESYoQ8dmiIJUUYzqJgvaFAo5ybAjjSphbKR8ykwKawComBHf+5UXSOq25Ts29PavWr4o4yuSQHJET4pJzUic3pEGahJNH8kxeyZv1ZL1Y79bHrLVkFTP75A+szx8345UR</latexit>

Photon

String



Strings and photons - a love story

! =
A ! em

2"
" a
f

= A ! em
<latexit sha1_base64="ri/oyuggki1T9tET/BgASRNVYlA="></latexit><latexit sha1_base64="ri/oyuggki1T9tET/BgASRNVYlA="></latexit><latexit sha1_base64="ri/oyuggki1T9tET/BgASRNVYlA="></latexit><latexit sha1_base64="ri/oyuggki1T9tET/BgASRNVYlA="></latexit>

Large polarization rotation 
from traveling around a string!

Topological effect



Strings and photons - a love story

Axion String

Photon 1

θ = a/f

Photon 2

! 1 =
A ! em

2"
" a
f

=
A ! em

2
<latexit sha1_base64="Zi7LY1I4q/RMJiwfpSN5lvTWoqc="></latexit><latexit sha1_base64="Zi7LY1I4q/RMJiwfpSN5lvTWoqc="></latexit><latexit sha1_base64="Zi7LY1I4q/RMJiwfpSN5lvTWoqc="></latexit><latexit sha1_base64="Zi7LY1I4q/RMJiwfpSN5lvTWoqc="></latexit>

�2 = �A↵em

2<latexit sha1_base64="oRsXusl5/20hptU4bYYCtDlPjnM=">AAACGXicbVDLSsNAFJ34rPUVdelmsAhuLEkRdCNU3bisYB/QhHAznbRDZ5IwMxFKyG+48VfcuFDEpa78G6ePhbYeuHA4517uvSdMOVPacb6tpeWV1bX10kZ5c2t7Z9fe22+pJJOENknCE9kJQVHOYtrUTHPaSSUFEXLaDoc3Y7/9QKViSXyvRyn1BfRjFjEC2kiB7XiNAQtq+BKfYi+SQHJPgB4Q4PlVgT3g6QCC3JMCU1EUea0I7IpTdSbAi8SdkQqaoRHYn14vIZmgsSYclOq6Tqr9HKRmhNOi7GWKpkCG0KddQ2MQVPn55LMCHxulh6NEmoo1nqi/J3IQSo1EaDrHZ6t5byz+53UzHV34OYvTTNOYTBdFGcc6weOYcI9JSjQfGQJEMnMrJgMw+WgTZtmE4M6/vEhatarrVN27s0r9ehZHCR2iI3SCXHSO6ugWNVATEfSIntErerOerBfr3fqYti5Zs5kD9AfW1w9deZ/y</latexit><latexit sha1_base64="oRsXusl5/20hptU4bYYCtDlPjnM=">AAACGXicbVDLSsNAFJ34rPUVdelmsAhuLEkRdCNU3bisYB/QhHAznbRDZ5IwMxFKyG+48VfcuFDEpa78G6ePhbYeuHA4517uvSdMOVPacb6tpeWV1bX10kZ5c2t7Z9fe22+pJJOENknCE9kJQVHOYtrUTHPaSSUFEXLaDoc3Y7/9QKViSXyvRyn1BfRjFjEC2kiB7XiNAQtq+BKfYi+SQHJPgB4Q4PlVgT3g6QCC3JMCU1EUea0I7IpTdSbAi8SdkQqaoRHYn14vIZmgsSYclOq6Tqr9HKRmhNOi7GWKpkCG0KddQ2MQVPn55LMCHxulh6NEmoo1nqi/J3IQSo1EaDrHZ6t5byz+53UzHV34OYvTTNOYTBdFGcc6weOYcI9JSjQfGQJEMnMrJgMw+WgTZtmE4M6/vEhatarrVN27s0r9ehZHCR2iI3SCXHSO6ugWNVATEfSIntErerOerBfr3fqYti5Zs5kD9AfW1w9deZ/y</latexit><latexit sha1_base64="oRsXusl5/20hptU4bYYCtDlPjnM=">AAACGXicbVDLSsNAFJ34rPUVdelmsAhuLEkRdCNU3bisYB/QhHAznbRDZ5IwMxFKyG+48VfcuFDEpa78G6ePhbYeuHA4517uvSdMOVPacb6tpeWV1bX10kZ5c2t7Z9fe22+pJJOENknCE9kJQVHOYtrUTHPaSSUFEXLaDoc3Y7/9QKViSXyvRyn1BfRjFjEC2kiB7XiNAQtq+BKfYi+SQHJPgB4Q4PlVgT3g6QCC3JMCU1EUea0I7IpTdSbAi8SdkQqaoRHYn14vIZmgsSYclOq6Tqr9HKRmhNOi7GWKpkCG0KddQ2MQVPn55LMCHxulh6NEmoo1nqi/J3IQSo1EaDrHZ6t5byz+53UzHV34OYvTTNOYTBdFGcc6weOYcI9JSjQfGQJEMnMrJgMw+WgTZtmE4M6/vEhatarrVN27s0r9ehZHCR2iI3SCXHSO6ugWNVATEfSIntErerOerBfr3fqYti5Zs5kD9AfW1w9deZ/y</latexit><latexit sha1_base64="oRsXusl5/20hptU4bYYCtDlPjnM=">AAACGXicbVDLSsNAFJ34rPUVdelmsAhuLEkRdCNU3bisYB/QhHAznbRDZ5IwMxFKyG+48VfcuFDEpa78G6ePhbYeuHA4517uvSdMOVPacb6tpeWV1bX10kZ5c2t7Z9fe22+pJJOENknCE9kJQVHOYtrUTHPaSSUFEXLaDoc3Y7/9QKViSXyvRyn1BfRjFjEC2kiB7XiNAQtq+BKfYi+SQHJPgB4Q4PlVgT3g6QCC3JMCU1EUea0I7IpTdSbAi8SdkQqaoRHYn14vIZmgsSYclOq6Tqr9HKRmhNOi7GWKpkCG0KddQ2MQVPn55LMCHxulh6NEmoo1nqi/J3IQSo1EaDrHZ6t5byz+53UzHV34OYvTTNOYTBdFGcc6weOYcI9JSjQfGQJEMnMrJgMw+WgTZtmE4M6/vEhatarrVN27s0r9ehZHCR2iI3SCXHSO6ugWNVATEfSIntErerOerBfr3fqYti5Zs5kD9AfW1w9deZ/y</latexit>

�� = A↵em
<latexit sha1_base64="d9kSc0PPzSmc1e9CRtlcSjt66eg=">AAACEnicbVDJSgNBEO1xjXEb9eilMQh6CTMi6EWIy8FjBLNAJoSaTiVp0j0zdPcIYcg3ePFXvHhQxKsnb/6NneWgiQ8KHu9VUVUvTATXxvO+nYXFpeWV1dxafn1jc2vb3dmt6jhVDCssFrGqh6BR8AgrhhuB9UQhyFBgLexfj/zaAyrN4+jeDBJsSuhGvMMZGCu13OPgBoUBGpR7nF7QQILpMRDZ5ZAGIJIetLJASYpy2HILXtEbg84Tf0oKZIpyy/0K2jFLJUaGCdC64XuJaWagDGcCh/kg1ZgA60MXG5ZGIFE3s/FLQ3polTbtxMpWZOhY/T2RgdR6IEPbOTpZz3oj8T+vkZrOeTPjUZIajNhkUScV1MR0lA9tc4XMiIElwBS3t1LWAwXM2BTzNgR/9uV5Uj0p+l7RvzstlK6mceTIPjkgR8QnZ6REbkmZVAgjj+SZvJI358l5cd6dj0nrgjOd2SN/4Hz+AA84nRo=</latexit><latexit sha1_base64="d9kSc0PPzSmc1e9CRtlcSjt66eg=">AAACEnicbVDJSgNBEO1xjXEb9eilMQh6CTMi6EWIy8FjBLNAJoSaTiVp0j0zdPcIYcg3ePFXvHhQxKsnb/6NneWgiQ8KHu9VUVUvTATXxvO+nYXFpeWV1dxafn1jc2vb3dmt6jhVDCssFrGqh6BR8AgrhhuB9UQhyFBgLexfj/zaAyrN4+jeDBJsSuhGvMMZGCu13OPgBoUBGpR7nF7QQILpMRDZ5ZAGIJIetLJASYpy2HILXtEbg84Tf0oKZIpyy/0K2jFLJUaGCdC64XuJaWagDGcCh/kg1ZgA60MXG5ZGIFE3s/FLQ3polTbtxMpWZOhY/T2RgdR6IEPbOTpZz3oj8T+vkZrOeTPjUZIajNhkUScV1MR0lA9tc4XMiIElwBS3t1LWAwXM2BTzNgR/9uV5Uj0p+l7RvzstlK6mceTIPjkgR8QnZ6REbkmZVAgjj+SZvJI358l5cd6dj0nrgjOd2SN/4Hz+AA84nRo=</latexit><latexit sha1_base64="d9kSc0PPzSmc1e9CRtlcSjt66eg=">AAACEnicbVDJSgNBEO1xjXEb9eilMQh6CTMi6EWIy8FjBLNAJoSaTiVp0j0zdPcIYcg3ePFXvHhQxKsnb/6NneWgiQ8KHu9VUVUvTATXxvO+nYXFpeWV1dxafn1jc2vb3dmt6jhVDCssFrGqh6BR8AgrhhuB9UQhyFBgLexfj/zaAyrN4+jeDBJsSuhGvMMZGCu13OPgBoUBGpR7nF7QQILpMRDZ5ZAGIJIetLJASYpy2HILXtEbg84Tf0oKZIpyy/0K2jFLJUaGCdC64XuJaWagDGcCh/kg1ZgA60MXG5ZGIFE3s/FLQ3polTbtxMpWZOhY/T2RgdR6IEPbOTpZz3oj8T+vkZrOeTPjUZIajNhkUScV1MR0lA9tc4XMiIElwBS3t1LWAwXM2BTzNgR/9uV5Uj0p+l7RvzstlK6mceTIPjkgR8QnZ6REbkmZVAgjj+SZvJI358l5cd6dj0nrgjOd2SN/4Hz+AA84nRo=</latexit><latexit sha1_base64="d9kSc0PPzSmc1e9CRtlcSjt66eg=">AAACEnicbVDJSgNBEO1xjXEb9eilMQh6CTMi6EWIy8FjBLNAJoSaTiVp0j0zdPcIYcg3ePFXvHhQxKsnb/6NneWgiQ8KHu9VUVUvTATXxvO+nYXFpeWV1dxafn1jc2vb3dmt6jhVDCssFrGqh6BR8AgrhhuB9UQhyFBgLexfj/zaAyrN4+jeDBJsSuhGvMMZGCu13OPgBoUBGpR7nF7QQILpMRDZ5ZAGIJIetLJASYpy2HILXtEbg84Tf0oKZIpyy/0K2jFLJUaGCdC64XuJaWagDGcCh/kg1ZgA60MXG5ZGIFE3s/FLQ3polTbtxMpWZOhY/T2RgdR6IEPbOTpZz3oj8T+vkZrOeTPjUZIajNhkUScV1MR0lA9tc4XMiIElwBS3t1LWAwXM2BTzNgR/9uV5Uj0p+l7RvzstlK6mceTIPjkgR8QnZ6REbkmZVAgjj+SZvJI358l5cd6dj0nrgjOd2SN/4Hz+AA84nRo=</latexit>



Strings and photons - a love story

Photon 1 Photon 2

String

! 1 = ±A ! em
<latexit sha1_base64="f6rKkUSYU0LyPWgG1il0m5TtxPs=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBahp5KIoBeh6sVjBfsBTQiT7bZdupuE3Y1QQv+CF/+KFw+KePXmzX/jps1BWx8MPN6bYWZemHCmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqziVhLZIzGPZDUFRziLa0kxz2k0kBRFy2gnHN7nfeaBSsTi615OE+gKGERswAtpIgV3zmiMWuPgSe4nAngA9IsCzqyn2gCcjCDJPCkzFNLCrTt2ZAS8TtyBVVKAZ2F9ePyapoJEmHJTquU6i/QykZoTTacVLFU2AjGFIe4ZGIKjys9lHU3xilD4exNJUpPFM/T2RgVBqIkLTmZ+sFr1c/M/rpXpw4WcsSlJNIzJfNEg51jHO48F9JinRfGIIEMnMrZiMQALRJsSKCcFdfHmZtE/rrlN3786qjesijjI6Qseohlx0jhroFjVRCxH0iJ7RK3qznqwX6936mLeWrGLmEP2B9fkDGGCckw==</latexit><latexit sha1_base64="f6rKkUSYU0LyPWgG1il0m5TtxPs=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBahp5KIoBeh6sVjBfsBTQiT7bZdupuE3Y1QQv+CF/+KFw+KePXmzX/jps1BWx8MPN6bYWZemHCmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqziVhLZIzGPZDUFRziLa0kxz2k0kBRFy2gnHN7nfeaBSsTi615OE+gKGERswAtpIgV3zmiMWuPgSe4nAngA9IsCzqyn2gCcjCDJPCkzFNLCrTt2ZAS8TtyBVVKAZ2F9ePyapoJEmHJTquU6i/QykZoTTacVLFU2AjGFIe4ZGIKjys9lHU3xilD4exNJUpPFM/T2RgVBqIkLTmZ+sFr1c/M/rpXpw4WcsSlJNIzJfNEg51jHO48F9JinRfGIIEMnMrZiMQALRJsSKCcFdfHmZtE/rrlN3786qjesijjI6Qseohlx0jhroFjVRCxH0iJ7RK3qznqwX6936mLeWrGLmEP2B9fkDGGCckw==</latexit><latexit sha1_base64="f6rKkUSYU0LyPWgG1il0m5TtxPs=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBahp5KIoBeh6sVjBfsBTQiT7bZdupuE3Y1QQv+CF/+KFw+KePXmzX/jps1BWx8MPN6bYWZemHCmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqziVhLZIzGPZDUFRziLa0kxz2k0kBRFy2gnHN7nfeaBSsTi615OE+gKGERswAtpIgV3zmiMWuPgSe4nAngA9IsCzqyn2gCcjCDJPCkzFNLCrTt2ZAS8TtyBVVKAZ2F9ePyapoJEmHJTquU6i/QykZoTTacVLFU2AjGFIe4ZGIKjys9lHU3xilD4exNJUpPFM/T2RgVBqIkLTmZ+sFr1c/M/rpXpw4WcsSlJNIzJfNEg51jHO48F9JinRfGIIEMnMrZiMQALRJsSKCcFdfHmZtE/rrlN3786qjesijjI6Qseohlx0jhroFjVRCxH0iJ7RK3qznqwX6936mLeWrGLmEP2B9fkDGGCckw==</latexit><latexit sha1_base64="f6rKkUSYU0LyPWgG1il0m5TtxPs=">AAACEXicbVBNS8NAEN3Ur1q/oh69LBahp5KIoBeh6sVjBfsBTQiT7bZdupuE3Y1QQv+CF/+KFw+KePXmzX/jps1BWx8MPN6bYWZemHCmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqziVhLZIzGPZDUFRziLa0kxz2k0kBRFy2gnHN7nfeaBSsTi615OE+gKGERswAtpIgV3zmiMWuPgSe4nAngA9IsCzqyn2gCcjCDJPCkzFNLCrTt2ZAS8TtyBVVKAZ2F9ePyapoJEmHJTquU6i/QykZoTTacVLFU2AjGFIe4ZGIKjys9lHU3xilD4exNJUpPFM/T2RgVBqIkLTmZ+sFr1c/M/rpXpw4WcsSlJNIzJfNEg51jHO48F9JinRfGIIEMnMrZiMQALRJsSKCcFdfHmZtE/rrlN3786qjesijjI6Qseohlx0jhroFjVRCxH0iJ7RK3qznqwX6936mLeWrGLmEP2B9fkDGGCckw==</latexit>

! 2 = 0
<latexit sha1_base64="iHcy2gibvmW/ooVpyV4XeU6jHWY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjBfuBbSib7aRdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorPfYaI96vkWvi9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+YXT8mZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZu+TAVfIjJhYQpni9lbCRlRRZmxIJRuCt/zyKmnVqp5b9e4vKvWbPI4inMApnIMHl1CHO2hAExhIeIZXeHO08+K8Ox+L1oKTzxzDHzifP68Dj5k=</latexit><latexit sha1_base64="iHcy2gibvmW/ooVpyV4XeU6jHWY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjBfuBbSib7aRdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorPfYaI96vkWvi9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+YXT8mZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZu+TAVfIjJhYQpni9lbCRlRRZmxIJRuCt/zyKmnVqp5b9e4vKvWbPI4inMApnIMHl1CHO2hAExhIeIZXeHO08+K8Ox+L1oKTzxzDHzifP68Dj5k=</latexit><latexit sha1_base64="iHcy2gibvmW/ooVpyV4XeU6jHWY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjBfuBbSib7aRdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorPfYaI96vkWvi9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+YXT8mZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZu+TAVfIjJhYQpni9lbCRlRRZmxIJRuCt/zyKmnVqp5b9e4vKvWbPI4inMApnIMHl1CHO2hAExhIeIZXeHO08+K8Ox+L1oKTzxzDHzifP68Dj5k=</latexit><latexit sha1_base64="iHcy2gibvmW/ooVpyV4XeU6jHWY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjBfuBbSib7aRdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfywUwS9CM6lDzkjBorPfYaI96vkWvi9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+YXT8mZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZu+TAVfIjJhYQpni9lbCRlRRZmxIJRuCt/zyKmnVqp5b9e4vKvWbPI4inMApnIMHl1CHO2hAExhIeIZXeHO08+K8Ox+L1oKTzxzDHzifP68Dj5k=</latexit>

Photons that go through a 
string loop acquire a rotation

Photons that do not go 
through a string loop do not 

acquire a rotation



Outline

• Millikan (What do we learn from anomalies)

• String Theory Review

• Basic Signature of a String

• (CMB) ways of looking for Strings



CMB

CMB acts as a backlight which is rotated by strings

Look for discontinuous jumps 
in the rotation angle

Power spectrum analysis



Toy analytics

Two point function of the polarization rotation

! ! (! , " )! (0, 0)"
<latexit sha1_base64="ERdIYioOVH5EPgm/RYrYncfWZTo=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEDGFXBC2DNpYRzAOyIcxObrJDZmeXmbtCCPkIG3/FxkIRWws7/8bJo9DEAwOHc87lzj1BIoVB1/12Miura+sb2c3c1vbO7l5+/6Bu4lRzqPFYxroZMANSKKihQAnNRAOLAgmNYHAz8RsPoI2I1T0OE2hHrK9ET3CGVurkz3zJVF8C9auhKPoYArKSn4TidKa4JdcyPc108gW37E5Bl4k3JwUyR7WT//K7MU8jUMglM6bluQm2R0yj4BLGOT81kDA+YH1oWapYBKY9mh41pidW6dJerO1TSKfq74kRi4wZRoFNRgxDs+hNxP+8Voq9q/ZIqCRFUHy2qJdKijGdNES7QgNHObSEcS3sXykPmWYcbY85W4K3ePIyqZ+XPbfs3V0UKtfzOrLkiByTIvHIJamQW1IlNcLJI3kmr+TNeXJenHfnYxbNOPOZQ/IHzucPzjScwA==</latexit><latexit sha1_base64="ERdIYioOVH5EPgm/RYrYncfWZTo=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEDGFXBC2DNpYRzAOyIcxObrJDZmeXmbtCCPkIG3/FxkIRWws7/8bJo9DEAwOHc87lzj1BIoVB1/12Miura+sb2c3c1vbO7l5+/6Bu4lRzqPFYxroZMANSKKihQAnNRAOLAgmNYHAz8RsPoI2I1T0OE2hHrK9ET3CGVurkz3zJVF8C9auhKPoYArKSn4TidKa4JdcyPc108gW37E5Bl4k3JwUyR7WT//K7MU8jUMglM6bluQm2R0yj4BLGOT81kDA+YH1oWapYBKY9mh41pidW6dJerO1TSKfq74kRi4wZRoFNRgxDs+hNxP+8Voq9q/ZIqCRFUHy2qJdKijGdNES7QgNHObSEcS3sXykPmWYcbY85W4K3ePIyqZ+XPbfs3V0UKtfzOrLkiByTIvHIJamQW1IlNcLJI3kmr+TNeXJenHfnYxbNOPOZQ/IHzucPzjScwA==</latexit><latexit sha1_base64="ERdIYioOVH5EPgm/RYrYncfWZTo=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEDGFXBC2DNpYRzAOyIcxObrJDZmeXmbtCCPkIG3/FxkIRWws7/8bJo9DEAwOHc87lzj1BIoVB1/12Miura+sb2c3c1vbO7l5+/6Bu4lRzqPFYxroZMANSKKihQAnNRAOLAgmNYHAz8RsPoI2I1T0OE2hHrK9ET3CGVurkz3zJVF8C9auhKPoYArKSn4TidKa4JdcyPc108gW37E5Bl4k3JwUyR7WT//K7MU8jUMglM6bluQm2R0yj4BLGOT81kDA+YH1oWapYBKY9mh41pidW6dJerO1TSKfq74kRi4wZRoFNRgxDs+hNxP+8Voq9q/ZIqCRFUHy2qJdKijGdNES7QgNHObSEcS3sXykPmWYcbY85W4K3ePIyqZ+XPbfs3V0UKtfzOrLkiByTIvHIJamQW1IlNcLJI3kmr+TNeXJenHfnYxbNOPOZQ/IHzucPzjScwA==</latexit><latexit sha1_base64="ERdIYioOVH5EPgm/RYrYncfWZTo=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEDGFXBC2DNpYRzAOyIcxObrJDZmeXmbtCCPkIG3/FxkIRWws7/8bJo9DEAwOHc87lzj1BIoVB1/12Miura+sb2c3c1vbO7l5+/6Bu4lRzqPFYxroZMANSKKihQAnNRAOLAgmNYHAz8RsPoI2I1T0OE2hHrK9ET3CGVurkz3zJVF8C9auhKPoYArKSn4TidKa4JdcyPc108gW37E5Bl4k3JwUyR7WT//K7MU8jUMglM6bluQm2R0yj4BLGOT81kDA+YH1oWapYBKY9mh41pidW6dJerO1TSKfq74kRi4wZRoFNRgxDs+hNxP+8Voq9q/ZIqCRFUHy2qJdKijGdNES7QgNHObSEcS3sXykPmWYcbY85W4K3ePIyqZ+XPbfs3V0UKtfzOrLkiByTIvHIJamQW1IlNcLJI3kmr+TNeXJenHfnYxbNOPOZQ/IHzucPzjScwA==</latexit>

(0,0)

(!,")�̂
<latexit sha1_base64="eQ4YcyHIi2L53rb23uKbretWSVw=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoYxnBxEDuCHObTbJkd+/YnRPCkb9hY6GIrX/Gzn/jJrlCEx8MPN6bYWZenEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTicFyKTRvoUDJO6nhoGLJH+Px7cx/fOLGikQ/4CTlkYKhFgPBAJ0UhiPAPByCUjDtVWt+3Z+DrpKgIDVSoNmrfoX9hGWKa2QSrO0GfopRDgYFk3xaCTPLU2BjGPKuoxoUt1E+v3lKz5zSp4PEuNJI5+rviRyUtRMVu04FOLLL3kz8z+tmOLiOcqHTDLlmi0WDTFJM6CwA2heGM5QTR4AZ4W6lbAQGGLqYKi6EYPnlVdK+qAd+Pbi/rDVuijjK5IScknMSkCvSIHekSVqEkZQ8k1fy5mXei/fufSxaS14xc0z+wPv8AV11keI=</latexit><latexit sha1_base64="eQ4YcyHIi2L53rb23uKbretWSVw=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoYxnBxEDuCHObTbJkd+/YnRPCkb9hY6GIrX/Gzn/jJrlCEx8MPN6bYWZenEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTicFyKTRvoUDJO6nhoGLJH+Px7cx/fOLGikQ/4CTlkYKhFgPBAJ0UhiPAPByCUjDtVWt+3Z+DrpKgIDVSoNmrfoX9hGWKa2QSrO0GfopRDgYFk3xaCTPLU2BjGPKuoxoUt1E+v3lKz5zSp4PEuNJI5+rviRyUtRMVu04FOLLL3kz8z+tmOLiOcqHTDLlmi0WDTFJM6CwA2heGM5QTR4AZ4W6lbAQGGLqYKi6EYPnlVdK+qAd+Pbi/rDVuijjK5IScknMSkCvSIHekSVqEkZQ8k1fy5mXei/fufSxaS14xc0z+wPv8AV11keI=</latexit><latexit sha1_base64="eQ4YcyHIi2L53rb23uKbretWSVw=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoYxnBxEDuCHObTbJkd+/YnRPCkb9hY6GIrX/Gzn/jJrlCEx8MPN6bYWZenEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTicFyKTRvoUDJO6nhoGLJH+Px7cx/fOLGikQ/4CTlkYKhFgPBAJ0UhiPAPByCUjDtVWt+3Z+DrpKgIDVSoNmrfoX9hGWKa2QSrO0GfopRDgYFk3xaCTPLU2BjGPKuoxoUt1E+v3lKz5zSp4PEuNJI5+rviRyUtRMVu04FOLLL3kz8z+tmOLiOcqHTDLlmi0WDTFJM6CwA2heGM5QTR4AZ4W6lbAQGGLqYKi6EYPnlVdK+qAd+Pbi/rDVuijjK5IScknMSkCvSIHekSVqEkZQ8k1fy5mXei/fufSxaS14xc0z+wPv8AV11keI=</latexit><latexit sha1_base64="eQ4YcyHIi2L53rb23uKbretWSVw=">AAAB83icbVA9SwNBEN2LXzF+RS1tFoNgFe5E0DJoYxnBxEDuCHObTbJkd+/YnRPCkb9hY6GIrX/Gzn/jJrlCEx8MPN6bYWZenEph0fe/vdLa+sbmVnm7srO7t39QPTxq2yQzjLdYIhPTicFyKTRvoUDJO6nhoGLJH+Px7cx/fOLGikQ/4CTlkYKhFgPBAJ0UhiPAPByCUjDtVWt+3Z+DrpKgIDVSoNmrfoX9hGWKa2QSrO0GfopRDgYFk3xaCTPLU2BjGPKuoxoUt1E+v3lKz5zSp4PEuNJI5+rviRyUtRMVu04FOLLL3kz8z+tmOLiOcqHTDLlmi0WDTFJM6CwA2heGM5QTR4AZ4W6lbAQGGLqYKi6EYPnlVdK+qAd+Pbi/rDVuijjK5IScknMSkCvSIHekSVqEkZQ8k1fy5mXei/fufSxaS14xc0z+wPv8AV11keI=</latexit>

ö! !
<latexit sha1_base64="xgYAmLiNpAL/Y86DzJb2x1f1/js=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvoqSQi6LHoxWMF+wFNKJPttl26u4m7m0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZelHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU1HGqCG2QmMeqHaGmnEnaMMxw2k4URRFx2opGdzO/NaZKs1g+mklCQ4EDyfqMoLFSGAzRZMEAhcDzabdc8areHO4q8XNSgRz1bvkr6MUkFVQawlHrju8lJsxQGUY4nZaCVNMEyQgHtGOpREF1mM2PnrpnVum5/VjZksadq78nMhRaT0RkOwWaoV72ZuJ/Xic1/ZswYzJJDZVksaifctfE7iwBt8cUJYZPLEGimL3VJUNUSIzNqWRD8JdfXiXNy6rvVf2Hq0rtNo+jCCdwChfgwzXU4B7q0AACT/AMr/DmjJ0X5935WLQWnHzmGP7A+fwBwiWSEw==</latexit><latexit sha1_base64="xgYAmLiNpAL/Y86DzJb2x1f1/js=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvoqSQi6LHoxWMF+wFNKJPttl26u4m7m0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZelHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU1HGqCG2QmMeqHaGmnEnaMMxw2k4URRFx2opGdzO/NaZKs1g+mklCQ4EDyfqMoLFSGAzRZMEAhcDzabdc8areHO4q8XNSgRz1bvkr6MUkFVQawlHrju8lJsxQGUY4nZaCVNMEyQgHtGOpREF1mM2PnrpnVum5/VjZksadq78nMhRaT0RkOwWaoV72ZuJ/Xic1/ZswYzJJDZVksaifctfE7iwBt8cUJYZPLEGimL3VJUNUSIzNqWRD8JdfXiXNy6rvVf2Hq0rtNo+jCCdwChfgwzXU4B7q0AACT/AMr/DmjJ0X5935WLQWnHzmGP7A+fwBwiWSEw==</latexit><latexit sha1_base64="xgYAmLiNpAL/Y86DzJb2x1f1/js=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvoqSQi6LHoxWMF+wFNKJPttl26u4m7m0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZelHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU1HGqCG2QmMeqHaGmnEnaMMxw2k4URRFx2opGdzO/NaZKs1g+mklCQ4EDyfqMoLFSGAzRZMEAhcDzabdc8areHO4q8XNSgRz1bvkr6MUkFVQawlHrju8lJsxQGUY4nZaCVNMEyQgHtGOpREF1mM2PnrpnVum5/VjZksadq78nMhRaT0RkOwWaoV72ZuJ/Xic1/ZswYzJJDZVksaifctfE7iwBt8cUJYZPLEGimL3VJUNUSIzNqWRD8JdfXiXNy6rvVf2Hq0rtNo+jCCdwChfgwzXU4B7q0AACT/AMr/DmjJ0X5935WLQWnHzmGP7A+fwBwiWSEw==</latexit><latexit sha1_base64="xgYAmLiNpAL/Y86DzJb2x1f1/js=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvoqSQi6LHoxWMF+wFNKJPttl26u4m7m0IJ/R1ePCji1R/jzX/jts1BWx8MPN6bYWZelHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU1HGqCG2QmMeqHaGmnEnaMMxw2k4URRFx2opGdzO/NaZKs1g+mklCQ4EDyfqMoLFSGAzRZMEAhcDzabdc8areHO4q8XNSgRz1bvkr6MUkFVQawlHrju8lJsxQGUY4nZaCVNMEyQgHtGOpREF1mM2PnrpnVum5/VjZksadq78nMhRaT0RkOwWaoV72ZuJ/Xic1/ZswYzJJDZVksaifctfE7iwBt8cUJYZPLEGimL3VJUNUSIzNqWRD8JdfXiXNy6rvVf2Hq0rtNo+jCCdwChfgwzXU4B7q0AACT/AMr/DmjJ0X5935WLQWnHzmGP7A+fwBwiWSEw==</latexit>



Toy analytics

(0,0)

(!,")

• Take strings to be Hubble 
sized loops

• Pass through loop acquire a 
phase

• Integrate over all 
orientations and directions

! = ±A ! em
<latexit sha1_base64="KYX+widFUQZhbIttKHv1tK/H4cQ=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBbFU0lE0ItQ9eKxgv2AJpTJdtsu3U3C7kYoIf/Ai3/FiwdFvHr15r9x0+agrQ8GHu/NMDMviDlT2nG+rdLS8srqWnm9srG5tb1j7+61VJRIQpsk4pHsBKAoZyFtaqY57cSSggg4bQfjm9xvP1CpWBTe60lMfQHDkA0YAW2knn3sNUYMX2IvFtgToEcEeHqVYQ94PIJe6kmBqch6dtWpOVPgReIWpIoKNHr2l9ePSCJoqAkHpbquE2s/BakZ4TSreImiMZAxDGnX0BAEVX46/SfDR0bp40EkTYUaT9XfEykIpSYiMJ35yWrey8X/vG6iBxd+ysI40TQks0WDhGMd4Twc3GeSEs0nhgCRzNyKyQgkEG0irJgQ3PmXF0nrtOY6NffurFq/LuIoowN0iE6Qi85RHd2iBmoigh7RM3pFb9aT9WK9Wx+z1pJVzOyjP7A+fwDc7Zvv</latexit><latexit sha1_base64="KYX+widFUQZhbIttKHv1tK/H4cQ=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBbFU0lE0ItQ9eKxgv2AJpTJdtsu3U3C7kYoIf/Ai3/FiwdFvHr15r9x0+agrQ8GHu/NMDMviDlT2nG+rdLS8srqWnm9srG5tb1j7+61VJRIQpsk4pHsBKAoZyFtaqY57cSSggg4bQfjm9xvP1CpWBTe60lMfQHDkA0YAW2knn3sNUYMX2IvFtgToEcEeHqVYQ94PIJe6kmBqch6dtWpOVPgReIWpIoKNHr2l9ePSCJoqAkHpbquE2s/BakZ4TSreImiMZAxDGnX0BAEVX46/SfDR0bp40EkTYUaT9XfEykIpSYiMJ35yWrey8X/vG6iBxd+ysI40TQks0WDhGMd4Twc3GeSEs0nhgCRzNyKyQgkEG0irJgQ3PmXF0nrtOY6NffurFq/LuIoowN0iE6Qi85RHd2iBmoigh7RM3pFb9aT9WK9Wx+z1pJVzOyjP7A+fwDc7Zvv</latexit><latexit sha1_base64="KYX+widFUQZhbIttKHv1tK/H4cQ=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBbFU0lE0ItQ9eKxgv2AJpTJdtsu3U3C7kYoIf/Ai3/FiwdFvHr15r9x0+agrQ8GHu/NMDMviDlT2nG+rdLS8srqWnm9srG5tb1j7+61VJRIQpsk4pHsBKAoZyFtaqY57cSSggg4bQfjm9xvP1CpWBTe60lMfQHDkA0YAW2knn3sNUYMX2IvFtgToEcEeHqVYQ94PIJe6kmBqch6dtWpOVPgReIWpIoKNHr2l9ePSCJoqAkHpbquE2s/BakZ4TSreImiMZAxDGnX0BAEVX46/SfDR0bp40EkTYUaT9XfEykIpSYiMJ35yWrey8X/vG6iBxd+ysI40TQks0WDhGMd4Twc3GeSEs0nhgCRzNyKyQgkEG0irJgQ3PmXF0nrtOY6NffurFq/LuIoowN0iE6Qi85RHd2iBmoigh7RM3pFb9aT9WK9Wx+z1pJVzOyjP7A+fwDc7Zvv</latexit><latexit sha1_base64="KYX+widFUQZhbIttKHv1tK/H4cQ=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBbFU0lE0ItQ9eKxgv2AJpTJdtsu3U3C7kYoIf/Ai3/FiwdFvHr15r9x0+agrQ8GHu/NMDMviDlT2nG+rdLS8srqWnm9srG5tb1j7+61VJRIQpsk4pHsBKAoZyFtaqY57cSSggg4bQfjm9xvP1CpWBTe60lMfQHDkA0YAW2knn3sNUYMX2IvFtgToEcEeHqVYQ94PIJe6kmBqch6dtWpOVPgReIWpIoKNHr2l9ePSCJoqAkHpbquE2s/BakZ4TSreImiMZAxDGnX0BAEVX46/SfDR0bp40EkTYUaT9XfEykIpSYiMJ35yWrey8X/vG6iBxd+ysI40TQks0WDhGMd4Twc3GeSEs0nhgCRzNyKyQgkEG0irJgQ3PmXF0nrtOY6NffurFq/LuIoowN0iE6Qi85RHd2iBmoigh7RM3pFb9aT9WK9Wx+z1pJVzOyjP7A+fwDc7Zvv</latexit>

Two point function of the polarization rotation

ös
<latexit sha1_base64="Q83/zOn3U/KcQAVGRlz4TUq9OFI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPavRHF3E77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVU04TbM5+dOyblTBiTWxpVCMld/T+Q0sXaSRK4zoTiyy95M/M/rZhjfhLlQaYZcscWiOJMENZn9TgbCcIZy4ghlRrhbCRtRQxm6hMouhGD55VXSuqwFfi14uKrWb4s4SnAKZ3ABAVxDHe6hAU1gMIZneIU3L/VevHfvY9G65hUzJ/AH3ucPqKOPxA==</latexit><latexit sha1_base64="Q83/zOn3U/KcQAVGRlz4TUq9OFI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPavRHF3E77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVU04TbM5+dOyblTBiTWxpVCMld/T+Q0sXaSRK4zoTiyy95M/M/rZhjfhLlQaYZcscWiOJMENZn9TgbCcIZy4ghlRrhbCRtRQxm6hMouhGD55VXSuqwFfi14uKrWb4s4SnAKZ3ABAVxDHe6hAU1gMIZneIU3L/VevHfvY9G65hUzJ/AH3ucPqKOPxA==</latexit><latexit sha1_base64="Q83/zOn3U/KcQAVGRlz4TUq9OFI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPavRHF3E77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVU04TbM5+dOyblTBiTWxpVCMld/T+Q0sXaSRK4zoTiyy95M/M/rZhjfhLlQaYZcscWiOJMENZn9TgbCcIZy4ghlRrhbCRtRQxm6hMouhGD55VXSuqwFfi14uKrWb4s4SnAKZ3ABAVxDHe6hAU1gMIZneIU3L/VevHfvY9G65hUzJ/AH3ucPqKOPxA==</latexit><latexit sha1_base64="Q83/zOn3U/KcQAVGRlz4TUq9OFI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnJbDJkdmaZ6RXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdop7+7tHxxWjo5bVmeG8SbTUptORC2XQvEmCpS8kxpOk0jydjS+m/ntJ26s0OoRJykPEzpUIhaMopPavRHF3E77lapf8+cgqyQoSBUKNPqVr95AsyzhCpmk1nYDP8UwpwYFk3xa7mWWp5SN6ZB3HVU04TbM5+dOyblTBiTWxpVCMld/T+Q0sXaSRK4zoTiyy95M/M/rZhjfhLlQaYZcscWiOJMENZn9TgbCcIZy4ghlRrhbCRtRQxm6hMouhGD55VXSuqwFfi14uKrWb4s4SnAKZ3ABAVxDHe6hAU1gMIZneIU3L/VevHfvY9G65hUzJ/AH3ucPqKOPxA==</latexit>

k̂
<latexit sha1_base64="9hjSV/OnNoyKqj3yXCbGsUe5OSo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bJZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g2iu7nffeLaiEQ94jTlfkzHSoSCUbRSdzChmEezYbXm1t0FyDrxClKDAq1h9WswSlgWc4VMUmP6npuin1ONgkk+qwwyw1PKIjrmfUsVjbnx88W5M3JhlREJE21LIVmovydyGhszjQPbGVOcmFVvLv7n9TMMb/xcqDRDrthyUZhJggmZ/05GQnOGcmoJZVrYWwmbUE0Z2oQqNgRv9eV10rmqe27de7iuNW+LOMpwBudwCR40oAn30II2MIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZx7j7w=</latexit><latexit sha1_base64="9hjSV/OnNoyKqj3yXCbGsUe5OSo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bJZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g2iu7nffeLaiEQ94jTlfkzHSoSCUbRSdzChmEezYbXm1t0FyDrxClKDAq1h9WswSlgWc4VMUmP6npuin1ONgkk+qwwyw1PKIjrmfUsVjbnx88W5M3JhlREJE21LIVmovydyGhszjQPbGVOcmFVvLv7n9TMMb/xcqDRDrthyUZhJggmZ/05GQnOGcmoJZVrYWwmbUE0Z2oQqNgRv9eV10rmqe27de7iuNW+LOMpwBudwCR40oAn30II2MIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZx7j7w=</latexit><latexit sha1_base64="9hjSV/OnNoyKqj3yXCbGsUe5OSo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bJZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g2iu7nffeLaiEQ94jTlfkzHSoSCUbRSdzChmEezYbXm1t0FyDrxClKDAq1h9WswSlgWc4VMUmP6npuin1ONgkk+qwwyw1PKIjrmfUsVjbnx88W5M3JhlREJE21LIVmovydyGhszjQPbGVOcmFVvLv7n9TMMb/xcqDRDrthyUZhJggmZ/05GQnOGcmoJZVrYWwmbUE0Z2oQqNgRv9eV10rmqe27de7iuNW+LOMpwBudwCR40oAn30II2MIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZx7j7w=</latexit><latexit sha1_base64="9hjSV/OnNoyKqj3yXCbGsUe5OSo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2m3bJZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g2iu7nffeLaiEQ94jTlfkzHSoSCUbRSdzChmEezYbXm1t0FyDrxClKDAq1h9WswSlgWc4VMUmP6npuin1ONgkk+qwwyw1PKIjrmfUsVjbnx88W5M3JhlREJE21LIVmovydyGhszjQPbGVOcmFVvLv7n9TMMb/xcqDRDrthyUZhJggmZ/05GQnOGcmoJZVrYWwmbUE0Z2oQqNgRv9eV10rmqe27de7iuNW+LOMpwBudwCR40oAn30II2MIjgGV7hzUmdF+fd+Vi2lpxi5hT+wPn8AZx7j7w=</latexit>



Toy analytics

where we have assumed that this probability is spatially uniform (independent of the direction of ös)
and isotropic in ök. The function f (! ) can be Þxed by demanding that the total energy in a given
volume follow the expected scaling limit:

!
dr d3"s d2ök (2#ra)µ(! )P("s, r, ! , ök) = V a3$(! )µ(! )H 2 (4.9)

where µ(! ) ! #f 2 log(f /H ) is the string tension at time ! . This implies,

f (! ) =
1

4#
$(! )(aH )3

2#
(4.10)

We are interested in the polarization rotation of a photon from a given direction ! (%, &). We
approximate the polarization rotation by assuming that the photon undergoes a polarization rotation
of A ' em when passing through a loop and 0 otherwise. This is a good approximation for string loops
that subtend a small angle on the sky and both the time of emission (CMB) and time of observation
(today) can be treated as inÞnitely far away from the string loop, but we do not expect to recover the
low-( signal with this approximation.

To proceed, we need the condition for a photon from the direction ö) to pass through a loop
centered at "s, with a normal vector ök and radius r . The distance of the photon trajectory from the
center of the string loop (calculated in the plane of the string loop) is

d =

"
"
"
"
"
"s á(ö) ( öd áö) ) " öd)

1 " ( öd áö) )2

"
"
"
"
"
, (4.11)

where öd is the unit vector along the radial direction of the string in the plane containing "s and ö) ,

öd =
ök # (ö) # "s)

|ök # (ö) # "s)|
(4.12)

For the photon to pass through the string loop, we needd < r . The geometry is shown explicitly in
Þgure2. The total polarization rotation is given as a line-of-sight integral over the probability of the
photon to pass through a given loop. We can calculate the two-point function for the polarization
rotation angle as an integral over the ensemble. At a time! , the photon is at a distance (! 0 " ! )
from us and the strings that can contribute to the two-point function at this epoch have a distance
"s = ( ! 0 " ! )ös. Thus, the two-point function can now be written analytically,

$! (ö) )! ( ö) 0)%= ( A ' em)2
!

d!
!

d2ös
!

d2ök (! 0 " ! )2f (! )

# "
# !

2
" d(ös, ö) , ök, ! )

$
"

# !
2

" d(ös, ö) 0, ök, ! )
$

(4.13)

where " is the Heaviside-theta function ensuring that the two-point function only gets contributions
when both photons pass through the same loop. The picture where we think of photons as passing
through small loops breaks down when the radiusr of the loop becomes comparable to the distance
s to the loop. This happens at late times when! & ! 0. So we only expect this estimate to work
for earlier times, corresponding to power at larger values of( (( & few). Note that by isotropy the
two-point function only depends on the angle between) and ) 0, or cos%= ) á) 0. So without loss of
generality we can set ö) 0 = öz, and the azimuthal angle in ö) to zero.

We present results for the two-point function computation in Þgure 3 and discussion of the Þgure
in section 4.4. It is illuminating to make a further simpliÞcation to get a simple analytical estimate for
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! ! (0, 0)2" # ! (A " em)2 log
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"
$ (A" em)2 Nstring

<latexit sha1_base64="LKLkWWdnNABlIuqypi2UBeEYRTg="></latexit><latexit sha1_base64="LKLkWWdnNABlIuqypi2UBeEYRTg="></latexit><latexit sha1_base64="LKLkWWdnNABlIuqypi2UBeEYRTg="></latexit><latexit sha1_base64="LKLkWWdnNABlIuqypi2UBeEYRTg="></latexit>

Polarization is undergoing a random walk



Toy simulation

ξ = 10

ξ = 100

• Randomly throw down 
infinitely long straight 
strings

• Remove strings as time goes 
on to maintain correct 
number density

• Trace CMB photon paths



Toy simulation

ξ = 1

Can see both long and short strings



Simulation Comparison

!"!# !"!$ !"!% !"# !"$ !"% # $

-!"%

!"

!"%

#"

Figure 3 . The two-point function of polarization rotation angle (normalized by ! A 2" 2
em ). The black solid line

is the analytical estimate calculated in the text with loops with a random normal direction compared to that
of the photon trajectory. The blue solid, yellow dashed and the red dotted lines and the corresponding shaded
regions show the central value and standard deviation of the two point functions from the toy simulation for
! = 1 , 10, 100, respectively. The uncertainties are mainly due to cosmic variance.

the variance of the polarization rotation angle. We assume that the loops are all oriented perpendicular
to our line of sight (i.e. lie on the constant ! surfaces). In this case,ök.ös = ± 1. The condition for the
photon to pass through simpliÞes to

(! 0 ! ! ) tan " < ! / 2. (4.14)

where ös áö# = cos " .
The polarization rotation angle along any Þxed line of sight follows a distribution where the mean

is 0, and the variance is given by the two point function with ö# = ö#!, or $ = 0. Parametrizing the
center of the string with angles ($0, %0), we obtain " = $0 and the two-point function does not depend
on %0, so that

"! (0, 0)! (0, 0)#= 2&(A ' em)2
Z

dc! 0d! (! 0 ! ! )2 (aH (! )) 3( (! )
2&

"
⇣ !

2
! (! 0 ! ! ) tan $0

⌘
(4.15)

$ ( (A ' em)2 log
✓

! 0

! CMB

◆
. (4.16)

In the second line we have only kept the leading log behavior. This estimate agrees with the intuition
that a photon goes through about ( string loops per Hubble time in its trajectory when there are (
loops per Hubble patch. The polarization itself is undergoing a random walk withN = ( log (! 0/ ! CMB )
steps and a step size ofA ' em. This analytic estimate shows good agreement with the numerical results.

The analytical method we described can also be used to capture the leading behavior of the
higher point correlation functions. The higher point functions come about when multiple photons
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the variance of the polarization rotation angle. We assume that the loops are all oriented perpendicular
to our line of sight (i.e. lie on the constant ! surfaces). In this case,ök.ös = ± 1. The condition for the
photon to pass through simpliÞes to
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where ös áö# = cos " .
The polarization rotation angle along any Þxed line of sight follows a distribution where the mean

is 0, and the variance is given by the two point function with ö# = ö#!, or $ = 0. Parametrizing the
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In the second line we have only kept the leading log behavior. This estimate agrees with the intuition
that a photon goes through about ( string loops per Hubble time in its trajectory when there are (
loops per Hubble patch. The polarization itself is undergoing a random walk withN = ( log (! 0/ ! CMB )
steps and a step size ofA ' em. This analytic estimate shows good agreement with the numerical results.

The analytical method we described can also be used to capture the leading behavior of the
higher point correlation functions. The higher point functions come about when multiple photons
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is that
A ! em
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! 0.15 (4.21)

coming from the Planck polarization measurement [38]. Taking the energy in axion radiation to be the
same as in the strings, we Þnd thatA ! O(10). Unlike e! ects coming from strings, the polarization
rotation coming from the axion radiation is not enhanced by square-root of the number of strings in
between CMB and today (

"
Ns). As a result, we do not expect them to cause any qualitative change

to the correlation functions we predict. However, the ambient background of axions may act as noise
and inhibit our ability to identify a single string and measure the quantized phase of polarization
rotation around the string.

5 CMB Observables

In this section, we present how the polarization rotation coming from string networks map onto CMB
observables. We Þrst review how the polarization rotation power spectrum is calculated and present the
power spectrum of our results. Afterwards, we discuss features of our signal that would allow it to be
separated from backgrounds. The most interesting feature of string networks are the discontinuities
in the polarization direction that appear in the sky. Throughout this section, we will use capital
letter L and M when describing the polarization rotation " speciÞcally and small lettersl and m
when describing the CMB E- and B-modes speciÞcally. We will keep using the letter# for general
discussion.

5.1 Polarization rotation power spectrum

We denote the birefringence rotation as" (ö$), as before. The cosmic birefringence leaves the tem-
perature Þeld and the size of the polarization unchanged and rotates the polarization angle. This
corresponds to changing the Stokes parameters as follows,

p(ö$) = Q(ö$) ± iU (ö$) = ( ÷Q(ö$) ± i ÷U(ö$)) exp(± 2i " (ö$)) (5.1)

where ÷Q, ÷U are the Stokes parameters in the absence of birefringence. SinceU is parity-odd and Q is
parity-even, this rotation breaks parity. In terms of E- and B - mode decomposition,

p(ö$) =
!

lm

(Elm + iB lm )2Ylm (ö$) (5.2)

where 2Ylm are the spin-2 spherical harmonics, the polarization rotation E-modes into B-modes in
a # dependent way. Since the primordialB -modes have been constrained to be far smaller than the
E-modes, the dominant signal comes from generation ofB -modes [65, 66].

Blm = 2
!

LM

!

l ! m !

" LM El ! m ! %LM
lml ! m ! H L

ll ! (5.3)

with %and H are associated with Wigner-3j symbols,

%LM
lml ! m ! #

($ 1)m

4"

"
(2l + 1)(2 l ! + 1)(2 L + 1)

#
l L l !

m M m !

$

H L
ll ! #

#
l L l !

2 0 $ 2

$
(5.4)
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coming from the Planck polarization measurement [38]. Taking the energy in axion radiation to be the
same as in the strings, we Þnd thatA ! O(10). Unlike e! ects coming from strings, the polarization
rotation coming from the axion radiation is not enhanced by square-root of the number of strings in
between CMB and today (
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Ns). As a result, we do not expect them to cause any qualitative change

to the correlation functions we predict. However, the ambient background of axions may act as noise
and inhibit our ability to identify a single string and measure the quantized phase of polarization
rotation around the string.

5 CMB Observables

In this section, we present how the polarization rotation coming from string networks map onto CMB
observables. We Þrst review how the polarization rotation power spectrum is calculated and present the
power spectrum of our results. Afterwards, we discuss features of our signal that would allow it to be
separated from backgrounds. The most interesting feature of string networks are the discontinuities
in the polarization direction that appear in the sky. Throughout this section, we will use capital
letter L and M when describing the polarization rotation " speciÞcally and small lettersl and m
when describing the CMB E- and B-modes speciÞcally. We will keep using the letter# for general
discussion.

5.1 Polarization rotation power spectrum

We denote the birefringence rotation as" (ö$), as before. The cosmic birefringence leaves the tem-
perature Þeld and the size of the polarization unchanged and rotates the polarization angle. This
corresponds to changing the Stokes parameters as follows,

p(ö$) = Q(ö$) ± iU (ö$) = ( ÷Q(ö$) ± i ÷U(ö$)) exp(± 2i " (ö$)) (5.1)

where ÷Q, ÷U are the Stokes parameters in the absence of birefringence. SinceU is parity-odd and Q is
parity-even, this rotation breaks parity. In terms of E- and B - mode decomposition,

p(ö$) =
!

lm

(Elm + iB lm )2Ylm (ö$) (5.2)

where 2Ylm are the spin-2 spherical harmonics, the polarization rotation E-modes into B-modes in
a # dependent way. Since the primordialB -modes have been constrained to be far smaller than the
E-modes, the dominant signal comes from generation ofB -modes [65, 66].

Blm = 2
!
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ll ! (5.3)

with %and H are associated with Wigner-3j symbols,
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coming from the Planck polarization measurement [38]. Taking the energy in axion radiation to be the
same as in the strings, we Þnd thatA ! O(10). Unlike e! ects coming from strings, the polarization
rotation coming from the axion radiation is not enhanced by square-root of the number of strings in
between CMB and today (
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Ns). As a result, we do not expect them to cause any qualitative change

to the correlation functions we predict. However, the ambient background of axions may act as noise
and inhibit our ability to identify a single string and measure the quantized phase of polarization
rotation around the string.

5 CMB Observables

In this section, we present how the polarization rotation coming from string networks map onto CMB
observables. We Þrst review how the polarization rotation power spectrum is calculated and present the
power spectrum of our results. Afterwards, we discuss features of our signal that would allow it to be
separated from backgrounds. The most interesting feature of string networks are the discontinuities
in the polarization direction that appear in the sky. Throughout this section, we will use capital
letter L and M when describing the polarization rotation " speciÞcally and small lettersl and m
when describing the CMB E- and B-modes speciÞcally. We will keep using the letter# for general
discussion.

5.1 Polarization rotation power spectrum

We denote the birefringence rotation as" (ö$), as before. The cosmic birefringence leaves the tem-
perature Þeld and the size of the polarization unchanged and rotates the polarization angle. This
corresponds to changing the Stokes parameters as follows,

p(ö$) = Q(ö$) ± iU (ö$) = ( ÷Q(ö$) ± i ÷U(ö$)) exp(± 2i " (ö$)) (5.1)

where ÷Q, ÷U are the Stokes parameters in the absence of birefringence. SinceU is parity-odd and Q is
parity-even, this rotation breaks parity. In terms of E- and B - mode decomposition,

p(ö$) =
X

lm

(Elm + iB lm )2Ylm (ö$) (5.2)

where 2Ylm are the spin-2 spherical harmonics, the polarization rotation E-modes into B-modes in
a # dependent way. Since the primordialB -modes have been constrained to be far smaller than the
E-modes, the dominant signal comes from generation ofB -modes [65, 66].

Blm = 2
X

LM

X

l 0m 0

" LM El 0m 0%LM
lml 0m 0H L

ll 0 (5.3)

with %and H are associated with Wigner-3j symbols,

%LM
lml 0m 0 #

($ 1)m

4"

p
(2l + 1)(2 l 0 + 1)(2 L + 1)

✓
l L l 0

m M m 0

◆

H L
ll 0 #

✓
l L l 0

2 0 $ 2

◆
(5.4)
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and we have expanded the polarization rotation in spherical harmonics, �(�̂) =
P

LM YLM (�̂)�LM .
The summation is restricted to even values of L + l + l

0. This reflects the unique parity violating
nature of birefringence. For example, B-modes generated by lensing E-modes only get contributions
from the odd values of the sum, and thus is orthogonal to our signal.

This can be used to build an estimator �̂LM for the polarization rotation [66, 67], for example

[�̂EiBj

LM ]ll0 =
2⇡

P
mm0 B

i
lmE

j⇤
l0m0⇠

LM
lml0m0

(2l + 1)(2l0 + 1)CEE
l H

L
ll0

. (5.5)

The minimum variance estimator combines estimates from all such channels, {Ei
B

j
, B

i
E

j
, T

i
B

j
, B

i
T

j
},

where i, j index channels for a given map.
The variance in the estimator is given as,

h�̂LM �̂L0M 0i = �LL0�MM 0(C�
L + �

2
�,L) (5.6)

where �2
�,L is the combined variance of the estimators, and C

�
L is the power spectrum of the polarization

rotation due to birefringence. The variance �
2
�L includes contributions from the beam systematics,

detector noise, galactic and atmospheric foregrounds and weak lensing contribution. This variance
can then be used to forecast sensitivity to C

�
L ,

�C�
L
=

�
2
�,L

fsky(2L+ 1)/2
(5.7)

The details of the sky coverage, delensing fraction, beam parameters and sensitivity used for di↵erent
experiments in figure 6 can be found in [45]. The current CMB constraints are sensitive to a constant
birefringence rotation of 0.5� at 1� level, which is roughly of the expected size � ' ↵em for ⇠ = 1 and
A = 1. In figure 6 (left) we plot the C

�
L values obtained in our simulation (for ⇠ = 1, A = 1) against

the C�
L constraints derived in [65] from Planck. We also plot future sensitivity (�C�

L
) for various future

experiments [45] (right). The orthogonality with the lensing signal implies that the optimal sensitivity
is obtained for measurements around the peak of the E-mode spectrum, 500 < ` < 3000. Higher
resolution does not lead to better sensitivity to the rotation power spectrum since the polarization
signal is smaller at smaller scales. However, as we will see below, higher resolution can help resolve
the strings directly in position space.

It is intriguing to note that there is an excess dipole signal in the data. If this is a signal of a
string, it may be possible to find further evidence for it in the newly released Planck 2018 data. Future
experiments will have improvement in sensitivity by orders of magnitude, which can definitively probe
a signal coming from ⇠,A ⇠ 1 string networks.

5.2 Distinguishing from other sources of B-mode polarization

In this section, we briefly address the distinguishability of our signal from other sources of B-mode
polarization. Our signal, as shown in figure 6, will have a particular `-dependence, which can poten-
tially be distinguished from B-modes coming from other sources. Moreover, we expect our e↵ect to
have a distinct structure when we consider higher point correlation functions. In particular, we expect
the 3-point correlation function and all odd correlation functions are zero at leading order, and all the
even N -point correlation functions to have a scaling with ⇠ and A↵em as ⇠(A↵em)N . Furthermore,
there are two other main features of our signal at the level of two point correlation functions of � in
the CMB, parity violation and frequency independence.

– 19 –

astro-ph/9812088, 1705.06387, 1904.07855 

and we have expanded the polarization rotation in spherical harmonics,! (ö! ) =
!

LM YLM (ö! )! LM .
The summation is restricted to even values ofL + l + l ! . This reßects the unique parity violating
nature of birefringence. For example,B -modes generated by lensingE-modes only get contributions
from the odd values of the sum, and thus is orthogonal to our signal.

This can be used to build an estimator ö! LM for the polarization rotation [ 66, 67], for example

[ö! E i B j

LM ]ll ! =
2"

!
mm ! B i

lm E j "
l ! m ! #LM

lml ! m !

(2l + 1)(2 l ! + 1) CEE
l H L

ll !

. (5.5)

The minimum variance estimator combines estimates from all such channels,{ E i B j , B i E j , T i B j , B i T j } ,
where i, j index channels for a given map.

The variance in the estimator is given as,

! ö! LM ö! L ! M ! " = $LL ! $MM ! (C!
L + %2

! ,L ) (5.6)

where%2
! ,L is the combined variance of the estimators, andC!

L is the power spectrum of the polarization
rotation due to birefringence. The variance %2

! L includes contributions from the beam systematics,
detector noise, galactic and atmospheric foregrounds and weak lensing contribution. This variance
can then be used to forecast sensitivity toC!

L ,

%C !
L

=
%2

! ,L

f sky (2L + 1) / 2
(5.7)

The details of the sky coverage, delensing fraction, beam parameters and sensitivity used for di" erent
experiments in Þgure6 can be found in [45]. The current CMB constraints are sensitive to a constant
birefringence rotation of 0.5# at 1%level, which is roughly of the expected size! # &em for # = 1 and
A = 1. In Þgure 6 (left) we plot the C!

L values obtained in our simulation (for # = 1, A = 1) against
the C!

L constraints derived in [65] from Planck. We also plot future sensitivity ( %C �
L

) for various future
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signal is smaller at smaller scales. However, as we will see below, higher resolution can help resolve
the strings directly in position space.

It is intriguing to note that there is an excess dipole signal in the data. If this is a signal of a
string, it may be possible to Þnd further evidence for it in the newly released Planck 2018 data. Future
experiments will have improvement in sensitivity by orders of magnitude, which can deÞnitively probe
a signal coming from#, A $ 1 string networks.

5.2 Distinguishing from other sources of B-mode polarization

In this section, we brießy address the distinguishability of our signal from other sources of B-mode
polarization. Our signal, as shown in Þgure6, will have a particular ' -dependence, which can poten-
tially be distinguished from B-modes coming from other sources. Moreover, we expect our e" ect to
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signal is smaller at smaller scales. However, as we will see below, higher resolution can help resolve
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It is intriguing to note that there is an excess dipole signal in the data. If this is a signal of a
string, it may be possible to Þnd further evidence for it in the newly released Planck 2018 data. Future
experiments will have improvement in sensitivity by orders of magnitude, which can deÞnitively probe
a signal coming from#, A $ 1 string networks.

5.2 Distinguishing from other sources of B-mode polarization

In this section, we brießy address the distinguishability of our signal from other sources of B-mode
polarization. Our signal, as shown in Þgure6, will have a particular ' -dependence, which can poten-
tially be distinguished from B-modes coming from other sources. Moreover, we expect our e" ect to
have a distinct structure when we consider higher point correlation functions. In particular, we expect
the 3-point correlation function and all odd correlation functions are zero at leading order, and all the
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resolution does not lead to better sensitivity to the rotation power spectrum since the polarization
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Figure 6 . Power spectrum of the polarization rotation angle. Top: Constraints on the power spectrum derived
from Planck 2015 polarization data (data points) [ 71]. The blue curve shows the power spectrum for ! = A = 1,
which is of the order of the current sensitivity. Bottom: Forecasts for the power spectrum measurements in
future experiments [45]. The grey shaded region is excluded by Planck while the thin magenta, purple, blue
and green lines show the sensitivity of future CMB experiments. The thick blue, yellow and red solid lines
show the prediction for ! = 1 , 10, 100 and A = 1 / 9. For both plots we have taken a mean over cosmic variance
for our prediction. The power spectra can be scaled for other values of ! and A as C�

L / ! A 2.
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Figure 6 . Power spectrum of the polarization rotation angle. Top: Constraints on the power spectrum derived
from Planck 2015 polarization data (data points) [ 71]. The blue curve shows the power spectrum for ! = A = 1,
which is of the order of the current sensitivity. Bottom: Forecasts for the power spectrum measurements in
future experiments [45]. The grey shaded region is excluded by Planck while the thin magenta, purple, blue
and green lines show the sensitivity of future CMB experiments. The thick blue, yellow and red solid lines
show the prediction for ! = 1 , 10, 100 andA = 1 /9. For both plots we have taken a mean over cosmic variance
for our prediction. The power spectra can be scaled for other values of ! and A as C !

L ! ! A2.
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Edge Detection

Coolest feature are the edges

Figure 7. Zoomed-in skymaps at the truth-level for ⇠ = 1, 10, 100 showing the white framed areas in the

respective skymaps in figure 4 (the color scale is modified for visual clarity). The presence of sharp discon-

tinuities is apparent in these images of broken light. The discontinuity is quantized and is equal to 1. The

white stripe shows a slice through the map, and the value of �� (normalized by 1/(A↵em)) is shown in the

top panels where the quantized jump is apparent.

has a distinctive frequency dependence, � ⇠ ⌫
�2, and hence it will be very easily distinguished from

an axion string induced rotation.

Lorentz violation Cosmic Birefringence was in fact first proposed [81] in the context of measuring
Lorentz violating terms in the SM. In the SM extension formalism, the d = 3 terms associated with a
Chern-Simons-like coupling is physically equivalent to an axion background with a uniform gradient.
Higher dimensional terms produce frequency dependent terms. Therefore, it will be relatively easy to
disentangle e↵ects of such terms from an axion string network.

We see that even at the statistical level, it will likely be possible to disentangle our signal from
other potential sources of parity-odd B -modes in the CMB. However, the spatial morphology of the
signal from strings, with a ⇠ A↵em jump across the strings, is a smoking gun feature which sets apart
the axion string signal. This is the signal we now turn to.

5.3 Edge detection

Cosmic strings are distinctive features in position space, so analyzing the signal in Fourier space
may not be the optimal strategy to study the properties of the strings. For this reason, it would be
interesting to look for the strings directly in position space. For the case of gravitational e↵ects of
cosmic strings, edge detection algorithms for the CMB temperature maps [82] have been proposed.

The polarization rotation angle of the photons has a discontinuity across the axion string. A
similar edge detection algorithm can be developed to detect this discontinuity in polarization maps.
The value of the discontinuity is an extremely interesting quantity to measure. The two path across
the string di↵er by a path that loops around the string, and hence measures the topological charge of
the string (see section 3).

In figure 7, we show a zoomed-in patch of our simulation, where the discontinuity is apparent. To
develop this edge detection algorithm for polarization maps will be an extremely interesting future
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Figure 7. Zoomed-in skymaps at the truth-level for ⇠ = 1, 10, 100 showing the white framed areas in the

respective skymaps in figure 4 (the color scale is modified for visual clarity). The presence of sharp discon-

tinuities is apparent in these images of broken light. The discontinuity is quantized and is equal to 1. The

white stripe shows a slice through the map, and the value of �� (normalized by 1/(A↵em)) is shown in the

top panels where the quantized jump is apparent.

has a distinctive frequency dependence, � ⇠ ⌫
�2, and hence it will be very easily distinguished from

an axion string induced rotation.

Lorentz violation Cosmic Birefringence was in fact first proposed [81] in the context of measuring
Lorentz violating terms in the SM. In the SM extension formalism, the d = 3 terms associated with a
Chern-Simons-like coupling is physically equivalent to an axion background with a uniform gradient.
Higher dimensional terms produce frequency dependent terms. Therefore, it will be relatively easy to
disentangle e↵ects of such terms from an axion string network.

We see that even at the statistical level, it will likely be possible to disentangle our signal from
other potential sources of parity-odd B -modes in the CMB. However, the spatial morphology of the
signal from strings, with a ⇠ A↵em jump across the strings, is a smoking gun feature which sets apart
the axion string signal. This is the signal we now turn to.

5.3 Edge detection

Cosmic strings are distinctive features in position space, so analyzing the signal in Fourier space
may not be the optimal strategy to study the properties of the strings. For this reason, it would be
interesting to look for the strings directly in position space. For the case of gravitational e↵ects of
cosmic strings, edge detection algorithms for the CMB temperature maps [82] have been proposed.

The polarization rotation angle of the photons has a discontinuity across the axion string. A
similar edge detection algorithm can be developed to detect this discontinuity in polarization maps.
The value of the discontinuity is an extremely interesting quantity to measure. The two path across
the string di↵er by a path that loops around the string, and hence measures the topological charge of
the string (see section 3).

In figure 7, we show a zoomed-in patch of our simulation, where the discontinuity is apparent. To
develop this edge detection algorithm for polarization maps will be an extremely interesting future
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Figure 8. A quasar at a cosmological distance is gravitationally lensed by a galaxy or galaxy cluster in
between the quasar and the observer. The di↵erent photon trajectories (blue lines) from the quasar to the
observer, corresponding to di↵erent quasar images, form a closed loop around the gravitational lens. An axion
string (red line) can pass through this closed loop of photon trajectories, leading to a di ↵erential polarization
rotation angle between the two photon trajectories (quasar images).

lensed distant objects unique systems to test the existence of these axion strings. The probability for
an axion string to traverse this area is

p ! ⇠AencH 2
0 " 10! 3 ⇠

100
�

10"" , (6.2)

for each lensed quasar that is at a cosmological distance.
Measurement of the polarization of distant quasars have been made in the optical [91Ð93] and the

radio frequency range [94, 95]. The polarization uncertainties in this frequency range are at the degree
level, mainly coming from calibration, which can potentially be improved when measuring relative
polarization of two quasar images. Our signal is a quantized polarization rotation at the % level
or smaller. Current easily accessible technology for measuring the polarization of optical frequency
photons is around the # 10! 5 level [96]. Thus, future observations of lensed polarized quasars can
complement the search with the cosmic microwave background, and have the unique ability to test
the quantized nature of the observed signal. It will be very interesting to perform detailed projections
for searches with lensed quasars. We leave this for future work.

The distinguishability of our signal from background relies on two important properties of the
signal coming from a topological defect. The topological nature of the signal ensures that the po-
larization rotation angle is quantized. As a result, di↵erent pairs of lensed quasar images, as well
as di↵erent lensed quasar systems, will have the same relative polarization rotation up to an integer
multiple 10. The topological nature of the signal also ensures that the polarization rotation angle is
frequency independent, which helps when distinguishing our e↵ect from that of Faraday rotation along
di↵erent trajectories. The axion strings we can look for with quasar lensing will have lengths that are

10Given that the axion strings should be very rare in our universe, multiple strings traversing through the same lens
is very unlikely.
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Figure 8. A quasar at a cosmological distance is gravitationally lensed by a galaxy or galaxy cluster in
between the quasar and the observer. The di↵erent photon trajectories (blue lines) from the quasar to the
observer, corresponding to di↵erent quasar images, form a closed loop around the gravitational lens. An axion
string (red line) can pass through this closed loop of photon trajectories, leading to a di ↵erential polarization
rotation angle between the two photon trajectories (quasar images).

lensed distant objects unique systems to test the existence of these axion strings. The probability for
an axion string to traverse this area is

p ! ⇠AencH 2
0 " 10! 3 ⇠

100
�

10"" , (6.2)

for each lensed quasar that is at a cosmological distance.
Measurement of the polarization of distant quasars have been made in the optical [91Ð93] and the

radio frequency range [94, 95]. The polarization uncertainties in this frequency range are at the degree
level, mainly coming from calibration, which can potentially be improved when measuring relative
polarization of two quasar images. Our signal is a quantized polarization rotation at the % level
or smaller. Current easily accessible technology for measuring the polarization of optical frequency
photons is around the # 10! 5 level [96]. Thus, future observations of lensed polarized quasars can
complement the search with the cosmic microwave background, and have the unique ability to test
the quantized nature of the observed signal. It will be very interesting to perform detailed projections
for searches with lensed quasars. We leave this for future work.

The distinguishability of our signal from background relies on two important properties of the
signal coming from a topological defect. The topological nature of the signal ensures that the po-
larization rotation angle is quantized. As a result, di↵erent pairs of lensed quasar images, as well
as di↵erent lensed quasar systems, will have the same relative polarization rotation up to an integer
multiple 10. The topological nature of the signal also ensures that the polarization rotation angle is
frequency independent, which helps when distinguishing our e↵ect from that of Faraday rotation along
di↵erent trajectories. The axion strings we can look for with quasar lensing will have lengths that are

10Given that the axion strings should be very rare in our universe, multiple strings traversing through the same lens
is very unlikely.
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for each lensed quasar that is at a cosmological distance.
Measurement of the polarization of distant quasars have been made in the optical [91–93] and the

radio frequency range [94, 95]. The polarization uncertainties in this frequency range are at the degree
level, mainly coming from calibration, which can potentially be improved when measuring relative
polarization of two quasar images. Our signal is a quantized polarization rotation at the % level
or smaller. Current easily accessible technology for measuring the polarization of optical frequency
photons is around the # 10�5 level [96]. Thus, future observations of lensed polarized quasars can
complement the search with the cosmic microwave background, and have the unique ability to test
the quantized nature of the observed signal. It will be very interesting to perform detailed projections
for searches with lensed quasars. We leave this for future work.

The distinguishability of our signal from background relies on two important properties of the
signal coming from a topological defect. The topological nature of the signal ensures that the po-
larization rotation angle is quantized. As a result, di↵erent pairs of lensed quasar images, as well
as di↵erent lensed quasar systems, will have the same relative polarization rotation up to an integer
multiple10. The topological nature of the signal also ensures that the polarization rotation angle is
frequency independent, which helps when distinguishing our e↵ect from that of Faraday rotation along
di↵erent trajectories. The axion strings we can look for with quasar lensing will have lengths that are

10 Given that the axion strings should be very rare in our universe, multiple strings traversing through the same lens
is very unlikely.
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Figure 9 . Parameter space for polarization rotation and gravitational wave signatures. The gray shaded

region is excluded by cooling bounds coming from Horizontal Branch stars [97] (assuming A = 1). The red

shaded region is excluded by CMB measurements of strings coming from their gravitational e↵ects [98]. The

blue region is excluded when NDW 6= 1 due to the temperature fluctuations induced by the gravitational

potential of the domain wall [99]. Dashed and dotted lines correspond to ⇠ = 10 and 100 respectively. The

figure is cut o↵ at large f , as for f ! 1016 GeV, the universe can not reheat to high enough temperature so

that strings might not be produced. Our sensitivity applies to ⇠ � 1 in all of the allowed parameter space in

this plot.

comparable to the size of the universe today and will also leave an imprint on the cosmic microwave
background, providing another unique cross check in the case of a discovery.

6.2 Gravitational and gravitational wave signatures

The strings and domain walls can also be looked for through their gravitational e↵ect on the large
scale structures of the universe. The measurement of the detailed features of, in particular, the cosmic
microwave background spectrum place a constraint on the amount of density inhomogeneities that
can be generated by cosmic strings [100, 101] and domain walls. These considerations place an upper
bound on the energy per unit length of the string µ [98],

Gµ " 1.1⇥ 10�7, (6.3)

corresponding to an axion decay constantf no higher than ⇠ 1014 GeV. Such a constraint on the
axion decay constant is only mildly dependent on the deviation from scaling solution (see the discussion
around equation (4.2) in section 4.1).

Similar constraints can be placed on the tension of domain walls. The energy density in the
form of domains walls in a frustrated string-domain wall network approach a scaling limit [68, 69] for
NDW 6= 1,

⇢wall ⇡ NDW �H, (6.4)
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Figure 10. We show the sensitivity of current and future experiments to the two independent parameters of
an axion string network with a photon coupling; the number of axion string per Hubble volume ( ! ) and the
strength of the axion string-photon coupling ( A ). The CMB polarization correlation functions provide the best
channel for discovery (they put an upper bound on the combination ! A 2). The black solid line is the estimated
current sensitivity of Planck to this e ↵ect while the magenta, purple, blue and green lines show the sensitivity
of future CMB experiments. We take the sensitivity at L = 10 from Þgure 6 as an indicator. The grey region
is the estimated constraint coming from the e↵ects of axion radiation emitted from the string network, see
the discussion around equation (4.21). CMB experiments with good angular resolution and lensed quasar
systems provide an opportunity to exploit the quantized nature of our signal. The brown dot-dashed line
shows the prospects for edge detection with experiments similar to the Simons observatory (very qualitative).
Increasing the accuracy of the polarization rotation angle measurement improves the sensitivity to smaller
A and improving the angular resolution improves the sensitivity to higher ! . The red dashed line shows
the prospects for lensed quasar systems (qualitative). Increasing the number of lensed quasars improves the
sensitivity to smaller ! while improving the precision of the measurement of the relative polarization of the
quasars improves the sensitivity to smaller A . The gray dashed gridlines mark the regions of parameter space
of particular theoretical interest.

with ground-based missions. Finding these strings in position space and their associated discontinuities
provides a direct measurement of the anomaly coe! cient induced by a single string.

In this paper, we have provided a description and rough estimate of the observational features of a
string network on the CMB (see Þgure10). This analysis can be improved upon with real axion string
simulations that would capture more details of the nature of the string network, and with a dedicated
analysis of the CMB data. Given the uncertainties and di! culties present in the simulations due to
simulating vastly di " erent length scales, in the event of a discovery one might even use data to gain
insights for simulations of axion strings and domain walls, which can be applied to the study of other
axion models such as the QCD axion. The combination of the measurement of the CMB polarization
spectrum and the discontinuities coming from individual strings allows us to extract the value of! ,
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1 Introduction

The ultraviolet structure of the standard model is one of the most fundamental questions in particle
physics. In general, it is a daunting task to unearth high-energy properties of the theory from low-
energy observations. However, there is a unique type of interaction that contains universal information
about the fundamental theory unpolluted by intervening physics. This special type of interaction is a
topological interaction [1]. In this paper, we consider the topological coupling of a compact pseudo-
scalarÑan axionÑwith photons,

L =
A ! em

4"
a
f

F !F (1.1)

where 2" f is the periodicity of the axion a, ! em is the Þne structure constant, andA is the anomaly
coe! cient for the mixed anomaly between electromagnetism and the continuous shift symmetry of
the axion. Anomaly matching Þxes the form of the interaction at any scale [2], such that the rational
number A is not renormalized and intervening physics between the high energy scale and the low

Ð 1 Ð

Match made in heaven

Topological way of causing polarization rotation

Super distinct features in the CMB

Power spectrum at the 
edge of sensitivity Edges in the CMB

Quasars


