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Setting the stage
• Currently, there are no robust indications of the existence of new 

particles beyond the Standard Model within the reach of current 
or future colliders 


• For the sake of this talk I will assume that there indeed aren’t any 
new light particles


• On the other hand, we know for sure that new physics beyond the 
Standard Model does exist (because neutrino masses, dark 
matter, baryogenesis, inflation, gravity)


• These assumptions + experimental facts imply that the 
microscopic theory at E~1 TeV is a (relativistic) effective theory 
with the Standard Model particle content  
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• The main practical questions is whether the particle interactions 
in the EFT are sufficiently different from those in the Standard 
Model so as to be observable in any of the current or near-future 
experiments


• However, there remains one  outstanding theoretical question 


• Namely, whether electroweak symmetry is realized 
 linearly or non-linearly in the EFT Lagrangian

Open question



Two mathematical formulations for effective theories with SM spectrum
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lous Higgs boson couplings, will be reviewed. The connection with the more common EFT based on
power counting by canonical dimension (SM + dimension-6 operators, sometimes referred to as SMEFT)
will also be discussed. We start with a phenomenologically oriented introduction, which will be followed
by a systematic formulation of the nonlinear EFT.

A central goal of the LHC after the discovery of the Higgs boson will be a more comprehensive
investigation of its properties in order to test the underlying dynamics of electroweak symmetry break-
ing. At present, the Higgs boson couplings to gauge bosons and top quarks are compatible with the SM,
but deviations of O(10%) are still possible [6]. For the couplings to other fermions, or the triple-Higgs
boson coupling, even larger effects are not excluded. Anomalous Higgs boson couplings have the po-
tential to give much larger effects than new physics in electroweak gauge interactions, which is typically
constrained to the O(1%) level by electroweak precision measurements [721].

It then appears natural to focus the attention, in a first step, on the couplings of the Higgs particle.
This goal is also well motivated by the foreseeable precision at the LHC with 300 fb�1, projected to reach
several per cent accuracy for the Higgs boson couplings to gauge bosons and heavy fermions [724].

Following this line of reasoning, one is led to consider a generalization of the SM, in which the
gauge interactions are unchanged (at leading order), but general anomalous couplings are introduced for
the physical Higgs boson. To do this in a consistent, gauge-invariant way, the scalar fields have to be
decomposed into the three Goldstone fields 'a, described by

U = exp(2i'aT a/v) (II.2.161)

where T a are the generators of SU(2) with normalization Tr[T aT b] = �ab/2, and the physical Higgs
field h. This corresponds to a decomposition of the usual Higgs doublet �i, �̃i = "ij�⇤j , into polar
coordinates p

2(�̃,�) ⌘ (v + h)U (II.2.162)

Under electroweak gauge transformations SU(2)L ⇥ U(1)Y

U ! gLUg†Y , h ! h (II.2.163)

such that h is invariant, and its couplings can be consistently modified.II.45

The resulting generalized Lagrangian can be written as
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where
DµU = @µU + igWµU � ig0BµUT3, (II.2.165)

II.45The generic name of “nonlinear” comes from the fact that the scalar sector of the SM has a larger symmetry SU(2)L ⇥
SU(2)R (usually called chiral EW symmetry), under which the EW Goldstone bosons 'a in (II.2.161) transform nonlinearly,
in contrast to the usual Higgs doublet field, which transforms linearly. The relevant symmetry breaking pattern in the scalar
sector is then given by SU(2)L ⇥ SU(2)R ! SU(2)L+R, where the SU(2)L+R is usually called the custodial symmetry
group.

Linear Non-linear

SU(3)C x SU(2)L x U(1)Y SU(3)C x U(1)em

In general, the two formulation lead to two physically distinct theories 

Linear vs non-linear

SMEFT HEFT
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eaten by W and Z U = exp ( iGaσa

v )



SMEFT Lagrangian  expanded in inverse powers of Λ, equivalently in operator dimension D
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For Λ >> v expansion can be truncated at dimension-6 level for most practical applications  



The fields Gz and G± do not correspond to new physical degrees of freedom (they

kinetically mix with the massive gauge bosons and can be gauged away). From now

on until Chapter 5 I will work in the unitary gauge and set G± = 0 = Gz. The

scalar field h corresponds to a scalar particle called the Higgs boson. Its mass can be

expressed by the parameters of the Higgs potential as

m2
h = 2µ2

H = 2�v2. (2.19)

2.2 Dimension-6 operators

Bosonic CP-even
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Table 2.2: Bosonic D=6 operators in the Warsaw basis.

We turn to discussing operators with canonical dimensions D=6 in Eq. (2.1).

Their importance for characterizing low-energy e↵ects of heavy particles has been

recognized long ago, see e.g. [21, 35]. More recently, advantages of using a complete

and non-redundant set of operators have been emphasized. The point is that seem-

ingly di↵erent higher-dimensional operators can have the same e↵ect on on-shell am-

plitudes of the SM particles. This is the case if the operators can be related by using

equations of motion, integration by parts, field redefinitions, or Fierz transformations.

13

Dimension-6 operators Grządkowski et al. 
 1008.4884

+ 2-fermion and 
4-fermion operators

http://arxiv.org/abs/1303.3876
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lous Higgs boson couplings, will be reviewed. The connection with the more common EFT based on
power counting by canonical dimension (SM + dimension-6 operators, sometimes referred to as SMEFT)
will also be discussed. We start with a phenomenologically oriented introduction, which will be followed
by a systematic formulation of the nonlinear EFT.

A central goal of the LHC after the discovery of the Higgs boson will be a more comprehensive
investigation of its properties in order to test the underlying dynamics of electroweak symmetry break-
ing. At present, the Higgs boson couplings to gauge bosons and top quarks are compatible with the SM,
but deviations of O(10%) are still possible [6]. For the couplings to other fermions, or the triple-Higgs
boson coupling, even larger effects are not excluded. Anomalous Higgs boson couplings have the po-
tential to give much larger effects than new physics in electroweak gauge interactions, which is typically
constrained to the O(1%) level by electroweak precision measurements [721].

It then appears natural to focus the attention, in a first step, on the couplings of the Higgs particle.
This goal is also well motivated by the foreseeable precision at the LHC with 300 fb�1, projected to reach
several per cent accuracy for the Higgs boson couplings to gauge bosons and heavy fermions [724].

Following this line of reasoning, one is led to consider a generalization of the SM, in which the
gauge interactions are unchanged (at leading order), but general anomalous couplings are introduced for
the physical Higgs boson. To do this in a consistent, gauge-invariant way, the scalar fields have to be
decomposed into the three Goldstone fields 'a, described by

U = exp(2i'aT a/v) (II.2.161)

where T a are the generators of SU(2) with normalization Tr[T aT b] = �ab/2, and the physical Higgs
field h. This corresponds to a decomposition of the usual Higgs doublet �i, �̃i = "ij�⇤j , into polar
coordinates p

2(�̃,�) ⌘ (v + h)U (II.2.162)

Under electroweak gauge transformations SU(2)L ⇥ U(1)Y

U ! gLUg†Y , h ! h (II.2.163)

such that h is invariant, and its couplings can be consistently modified.II.45
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where
DµU = @µU + igWµU � ig0BµUT3, (II.2.165)

II.45The generic name of “nonlinear” comes from the fact that the scalar sector of the SM has a larger symmetry SU(2)L ⇥
SU(2)R (usually called chiral EW symmetry), under which the EW Goldstone bosons 'a in (II.2.161) transform nonlinearly,
in contrast to the usual Higgs doublet field, which transforms linearly. The relevant symmetry breaking pattern in the scalar
sector is then given by SU(2)L ⇥ SU(2)R ! SU(2)L+R, where the SU(2)L+R is usually called the custodial symmetry
group.
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and P± = 1/2± T3. The trace of a matrix A is denoted by hAi. The left-handed doublets of quarks and
leptons are written as qL and lL, the right-handed singlets as uR, dR, eR. Generation indices are omitted.
In the Yukawa terms the right-handed quark and lepton fields are collected into qR = (uR, dR)T and
lR = (⌫R, eR)T , respectively. In general, different flavour couplings Y (n)

u,d,e can arise at every order in
the Higgs field hn, in addition to the usual Yukawa matrices Yu,d,e. The detailed assumptions underlying
(II.2.164) are summarized in points (i) – (iii) below.

The first line in (II.2.164) represents the unbroken SM and the remaining lines describe the sector
of electroweak symmetry breaking. The h-dependent functions, analytic near zero field, are
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In addition to modifying the Higgs boson couplings present in the SM, new couplings with higher powers
in the field h are introduced. All these couplings may deviate, in principle, by corrections of O(1)
from their (dimensionless) SM values. For smaller deviations, the Lagrangian in (II.2.164) continues
to describe the leading new-physics effects, as long as the anomalous couplings in the Higgs sector
dominate over other corrections from physics beyond the SM. (Those would be represented by operators
of chiral dimension 4 and higher, see the discussion of power counting below.)

While L2 in (II.2.164) is gauge invariant, it is no longer renormalizable for general Higgs boson
couplings. Renormalizability would be recovered in the SM limit where

fU,1 = 2, fU,2 = 1, fV,2 = fV,3 =
m2

h

2v2
, fV,4 =

m2
h

8v2
, Y (1)

f = Yf , (II.2.167)

and all other couplings fU,n, fV,n, Y (n)
f equal to zero. In this limit (II.2.164) is just the SM written in

somewhat unconventional variables. All S-matrix elements are of course identical to the ones obtained
with the familiar linear Lagrangian.

If the deviations of the couplings from their SM values are smaller than unity, it is useful to
parameterize them by a quantity ⇠ ⌘ v2/f2, where f > v represents a new scale (which could be
related to a new strongly interacting dynamics). In models of a composite, pseudo-Goldstone Higgs
[658, 766–775] f corresponds to the Goldstone-boson decay constant. Experimentally, values of ⇠ =
O(10%) are currently still allowed.

For general Higgs boson couplings, the Lagrangian L2, nonrenormalizable in the traditional sense,
is still renormalizable in the modern sense, order by order in a consistent expansion [776]. It therefore
continues to serve as a fully consistent effective field theory. This EFT is known as the electroweak chiral
Lagrangian including a light Higgs boson. For the case without Higgs the electroweak chiral Lagrangian
has been formulated and applied in [777–793]. The generalization to include a light Higgs boson has
been developed in [683, 785, 794–804].

Having motivated the basic structure of the electroweak chiral Lagrangian, it is useful to sum-
marize the most important assumptions that define it as a systematic EFT. These concern the particle
content below a certain mass gap, the relevant symmetries, and the power counting:
(i) SM particle content, where (transverse) gauge bosons and fermions are weakly coupled to the Higgs-

sector dynamics.
(ii) SM gauge symmetries; conservation of lepton and baryon number; conservation at lowest order of

custodial symmetry in the strong sector, CP invariance in the Higgs sector and fermion flavour.
The latter symmetries are violated at some level, but this would only affect terms at subleading
order. Generalizations may in principle be introduced if necessary.

(iii) Power counting by chiral dimensions [805–808], equivalent to a loop expansion [683], with the
simple assignment of 0 for bosons (gauge fields Xµ, Goldstones ' and Higgs h) and 1 for each

Introduce triplet of  Goldstone field φ via unitary matrix U:
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lous Higgs boson couplings, will be reviewed. The connection with the more common EFT based on
power counting by canonical dimension (SM + dimension-6 operators, sometimes referred to as SMEFT)
will also be discussed. We start with a phenomenologically oriented introduction, which will be followed
by a systematic formulation of the nonlinear EFT.

A central goal of the LHC after the discovery of the Higgs boson will be a more comprehensive
investigation of its properties in order to test the underlying dynamics of electroweak symmetry break-
ing. At present, the Higgs boson couplings to gauge bosons and top quarks are compatible with the SM,
but deviations of O(10%) are still possible [6]. For the couplings to other fermions, or the triple-Higgs
boson coupling, even larger effects are not excluded. Anomalous Higgs boson couplings have the po-
tential to give much larger effects than new physics in electroweak gauge interactions, which is typically
constrained to the O(1%) level by electroweak precision measurements [721].

It then appears natural to focus the attention, in a first step, on the couplings of the Higgs particle.
This goal is also well motivated by the foreseeable precision at the LHC with 300 fb�1, projected to reach
several per cent accuracy for the Higgs boson couplings to gauge bosons and heavy fermions [724].

Following this line of reasoning, one is led to consider a generalization of the SM, in which the
gauge interactions are unchanged (at leading order), but general anomalous couplings are introduced for
the physical Higgs boson. To do this in a consistent, gauge-invariant way, the scalar fields have to be
decomposed into the three Goldstone fields 'a, described by
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where T a are the generators of SU(2) with normalization Tr[T aT b] = �ab/2, and the physical Higgs
field h. This corresponds to a decomposition of the usual Higgs doublet �i, �̃i = "ij�⇤j , into polar
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where
DµU = @µU + igWµU � ig0BµUT3, (II.2.165)

II.45The generic name of “nonlinear” comes from the fact that the scalar sector of the SM has a larger symmetry SU(2)L ⇥
SU(2)R (usually called chiral EW symmetry), under which the EW Goldstone bosons 'a in (II.2.161) transform nonlinearly,
in contrast to the usual Higgs doublet field, which transforms linearly. The relevant symmetry breaking pattern in the scalar
sector is then given by SU(2)L ⇥ SU(2)R ! SU(2)L+R, where the SU(2)L+R is usually called the custodial symmetry
group.

Linear transformation of U under SU(2)L x U(1)Y implies  
electroweak symmetry acts non-linearly on φ:

Higgs boson is perfect singlet 
under electroweak symmetry!

Arbitrary polynomial of h 
allowed to multiply 
each term in LHEFT ! 

for review see e.g.  
LHCHXSWG 
1610.07922

Chapter II.2. EFT Formalism 343

derivative, weak coupling (e.g. gauge or Yukawa), and fermion bilinear:

[Xµ,', h]� = 0 , [@µ, g, y,  ̄]� = 1 (II.2.168)

The loop order L of a term in the Lagrangian is equivalent to its chiral dimension (or chiral order)
2L+ 2.
Under these assumptions the expression in (II.2.164) follows as the most general Lagrangian built

from terms of chiral dimension 2 (corresponding to loop-order L = 0). This is the systematic basis for
the leading-order electroweak chiral Lagrangian.

Functions F (h) multiplying the Higgs or the fermion kinetic terms can be removed by field redef-
initions and are therefore omitted in (II.2.164) [653, 801].

Note that the Higgs potential V (h), being related to the light Higgs boson mass ⇠ m2
h, carries

chiral dimension 2. This is explicitly realized in models where the Higgs is a pseudo-Goldstone and its
potential is generated at one loop (proportional to two powers of weak coupling, hidden in the coefficients
fV,n) [658, 770–773].

Expressions of the form ( ̄ )2(h/v)n,  ̄�µ⌫ Xµ⌫(h/v)n, Xµ⌫Xµ⌫(h/v)n+1, n � 0, where
 is a fermion and Xµ⌫ a gauge field-strength tensor, might superficially look like terms entering the
Lagrangian at chiral dimension 2. However, they represent local interactions arising from the (weak)
coupling of  and X to the new-physics sector, according to assumption (i) above. The weak coupling
associated with  ̄ or Xµ⌫ carries chiral dimension. The operators above then acquire a chiral dimension
of at least 4, which eliminates them from the leading-order Lagrangian [683].

II.2.4.b Renormalization of the chiral Lagrangian
As the electroweak chiral Lagrangian defines a consistent quantum field theory, loop corrections can be
systematically included. For the case without Higgs field this has been discussed in detail in [809–813].
The one-loop divergent parts arising from the scalar sector have recently been also obtained in the chiral
Lagrangian including the light Higgs boson [800, 814–818].

At one-loop order, terms up to chiral dimension 4 need to be included and the Lagrangian can be
written as L = L2 + L4 + LGF + LFP, including also gauge-fixing and ghost terms. In general, the
leading-order approximation is given by the tree-level amplitudes from L2. The next-to-leading order
corrections consist of the one-loop amplitudes with vertices from L2, together with tree-level contribu-
tions to first order in L4. The latter comprise new interactions, not present in L2, and act as counterterms
for the one-loop divergences. In general, they may get contributions from heavy states with masses of
order ⇤ that are integrated out in the EFT [819–821]. This pattern is known from the chiral perturba-
tion theory of pions. It is typical for the systematics of a nonrenormalizable EFT. Explicit examples are
discussed in Section II.2.4.e.

The local operators in L4 have been discussed for the bosonic sector in [799], a subset of the
fermionic terms has been considered in [822]. A systematic presentation of the complete basis of local
operators in L4 can be found in [801]. Concentrating on the electroweak bosonic sector one has (with
2a = fU,1, b = fU,2 in (II.2.166))
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Table 102: Example of the renormalization structure. Running of some NLO coefficients [800, 814, 815].

�a1�a2+a3 �c�� �a1 �a2�a3 �a4 �a5

0 0 �1
6(1� a2) �1

6(1� a2) 1
6(1� a2)2 1
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+
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(@µh@

µh)hD⌫U
†D⌫Ui+ ehh

v2
(@µh@

⌫h)hDµU †D⌫Ui+ . . . (II.2.169)

where Vµ ⌘ (DµU)U † and Fµ⌫ is the photon field strength. Here only a subset of the operators in L4

has been displayed, corresponding to those needed in the discussion below. All operators that need to be
included as counterterms are manifestly custodially preserving, except for the custodial breaking from
U(1)Y . This is so because the initial theory is custodially invariant when Yukawas are neglected.

As a simple example for renormalization, consider the oblique S-parameter. The first non-vanishing
contribution to S appears at NLO. One finds that the one-loop amplitude is UV–divergent and needs to
be renormalized by means of the NLO parameter a1. In the MS scheme one obtains [787, 815, 819]
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(II.2.170)

In this expression, the oblique parameter is defined with the reference value mRef
h set to the physical

Higgs boson mass [738]. Since fermionic couplings to gauge bosons receive only NLO contributions
from new physics, fermion loops do not affect this result. Their impact would be a NNLO effect..

Renormalization leads to a scale dependence of the coefficients. In general, the relation between
a given renormalized chiral parameter Cr(µ) and the corresponding bare parameter C(B) from the L4

Lagrangian (e.g. a1), together with the resulting µ-dependence, is given by

dCr

d lnµ
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16⇡2
, Cr(µ) = C(B) +

�C

32⇡2

1

✏̂
(II.2.171)

where an MS subtraction of the UV divergence has been performed. Here 1/✏̂ = µ�2✏(1/✏��E+ln 4⇡),
with D = 4� 2✏.

The running of the L4 parameters C = a1, a2, a3, c�� [815] (relevant e.g. for �� ! wawb)
and of C = a4, a5 (contributing to ZZ and W+W� scattering [800, 814]) is shown in Table 102. It is
apparent that the S-parameter in (II.2.170) is independent of the renormalization scale µ.

II.2.4.c Connection of chiral Lagrangian to -formalism
The couplings of the leading-order Lagrangian in (II.2.164), which are non-standard in general, are
displayed in Figure 187. They parameterize the leading new-physics effects in tree-level processes.

A further consideration is needed for the application of the chiral Lagrangian to processes that
arise only at one-loop level in the SM. Important examples are h ! gg, h ! �� and h ! Z�. In
this case local terms at NLO will also become relevant, in addition to the standard loop amplitudes with
modified couplings from (II.2.164). The reason is that both contributions can lead to deviations of the
amplitude from the SM at the same order, ⇠ ⇠/16⇡2. The complete list of NLO operators has first been
worked out in [801]. The terms that are relevant here are

e2Fµ⌫F
µ⌫h, eg0Fµ⌫Z

µ⌫h, g2shGµ⌫G
µ⌫ih (II.2.172)

On the other hand, the analogous terms g02Zµ⌫Zµ⌫h and g2W+
µ⌫W

�µ⌫h in the subleading Lagrangian
yield only subleading contributions, of O(⇠/16⇡2), to the tree-level amplitudes for h ! ZZ and h !

Lagrangian organized in derivative expansion:

HEFT

ℒHEFT = ℒ2 + ℒ4 + ℒ6 + …

U = exp ( iGaσa

v )



SMEFT: D=6 HEFT

HEFT: in general no correlations(Truncated) SMEFT: Predicts correlations

  SMEFT vs HEFT - Higgs self-couplings

In SM 
self-coupling  

completely fixed…

…but they can be deformed by BSM effects 

ℒSM ⊃ m2 |H |2 − λ |H |4

→ −
1
2

m2
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−
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v
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h6 + …

ℒSMEFT = ℒSM −
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Λ2
(H†H)3

δλ3 =
2c6v4

m2
hΛ2

, δλ4 =
12c6v4

m2
hΛ2

, λ5 =
3c6v2

4Λ2
, λ6 =

c6v2

8Λ2



Vff and hVff couplings 
correlated in SMEFT but 

not in HEFT

Higgs couplings to WW 
and to ZZ/Zγ/γγ correlated 

in SMEFT but not HEFT  
(unless custodial symmetry 

imposed in latter)

  SMEFT vs HEFT - Higgs couplings to matter



Linear vs Non-linear

SMEFT HEFT

Expansion parameter Expansion parameter

E
Λ

E
v

For Λ>>v: correlations between various 
interaction terms of the Higgs boson 

Each Higgs boson interaction term  
is a-priori uncorrelated  
with other interactions 

SMEFT ⊂ HEFT

HEFT  is more general than (truncated) SMEFT,  
and it reduces to the latter in very special points of its parameter space 



Linear vs Non-linear

SMEFT HEFT

Higgs boson coupling to WW Higgs boson coupling to WW

free O(1) parameter free O(1) parameter

Parametric limit Λ→∞ where  
Higgs boson couplings become SM-like  

 

No parametric where  
Higgs boson couplings become SM-like  

 

LHC measurements of the Higgs boson couplings can be interpreted as  
a strong hint for linearly realized electroweak symmetry with Λ >> v 



Accidentally SM-like HEFT?
As is well known, in the SM Higgs 
boson is crucial for unitarization of 
2-to-2 WW scattering amplitudes


For that to work, the Higgs boson 
coupling to WW is uniquely fixed, 
given the W boson mass and gauge 
coupling 


More generally, if the Higgs boson 
coupling to WW in the EFT is close 
to the SM one, the validity range of 
the EFT can extend far above the 
electroweak scale

Could be that HEFT couplings  
are SM-like 

as the consequence of  
HEFT UV completion  being  

far above the electroweak scale? 



This talk

• There isn’t really such thing as “small HEFT deformations”, 
consistently with the intuition of the lack of physical scale other 
than electroweak scale v in the HEFT 


• There is a dramatic difference between the SMEFT and HEFT,  
which shows in the high-energy behavior of multi-Higgs 
amplitudes 


• As a result, the HEFT loses perturbative unitarity at the scale 
parametrically of order  4 π v, even when deviations of the 
Higgs interactions from the SM is tiny  


• The trick to see this is to realize that HEFT can be rewritten as 
an effective theory with linearly realized electroweak symmetry, 
but with non-analytic terms in the Lagrangian 



Example: tadpole model3 Luty model

The Luty model [1, 2] is arguably the simplest example of an EFT with a non-analytic
Higgs potential.1 In the low-energy theory where the BSM degrees of freedom are inte-
grated out the Higgs boson potential takes the form
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(3.1)

(This is Eq. 1.4 in [2]). We consider the limit ✏v
m2

aux

f
⌧ 1, in which case the Higgs boson

self-interactions are highly suppressed. This is thus a model with dramatic order one
corrections to the SM. In the language of the Higgs doublet the potential in that limit
can be rewritten as

V = m2

hH
†H �m2

hv
p
2H†H, (3.2)

where mh = 125 GeV, v = 246 GeV, and the (H†H)2 and higher-order terms are
assumed to be absent. This reduces to Vh = m2

hh
2/2 in the unitary gauge, such that is

it reproduces the lack of self-interactions of the Higgs boson.
Naively, a Higgs boson without self-interactions seems innocuous. However the non-

analytic term in Eq. (3.2) secretly harbors interactions that become strongly coupled atp
s ⇠ 4⇡v. To see this it is convenient to put back the Goldstone degrees of freedom in

H. Then Eq. (3.2) yields an infinite tower of interactions between the Higgs boson and
the Goldstones:
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Here I denote G2 ⌘ 2G
+

G� + G2

z. The point of inserting the Goldstones is that the
equivalence theorem relates the high-energy behavior of the Goldstone amplitudes to
that of longitudinal W and Z bosons.

We consider scattering amplitudes of the isospin-0 2-body Goldstone state |[GG]I=0

i ⌘
1p
3

(|G
+

G�i+ |G�G+

i+ |GzGzi). The inelastic amplitude for scattering this state into
n Higgs bosons is given by

|M([GG]I=0

! hn)| =
p
3n!m2

h

vn
. (3.4)

From Eq. (2.18), the corresponding s-wave amplitude is

|M([GG]l=0

I=0

! hn)| ⌘ |Mn| = 1

4
p
⇡

p
3n!m2

h

vn
. (3.5)
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Integrating out 2nd Higgs doublet with large quartic yields 
effective theory with Higgs boson tadpole:

3 Luty model

The Luty model [1, 2] is arguably the simplest example of an EFT with a non-analytic
Higgs potential.1 In the low-energy theory where the BSM degrees of freedom are inte-
grated out the Higgs boson potential takes the form

Vh =
m2

H

2
h2 � ✏fh

"
1 + c

1

✓
✏vH

m2

aux

f

◆
h

vH
+ c

2

✓
✏vH

m2

aux

f

◆
2 h2

v2H
+ . . .

#
(3.1)

(This is Eq. 1.4 in [2]). We consider the limit ✏v
m2

aux

f
⌧ 1, in which case the Higgs boson

self-interactions are highly suppressed. This is thus a model with dramatic order one
corrections to the SM. In the language of the Higgs doublet the potential in that limit
can be rewritten as

V = m2

hH
†H �m2

hv
p
2H†H, (3.2)

where mh = 125 GeV, v = 246 GeV, and the (H†H)2 and higher-order terms are
assumed to be absent. This reduces to Vh = m2

hh
2/2 in the unitary gauge, such that is

it reproduces the lack of self-interactions of the Higgs boson.
Naively, a Higgs boson without self-interactions seems innocuous. However the non-

analytic term in Eq. (3.2) secretly harbors interactions that become strongly coupled atp
s ⇠ 4⇡v. To see this it is convenient to put back the Goldstone degrees of freedom in

H. Then Eq. (3.2) yields an infinite tower of interactions between the Higgs boson and
the Goldstones:
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Here I denote G2 ⌘ 2G
+

G� + G2

z. The point of inserting the Goldstones is that the
equivalence theorem relates the high-energy behavior of the Goldstone amplitudes to
that of longitudinal W and Z bosons.

We consider scattering amplitudes of the isospin-0 2-body Goldstone state |[GG]I=0

i ⌘
1p
3

(|G
+

G�i+ |G�G+

i+ |GzGzi). The inelastic amplitude for scattering this state into
n Higgs bosons is given by

|M([GG]I=0

! hn)| =
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. (3.4)

From Eq. (2.18), the corresponding s-wave amplitude is
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Tadpole model be equivalently represented in SU(2)L x U(1)Y invariant form,  
with non-analytic term in Higgs potential:

.

.h !
p
2H†H � v.

The pie on the r.h.s. can be heuristically motivated as follows. A more intuitive de-
scription of quantum scattering is in terms of the phase shifts �l, who are related to
the partial wave amplitudes via e2i�l = 1 + 2ial. Then at the leading order �l ⇡ al. A
resonance in the l-th channel corresponds to �l = ⇡/2. Hence, al should be order ⇡ when
calculated in perturbation theory.

A more convincing argument in favor of Eq. (2.25) is that it ensures the ⇡ counting
consistent with ~ counting and naive dimensional analysis. However, I won’t discuss
that further here. In any case, it is clear that we are haggling about order one factors
which are irrelevant, especially for large n-body final states considered in the following
of this note. In the following, without any further deliberation we will take Eq. (2.25)
as our criterion to determine ⇤⇤.

3 Luty model

The Luty model [1, 2] is arguably the simplest example of an EFT with a non-analytic
Higgs potential.1 In the low-energy theory where the BSM degrees of freedom are inte-
grated out the Higgs boson potential takes the form
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(This is Eq. 1.4 in [2]). We consider the limit ✏v
m2

aux

f
⌧ 1, in which case the Higgs boson

self-interactions are highly suppressed. This is thus a model with dramatic order one
corrections to the SM. In the language of the Higgs doublet the potential in that limit
can be rewritten as

V = m2

hH
†H �m2

hv
p
2H†H, (3.2)

where mh = 125 GeV, v = 246 GeV, and the (H†H)2 and higher-order terms are
assumed to be absent. This reduces to Vh = m2

hh
2/2 in the unitary gauge, such that is

it reproduces the lack of self-interactions of the Higgs boson.
Naively, a Higgs boson without self-interactions seems innocuous. However the non-

analytic term in Eq. (3.2) secretly harbors interactions that become strongly coupled atp
s ⇠ 4⇡v. To see this it is convenient to put back the Goldstone degrees of freedom in

H. Then Eq. (3.2) yields an infinite tower of interactions between the Higgs boson and
the Goldstones:
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Here I denote G2 ⌘ 2G
+

G� + G2

z. The point of inserting the Goldstones is that the
equivalence theorem relates the high-energy behavior of the Goldstone amplitudes to
that of longitudinal W and Z bosons.
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The limit where only  tadpole is kept is part of the HEFT but not SMEFT parameter space

In  unitary gauge, G=0, this reduces to the tadpole model above, up to field 
redefinition

h −
ϵf
m2

H
→ h
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3 Luty model

The Luty model [1, 2] is arguably the simplest example of an EFT with a non-analytic
Higgs potential.1 In the low-energy theory where the BSM degrees of freedom are inte-
grated out the Higgs boson potential takes the form
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(This is Eq. 1.4 in [2]). We consider the limit ✏v
m2

aux

f
⌧ 1, in which case the Higgs boson

self-interactions are highly suppressed. This is thus a model with dramatic order one
corrections to the SM. In the language of the Higgs doublet the potential in that limit
can be rewritten as

V = m2

hH
†H �m2

hv
p
2H†H, (3.2)

where mh = 125 GeV, v = 246 GeV, and the (H†H)2 and higher-order terms are
assumed to be absent. This reduces to Vh = m2

hh
2/2 in the unitary gauge, such that is

it reproduces the lack of self-interactions of the Higgs boson.
Naively, a Higgs boson without self-interactions seems innocuous. However the non-

analytic term in Eq. (3.2) secretly harbors interactions that become strongly coupled atp
s ⇠ 4⇡v. To see this it is convenient to put back the Goldstone degrees of freedom in

H. Then Eq. (3.2) yields an infinite tower of interactions between the Higgs boson and
the Goldstones:
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Here I denote G2 ⌘ 2G
+

G� + G2

z. The point of inserting the Goldstones is that the
equivalence theorem relates the high-energy behavior of the Goldstone amplitudes to
that of longitudinal W and Z bosons.

We consider scattering amplitudes of the isospin-0 2-body Goldstone state |[GG]I=0
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i+ |GzGzi). The inelastic amplitude for scattering this state into
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From Eq. (2.18), the corresponding s-wave amplitude is
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Away from unitary gauge, Lagrangian contains infinite series of interactions 
between Goldstone and Higgs  bosons, suppressed only by electroweak scale v

3 Luty model

The Luty model [1, 2] is arguably the simplest example of an EFT with a non-analytic
Higgs potential.1 In the low-energy theory where the BSM degrees of freedom are inte-
grated out the Higgs boson potential takes the form
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(This is Eq. 1.4 in [2]). We consider the limit ✏v
m2

aux

f
⌧ 1, in which case the Higgs boson

self-interactions are highly suppressed. This is thus a model with dramatic order one
corrections to the SM. In the language of the Higgs doublet the potential in that limit
can be rewritten as

V = m2

hH
†H �m2

hv
p
2H†H, (3.2)

where mh = 125 GeV, v = 246 GeV, and the (H†H)2 and higher-order terms are
assumed to be absent. This reduces to Vh = m2

hh
2/2 in the unitary gauge, such that is

it reproduces the lack of self-interactions of the Higgs boson.
Naively, a Higgs boson without self-interactions seems innocuous. However the non-

analytic term in Eq. (3.2) secretly harbors interactions that become strongly coupled atp
s ⇠ 4⇡v. To see this it is convenient to put back the Goldstone degrees of freedom in

H. Then Eq. (3.2) yields an infinite tower of interactions between the Higgs boson and
the Goldstones:
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Here I denote G2 ⌘ 2G
+

G� + G2

z. The point of inserting the Goldstones is that the
equivalence theorem relates the high-energy behavior of the Goldstone amplitudes to
that of longitudinal W and Z bosons.

We consider scattering amplitudes of the isospin-0 2-body Goldstone state |[GG]I=0
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From Eq. (2.18), the corresponding s-wave amplitude is
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that we have a continuous parameter to describe the SM deformations; in particular we
can entertain the limit of ��

3

! 0 where we recover the SM. Note that ��
3

! �1 does
not correspond exactly to the Luty model, as the latter does not have the h4 coupling
at all.

The interaction terms in Eq. (4.1) can be obtained from a gauge-invariant Lagrangian
with the Higgs doublet H provided the Higgs potential contains terms non-analytic at
H†H = 0. The required form is just a tad more complicated than in the Luty model:

V = m2

H(H
†H) + �(H†H)2 + ⇤3

1

(2H†H)1/2 + ⇤
3

(2H†H)3/2. (4.2)

The dimensionful parameters ⇤
1

and ⇤
3

parametrize the non-analytic deformation of the
SM. For ⇤3

1

= 3v2⇤
3

this potential leads to the cubic and quartic Higgs boson terms2 as
in Eq. (4.1) with ��

3

= 2v⇤
3

m2

h
. Here the Higgs boson mass is related to the parameters in

the potential by m2

h = 2�v2, while demanding vanishing of the linear h term fixes one
relation between the parameters and the VEV: m2

H = ��v2�6v⇤
3

. In this construction
the Lagrangian does not contain higher-order scalar self-interactions with only the Higgs
boson. On the other hand, the Lagrangian in Eq. (4.3) describes an infinite series of
terms involving even powers of G and arbitrary powers of h:
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3
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where I defined G2 = 2G
+

G� +G2

z.

4.2 Bounds from GG ! hn

Expanding Eq. (4.3) in G2, the terms with two Goldstone boson fields are
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(There are additional Goldstone-Higgs interaction terms up to G2h2 terms coming from
the analytic (H†H)2 term in the potential but those of course do not lead to non-
perturbative behavior and are ignored in the following).

The rest of the analysis is identical as in the Luty section above. We consider scatter-
ing amplitudes of the isospin-0 2-body Goldstone state |[GG]I=0

i ⌘ 1p
3

(|G
+

G�i+ |G�G+

i+ |GzGzi).
The inelastic amplitude for scattering this state into n Higgs bosons is given by
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From Eq. (2.18), the corresponding s-wave amplitude is
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2For ⇤3
1 6= 3v2⇤3 we also get a correction to the SM quartic Higgs couplings. The following discussion

would be almost identical, but for simplicity we set ��4 = 0 here.
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.h !
p
2H†H � v.

Tadpole model be equivalently represented in SU(2)L x U(1)Y invariant form,  
with non-analytic term in Higgs potential:

This can be used to calculate Goldstone scattering amplitudes,  
and translating them  into scattering amplitudes of  

longitudinal W and Z bosons at large energies 



 Multi-Higgs production in tadpole model

Expanded V contains interactions

s-wave isospin-0 amplitude for GG→hn is momentum-
independent constant proportional to the deformation

Amplitudes for multi-Higgs production in W/Z boson fusion are only 
suppressed by scale v and not decay with growing energy, leading to 

unitarity loss at some scale above v

The pie on the r.h.s. can be heuristically motivated as follows. A more intuitive de-
scription of quantum scattering is in terms of the phase shifts �l, who are related to
the partial wave amplitudes via e2i�l = 1 + 2ial. Then at the leading order �l ⇡ al. A
resonance in the l-th channel corresponds to �l = ⇡/2. Hence, al should be order ⇡ when
calculated in perturbation theory.

A more convincing argument in favor of Eq. (2.25) is that it ensures the ⇡ counting
consistent with ~ counting and naive dimensional analysis. However, I won’t discuss
that further here. In any case, it is clear that we are haggling about order one factors
which are irrelevant, especially for large n-body final states considered in the following
of this note. In the following, without any further deliberation we will take Eq. (2.25)
as our criterion to determine ⇤⇤.

3 Luty model

The Luty model [1, 2] is arguably the simplest example of an EFT with a non-analytic
Higgs potential.1 In the low-energy theory where the BSM degrees of freedom are inte-
grated out the Higgs boson potential takes the form
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2
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"
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2 h2

v2

H

+ . . .

#
(3.1)

(This is Eq. 1.4 in [2]). We consider the limit ✏v
m2

aux

f
⌧ 1, in which case the Higgs boson

self-interactions are highly suppressed. This is thus a model with dramatic order one
corrections to the SM. In the language of the Higgs doublet the potential in that limit
can be rewritten as

V = m2

hH†H � m2

hv
p
2H†H, (3.2)

where mh = 125 GeV, v = 246 GeV, and the (H†H)2 and higher-order terms are
assumed to be absent. This reduces to Vh = m2

hh2/2 in the unitary gauge, such that is
it reproduces the lack of self-interactions of the Higgs boson.

Naively, a Higgs boson without self-interactions seems innocuous. However the non-
analytic term in Eq. (3.2) secretly harbors interactions that become strongly coupled atp

s ⇠ 4⇡v. To see this it is convenient to put back the Goldstone degrees of freedom in
H. Then Eq. (3.2) yields an infinite tower of interactions between the Higgs boson and
the Goldstones:
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✓�h

v

◆n

+ . . . (3.3)

Here I denote G2 ⌘ 2G
+

G� + G2

z. The point of inserting the Goldstones is that the
equivalence theorem relates the high-energy behavior of the Goldstone amplitudes to
that of longitudinal W and Z bosons.

1A Polish proverb says: Idzie Luty szykuj buty.
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We consider scattering amplitudes of the isospin-0 2-body Goldstone state |[GG]I=0

i ⌘
1p
3

(|G
+

G�i+ |G�G
+

i+ |GzGzi). The inelastic amplitude for scattering this state into
n Higgs bosons is given by

|M([GG]I=0

! hn)| =
p
3n!m2
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vn
. (3.4)

From Eq. (2.20), the corresponding s-wave amplitude is
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4
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p
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. (3.5)

To set the bounds on the UV completion scale ⇤⇤ we now use Eq. (2.25) with l = 0.
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Vn(⇤⇤)|Mn|2 ⇠ ⇡2, (3.6)

where Vn(x) = x2n�4

2(n�1)!(n�2)!(4⇡)2n�3

is the volume of the n-dimensional phase space [4].
Inserting everything and resumming the sum we get
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1
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◆
exp

✓
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◆
(3.7)

Clearly, this is satisfied for
⇤⇤

4⇡v
⇠ log1/2

✓
4⇡v

mh

◆
(3.8)

Given the observed mass of the Higgs boson, new physics must always appear at ⇤⇤ ⇠
4⇡v ⇠ 3 TeV at the latest. This is sort of obvious in the Luty model, as the e↵ective
Lagrangian in Eq. (3.1) arises due to integrating out extra Higgs states whose masses
are dominated by electroweak symmetry breaking and thus cannot be arbitrarily heavy.
Our point is that this message is more general. Any e↵ective Lagrangian containing
non-analytic terms (like

p
H†H or logH†H) must be UV completed at the scale 4⇡v.

The technical reason is the presence of an infinite tower of Goldstone and Higgs boson
interactions, which lead n-body scattering amplitudes to blow up around

p
s = 4⇡v. The

physical reason is that non-analytic terms in the e↵ective Lagrangian always appear due
to integrating out new particles whose masses vanish in the limit of v ! 0 and thus
cannot be heavier than 4⇡v.

One additional comment: although we resummed to the exponent, the sum is in
practice dominated by one or few processes with n ⇠ n

max

. In the Luty model with the
Higgs boson at the observed mass one has n

max

⇠ 3.
One could consider other processes, e.g. M(GG ! GGhn) or M(Ghn ! Ghn).

These lead to the same parametric answer for ⇤⇤ as the one above. Numerically, other
processes may lead to perturbative unitarity violation at the scales O(2) smaller than it
happens for M(GG ! hn). But here we are interested in the parametric dependence,
and we don’t discuss the other processes any further.

7
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leading to interaction vertices with  
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S matrix unitarity

implies relation between forward scattering amplitude,  
and elastic and inelastic production cross sections

Equation is “diagonalized” after  
initial and final 2-body state are projected into partial waves

symmetry factor 
for n-body final state

where S
2

= 1/2! if |~k
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i contains two identical particles, and S
2

= 1 otherwise.
The pre-factor here ensures the normalization in Eq. (2.11) given Eq. (2.9). UsingR
d⌦Y ⇤

l0m0(✓,�)Ylm(✓,�) = �ll0�mm0 we can invert Eq. (2.13):
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Given Eq. (2.13), the 2-to-2 elastic amplitude can be expressed by the partial wave
amplitude as
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We can also write the amplitude for a transition between a particular partial wave and
a n-particle state normalized as in Eq. (2.3):
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The unitarity condition in Eq. (2.6) evaluated for the in state |E, 0, l,mi becomes:

2Im al = |al|2 +
X

n2inel.

Sn

Z
d⇧n|M(E, 0, l,m ! {n})|2. (2.19)

This can be rewritten as the Argand circle equation:
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n2inel.
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Z
d⇧n|M(E, 0, l,m ! {n})|2.

(2.20)
It means that each al should lie within the Argand circle with the center at Im al = +1
and the radius 1. It lies on the Argand circle if the inelastic channels are closed for a
given l. The corollary is that Im al must be positive for each partial wave separately;
more precisely it satisfies 0  Im al  2. Furthermore, the real part of each al, as well
as the inelastic sum cannot be arbitrarily large:

(Re al)
2 +
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Z
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In practice one often uses the weaker bounds |Re al|  1 or
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d⇧n|M(E, 0, l,m !

{n})|2  1, which trivially follow from the above.
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= 1 otherwise.
The pre-factor here ensures the normalization in Eq. (2.11) given Eq. (2.9). UsingR
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We can also write the amplitude for a transition between a particular partial wave and
a n-particle state normalized as in Eq. (2.3):
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The unitarity condition in Eq. (2.6) evaluated for the in state |E, 0, l,mi becomes:
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This can be rewritten as the Argand circle equation:
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It means that each al should lie within the Argand circle with the center at Im al = +1
and the radius 1. It lies on the Argand circle if the inelastic channels are closed for a
given l. The corollary is that Im al must be positive for each partial wave separately;
more precisely it satisfies 0  Im al  2. Furthermore, the real part of each al, as well
as the inelastic sum cannot be arbitrarily large:
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Unitarity primer

This can be rewritten as the Argand circle equation

independently whether the particles are identical or not. The partial wave amplitudes
al are the matrix element of the T operator in that basis:

hE 0, ~p0, l0, m0|T |E, ~p, l, mi = (2⇡)4�3(~p � ~p0)�(E � E 0)�ll0�mm0 al(s). (2.14)

Note that by the Wigner theorem al must be independent of the spin projection m.
The two bases are related by a linear transformation. Consider the center of mass
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The pre-factor here ensures the normalization in Eq. (2.13) given Eq. (2.11). UsingR
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Given Eq. (2.15), the 2-to-2 elastic amplitude can be expressed by the partial wave
amplitude as
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We can also write the amplitude for a transition between a particular partial wave and
a n-particle state normalized as in Eq. (2.3):
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The unitarity condition in Eq. (2.7) evaluated for the in state |E, 0, l, mi becomes:
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elastic and inelastic amplitudes
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We can also write the amplitude for a transition between a particular partial wave and
a n-particle state normalized as in Eq. (2.3):
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The unitarity condition in Eq. (2.6) evaluated for the in state |E, 0, l,mi becomes:
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This can be rewritten as the Argand circle equation:
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It means that each al should lie within the Argand circle with the center at Im al = +1
and the radius 1. It lies on the Argand circle if the inelastic channels are closed for a
given l. The corollary is that Im al must be positive for each partial wave separately;
more precisely it satisfies 0  Im al  2. Furthermore, the real part of each al, as well
as the inelastic sum cannot be arbitrarily large:
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The unitarity condition in Eq. (2.6) evaluated for the in state |E, 0, l,mi becomes:

2Im al = |al|2 +
X

n2inel.

Sn

Z
d⇧n|M(E, 0, l,m ! {n})|2. (2.19)

This can be rewritten as the Argand circle equation:
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Z
d⇧n|M(E, 0, l,m ! {n})|2.

(2.20)
It means that each al should lie within the Argand circle with the center at Im al = +1
and the radius 1. It lies on the Argand circle if the inelastic channels are closed for a
given l. The corollary is that Im al must be positive for each partial wave separately;
more precisely it satisfies 0  Im al  2. Furthermore, the real part of each al, as well
as the inelastic sum cannot be arbitrarily large:

(Re al)
2 +

X

n2inel.
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Z
d⇧n|M(E, 0, l,m ! {n})|2  1. (2.21)

In practice one often uses the weaker bounds |Re al|  1 or
P

n2inel. Sn

R
d⇧n|M(E, 0, l,m !

{n})|2  1, which trivially follow from the above.
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Unitarity primer
Argand circle equation

Re(al)

Im(al)
Argand circle  

shrinks in presence  
of inelastic channels

1

1

2

0

(Re al)2 + ∑
n∈inel

Sn ∫ dΠn |ℳ(E,0,l, m → {n}) |2 ≤ 1

leads to the constraint



Unitarity primer

• In a unitary theory, all partial wave amplitudes must lie on the boundary of the 
Argand circle  


• Amplitudes calculated in perturbation theory may violate this condition, which 
signals that higher order corrections are non-negligible 


• This goes under the name of perturbative unitarity violation


• New degrees of freedom must appear around the scale of perturbative unitarity 
violation, either as a UV completion of the effective theory, or as a strong 
coupling transition

where S
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i contains two identical particles, and S
2

= 1 otherwise.
The pre-factor here ensures the normalization in Eq. (2.11) given Eq. (2.9). UsingR
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Given Eq. (2.13), the 2-to-2 elastic amplitude can be expressed by the partial wave
amplitude as
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We can also write the amplitude for a transition between a particular partial wave and
a n-particle state normalized as in Eq. (2.3):

M(
p
s, 0, l,m ! {n}) =
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1 � 4m2/s

p
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The unitarity condition in Eq. (2.6) evaluated for the in state |E, 0, l,mi becomes:

2Im al = |al|2 +
X

n2inel.

Sn

Z
d⇧n|M(E, 0, l,m ! {n})|2. (2.19)

This can be rewritten as the Argand circle equation:

(Re al)
2 + (Im al � 1)2 = R2

l , Rl =

s
1 �

X

n2inel.

Sn

Z
d⇧n|M(E, 0, l,m ! {n})|2.

(2.20)
It means that each al should lie within the Argand circle with the center at Im al = +1
and the radius 1. It lies on the Argand circle if the inelastic channels are closed for a
given l. The corollary is that Im al must be positive for each partial wave separately;
more precisely it satisfies 0  Im al  2. Furthermore, the real part of each al, as well
as the inelastic sum cannot be arbitrarily large:
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X
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Z
d⇧n|M(E, 0, l,m ! {n})|2  1. (2.21)

In practice one often uses the weaker bounds |Re al|  1 or
P
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R
d⇧n|M(E, 0, l,m !

{n})|2  1, which trivially follow from the above.
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where S
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i contains two identical particles, and S
2

= 1 otherwise.
The pre-factor here ensures the normalization in Eq. (2.11) given Eq. (2.9). UsingR
d⌦Y ⇤

l0m0(✓,�)Ylm(✓,�) = �ll0�mm0 we can invert Eq. (2.13):
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Given Eq. (2.13), the 2-to-2 elastic amplitude can be expressed by the partial wave
amplitude as
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We can also write the amplitude for a transition between a particular partial wave and
a n-particle state normalized as in Eq. (2.3):

M(
p
s, 0, l,m ! {n}) =
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1 � 4m2/s
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d⌦Ylm(⌦)M(k

1

k
2

! {n}). (2.18)

The unitarity condition in Eq. (2.6) evaluated for the in state |E, 0, l,mi becomes:

2Im al = |al|2 +
X

n2inel.

Sn

Z
d⇧n|M(E, 0, l,m ! {n})|2. (2.19)

This can be rewritten as the Argand circle equation:
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Sn

Z
d⇧n|M(E, 0, l,m ! {n})|2.

(2.20)
It means that each al should lie within the Argand circle with the center at Im al = +1
and the radius 1. It lies on the Argand circle if the inelastic channels are closed for a
given l. The corollary is that Im al must be positive for each partial wave separately;
more precisely it satisfies 0  Im al  2. Furthermore, the real part of each al, as well
as the inelastic sum cannot be arbitrarily large:
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In practice one often uses the weaker bounds |Re al|  1 or
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{n})|2  1, which trivially follow from the above.
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2.3 Unitarity bounds

Consider an e↵ective field theory (EFT) with higher dimensional operators truncated at
some finite order in 1/⇤ expansion. In that set-up some elastic or inelastic amplitudes
calculated at a finite order in perturbative expansion may violate the bound of Eq. (2.21).
This is in fact just an artifact of the perturbative expansion, as exact amplitudes in a
unitary theory are guaranteed to satisfy the unitarity bounds. Nevertheless, in almost
all cases of interest only a perturbative answer is available in practice. Then there existsp
s = ⇤

u

, the so-called perturbative unitarity violation scale, above which the amplitude
calculated within the EFT cannot be correct. That scale can be obtained by solving forp
s that saturates the inequality in Eq. (2.21):

(Re al)
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X

n2inel.

Sn

Z
d⇧n|M(

p
s, 0, l,m ! {n})|2

�����p
s=⇤

u

= 1. (2.22)

There is no doubt that the EFT predictions cannot be used for
p
s > ⇤u. But here

we want to ask a bit di↵erent question: what is the maximum mass scale ⇤⇤ of new
degrees of freedom belonging to the UV completion of that EFT? In other words, what
is the EFT expansion ⇤ scale which controls the magnitude of the higher dimensional
operators (together with g⇤ counting and possibly other selection rules)? In most of the
literature one obtains ⇤⇤ by solving Eq. (2.22), that is one identifies ⇤⇤ = ⇤u. Intuitively,
however, one could have ⇤⇤ > ⇤u. The point is that we always use EFT truncated at
some finite order in 1/⇤⇤, but the neglected terms could be important for

p
s somewhat

below ⇤⇤ and could a↵ect the EFT amplitude near
p
s ⇠ ⇤u. Thus, identifying ⇤⇤

with ⇤u may lead to a too aggressive bound. We argue that a better estimate of ⇤⇤ is
obtained by solving a slightly modified version of Eq. (2.22). For amplitudes calculated
in the EFT at tree level the equation for ⇤⇤ reads

(Re al)
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n2inel.

Sn

Z
d⇧n|M(

p
s, 0, l,m ! {n})|2

�����p
s=⇤⇤

⇠ ⇡2. (2.23)

The pie on the r.h.s. can be heuristically motivated as follows. A more intuitive de-
scription of quantum scattering is in terms of the phase shifts �l, who are related to
the partial wave amplitudes via e2i�l = 1 + 2ial. Then at the leading order �l ⇡ al. A
resonance in the l-th channel corresponds to �l = ⇡/2. Hence, al should be order ⇡ when
calculated in perturbation theory.

A more convincing argument in favor of Eq. (2.23) is that it ensures the ⇡ counting
consistent with ~ counting and naive dimensional analysis. However, I won’t discuss
that further here. In any case, it is clear that we are haggling about order one factors
which are irrelevant, especially for large n-body final states considered in the following
of this note. In the following, without any further deliberation we will take Eq. (2.23)
as our criterion to determine ⇤⇤.

5

Estimated scale 𝞚* where new degrees of freedom must appear 

Scale 𝞚u where perturbative predictions are no longer reliable 

This can be rewritten as the Argand circle equation:
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(2.22)
It means that each al should lie within the Argand circle with the center at Im al = +1
and the radius 1. It lies on the Argand circle if the inelastic channels are closed for a
given l. The corollary is that Im al must be positive for each partial wave separately;
more precisely it satisfies 0  Im al  2. Furthermore, the real part of each al, as well
as the inelastic sum cannot be arbitrarily large:
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Z
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In practice one often uses the weaker bounds |Re al|  1 or
P
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R
d⇧n|M(E, 0, l, m !

{n})|2  1, which trivially follow from the above.

2.3 Unitarity bounds

Consider an e↵ective field theory (EFT) with higher dimensional operators truncated at
some finite order in 1/⇤ expansion. In that set-up some elastic or inelastic amplitudes
calculated at a finite order in perturbative expansion may violate the bound of Eq. (2.23).
This is in fact just an artifact of the perturbative expansion, as exact amplitudes in a
unitary theory are guaranteed to satisfy the unitarity bounds. Nevertheless, in almost
all cases of interest only a perturbative answer is available in practice. Then there existsp

s = ⇤
u

, the so-called perturbative unitarity violation scale, above which the amplitude
calculated within the EFT cannot be correct. That scale can be obtained by solving forp

s that saturates the inequality in Eq. (2.23):
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There is no doubt that the EFT predictions cannot be used for
p

s > ⇤u. But here
we want to ask a bit di↵erent question: what is the maximum mass scale ⇤⇤ of new
degrees of freedom belonging to the UV completion of that EFT? In other words, what
is the EFT expansion ⇤ scale which controls the magnitude of the higher dimensional
operators (together with g⇤ counting and possibly other selection rules)? In most of the
literature one obtains ⇤⇤ by solving Eq. (2.24), that is one identifies ⇤⇤ = ⇤u. Intuitively,
however, one could have ⇤⇤ > ⇤u. The point is that we always use EFT truncated at
some finite order in 1/⇤⇤, but the neglected terms could be important for

p
s somewhat

below ⇤⇤ and could a↵ect the EFT amplitude near
p

s ⇠ ⇤u. Thus, identifying ⇤⇤
with ⇤u may lead to a too aggressive bound. We argue that a better estimate of ⇤⇤ is
obtained by solving a slightly modified version of Eq. (2.24). For amplitudes calculated
in the EFT at tree level the equation for ⇤⇤ reads
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Thus, non-unitary behavior is not visible at the level of 2-to-2 amplitudes

Tadpole model: elastic channels

Tadpole model modifies significantly the Higgs boson self-couplings,  but not its couplings 
to W bosons. In 2-to-2 scattering at tree level only the latter are important for unitarity  



In effective theory, unitarity constraints can be used to place bounds 
on scale 𝞚* where new degrees of freedom must appear 

2.3 Unitarity bounds

Consider an e↵ective field theory (EFT) with higher dimensional operators truncated at
some finite order in 1/⇤ expansion. In that set-up some elastic or inelastic amplitudes
calculated at a finite order in perturbative expansion may violate the bound of Eq. (2.21).
This is in fact just an artifact of the perturbative expansion, as exact amplitudes in a
unitary theory are guaranteed to satisfy the unitarity bounds. Nevertheless, in almost
all cases of interest only a perturbative answer is available in practice. Then there existsp
s = ⇤

u

, the so-called perturbative unitarity violation scale, above which the amplitude
calculated within the EFT cannot be correct. That scale can be obtained by solving forp
s that saturates the inequality in Eq. (2.21):
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s=⇤

u
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There is no doubt that the EFT predictions cannot be used for
p
s > ⇤u. But here

we want to ask a bit di↵erent question: what is the maximum mass scale ⇤⇤ of new
degrees of freedom belonging to the UV completion of that EFT? In other words, what
is the EFT expansion ⇤ scale which controls the magnitude of the higher dimensional
operators (together with g⇤ counting and possibly other selection rules)? In most of the
literature one obtains ⇤⇤ by solving Eq. (2.22), that is one identifies ⇤⇤ = ⇤u. Intuitively,
however, one could have ⇤⇤ > ⇤u. The point is that we always use EFT truncated at
some finite order in 1/⇤⇤, but the neglected terms could be important for

p
s somewhat

below ⇤⇤ and could a↵ect the EFT amplitude near
p
s ⇠ ⇤u. Thus, identifying ⇤⇤

with ⇤u may lead to a too aggressive bound. We argue that a better estimate of ⇤⇤ is
obtained by solving a slightly modified version of Eq. (2.22). For amplitudes calculated
in the EFT at tree level the equation for ⇤⇤ reads

(Re al)
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X

n2inel.

Sn

Z
d⇧n|M(

p
s, 0, l,m ! {n})|2

�����p
s=⇤⇤

⇠ ⇡2. (2.23)

The pie on the r.h.s. can be heuristically motivated as follows. A more intuitive de-
scription of quantum scattering is in terms of the phase shifts �l, who are related to
the partial wave amplitudes via e2i�l = 1 + 2ial. Then at the leading order �l ⇡ al. A
resonance in the l-th channel corresponds to �l = ⇡/2. Hence, al should be order ⇡ when
calculated in perturbation theory.

A more convincing argument in favor of Eq. (2.23) is that it ensures the ⇡ counting
consistent with ~ counting and naive dimensional analysis. However, I won’t discuss
that further here. In any case, it is clear that we are haggling about order one factors
which are irrelevant, especially for large n-body final states considered in the following
of this note. In the following, without any further deliberation we will take Eq. (2.23)
as our criterion to determine ⇤⇤.

5

2-to-2 amplitude will hit unitarity bounds whenever some partial 
waves grow with energy   

2-to-n amplitude will hit unitarity bounds whenever some partial 
waves decays at large energies more slowly than 1/E2n-4 

That’s because n-body phase space grows more quickly with 
energy for larger n

in the Hilbert space. Finally, we isolate the 4-momentum conservation factor from the
matrix elements of T , hk
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The unitarity condition then becomes
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where d⇧n denotes the n-body phase space: d⇧n = (2⇡)4�4(p
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+p
2

�Pn
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ki)d⇧̃1

. . . d⇧̃n,
and the r.h.s. we split the sum so as to isolate the elastic n ! n scattering. In the next
step we assume that the elastic amplitude asymptotes toM

el.(n ! n) ! C(s) (note that
C(s) now has dimension [mass]4�2n) Then one obtains a generalization of the Argand
circle equation for n ! n amplitudes:
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(4.21)
This way perturbative unitarity sets the following bound

|ReC| . 1

SnVn
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sn�2

(n� 1)!(n� 2)!
. (4.22)

Note that unitarity requires s-wave n ! n amplitudes to decay at least as fast as 1/sn�2

at large energies.
We apply the bound in Eq. (4.22) to the amplitudes in a theory with the modified

Higgs self-couplings in Eq. (??). Given the interaction terms in Eq. (4.16), we find the
elastic amplitude for the scattering of the isospin-0 2-body Goldstone state |[GG]
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From Eq. (4.22), unitarity sets the bound on the s-wave amplitude:
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. (4.24)

where 2!n! appears due to the symmetry factor of the final state, and Vn is the volume
of the n-dimensional phase space [4]. The amplitude in Eq. (4.23) violates this bound
at the scale
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(4.25)
where in the second step we used the Stirling formula. For large |��

3

|, the strongest
constraint on ⇤ arises from the scattering with n = 1. However, for |��

3

| ⌧ 1 the
scattering with n � 1 may lead to a much more stringent bound. The technical reason
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To set the bounds on the UV completion scale ⇤⇤ we now use Eq. (2.23) with l = 0.
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where Vn(x) = x2n�4

2(n�1)!(n�2)!(4⇡)2n�3

is the volume of the n-dimensional phase space [4].
Inserting everything and resumming the sum we get
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Clearly, this is satisfied for
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(4.9)

This is almost the same as in the Luty model, except that we can now continuously take
the deformation to zero, raising this way ⇤⇤ to infinity (albeit exponentially slowly).
However, for any ��

3

of observable magnitude the cuto↵ will still be around 4⇡v. Note
that for exponentially small deformations the non-perturbativity scale is dominated by
processes with large n. That’s because the Taylor series of ex is dominated by the n-th
terms where n ⇠ x. This way one can estimate

n
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Hence, for ��
3

& 1 we have n
max

⇠ 3, and the perturbativity loss first appears in the
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To set the bounds on the UV completion scale ⇤⇤ we now use Eq. (2.25) with l = 0.
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Clearly, this is satisfied for
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Given the observed mass of the Higgs boson, new physics must always appear at ⇤⇤ ⇠
4⇡v ⇠ 3 TeV at the latest. This is sort of obvious in the Luty model, as the e↵ective
Lagrangian in Eq. (3.1) arises due to integrating out extra Higgs states whose masses
are dominated by electroweak symmetry breaking and thus cannot be arbitrarily heavy.
Our point is that this message is more general. Any e↵ective Lagrangian containing
non-analytic terms (like

p
H†H or logH†H) must be UV completed at the scale 4⇡v.

The technical reason is the presence of an infinite tower of Goldstone and Higgs boson
interactions, which lead n-body scattering amplitudes to blow up around

p
s = 4⇡v. The

physical reason is that non-analytic terms in the e↵ective Lagrangian always appear due
to integrating out new particles whose masses vanish in the limit of v ! 0 and thus
cannot be heavier than 4⇡v.

One additional comment: although we resummed to the exponent, the sum is in
practice dominated by one or few processes with n ⇠ n

max

. In the Luty model with the
Higgs boson at the observed mass one has n

max

⇠ 3.
One could consider other processes, e.g. M(GG ! GGhn) or M(Ghn ! Ghn).

These lead to the same parametric answer for ⇤⇤ as the one above. Numerically, other
processes may lead to perturbative unitarity violation at the scales O(2) smaller than it
happens for M(GG ! hn). But here we are interested in the parametric dependence,
and we don’t discuss the other processes any further.
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Unitarity bounds in tadpole model



• Tadpole model loses perturbative unitarity at the scale of 
order 4 π v, and has to be UV completed around that 
scale


• This is hardly surprising, given the construction of the 
model as effective theory of a non-decoupling limit of the 
two-Higgs doublet model


• However, the same lesson applies to any HEFT theory 
that is not part of the SMEFT parameter space, even 
when it is a continuous deformation of the SM!

Unitarity bounds in tadpole model



Example: cubic Higgs deformation

Given Lagrangian for Higgs boson h, one can always uplift it 
to manifestly SU(3)xSU(2)xU(1) invariant form replacing

Non-analytic terms lead to infinite series of n-point Goldstone and Higgs boson 
interactions 

Consequence: in deformed SM with δλ3≠0,  
VV→n × h,  VV→ VV + n × h, ...., lose unitarity near scale 4πv 

that we have a continuous parameter to describe the SM deformations; in particular we
can entertain the limit of ��

3

! 0 where we recover the SM. Note that ��
3

! �1 does
not correspond exactly to the Luty model, as the latter does not have the h4 coupling
at all.

The interaction terms in Eq. (4.1) can be obtained from a gauge-invariant Lagrangian
with the Higgs doublet H provided the Higgs potential contains terms non-analytic at
H†H = 0. The required form is just a tad more complicated than in the Luty model:

V = m2

H(H
†H) + �(H†H)2 + ⇤3

1

(2H†H)1/2 + ⇤
3

(2H†H)3/2. (4.2)

The dimensionful parameters ⇤
1

and ⇤
3

parametrize the non-analytic deformation of the
SM. For ⇤3

1

= 3v2⇤
3

this potential leads to the cubic and quartic Higgs boson terms2 as
in Eq. (4.1) with ��

3

= 2v⇤
3

m2

h
. Here the Higgs boson mass is related to the parameters in

the potential by m2

h = 2�v2, while demanding vanishing of the linear h term fixes one
relation between the parameters and the VEV: m2

H = ��v2 �6v⇤
3

. In this construction
the Lagrangian does not contain higher-order scalar self-interactions with only the Higgs
boson. On the other hand, the Lagrangian in Eq. (4.3) describes an infinite series of
terms involving even powers of G and arbitrary powers of h:

V � 3vm2

h

2
��

3

((h+ v)2 +G2)1/2 +
m2

h

2v
��

3

((h+ v)2 +G2)3/2. (4.3)

where I defined G2 = 2G
+

G� +G2

z.

4.2 Bounds from GG ! hn

Expanding Eq. (4.3) in G2, the terms with two Goldstone boson fields are

V � ��
3

3m2

hv

2

G2

h+ v
= ��

3

3m2

h

2
G2

1X

n=0

✓�h

v

◆n

. (4.4)

(There are additional Goldstone-Higgs interaction terms up to G2h2 terms coming from
the analytic (H†H)2 term in the potential but those of course do not lead to non-
perturbative behavior and are ignored in the following).

The rest of the analysis is identical as in the Luty section above. We consider scatter-
ing amplitudes of the isospin-0 2-body Goldstone state |[GG]I=0

i ⌘ 1p
3

(|G
+

G�i + |G�G+

i + |GzGzi).
The inelastic amplitude for scattering this state into n Higgs bosons is given by

|M([GG]I=0

! hn)| = ��
3

3
p
3n!m2

h

vn
. (4.5)

From Eq. (2.18), the corresponding s-wave amplitude is

|M([GG]l=0

I=0

! hn)| ⌘ |Mn| = 1

4
p

⇡
��

3

3
p
3n!m2

h

vn
. (4.6)

2For ⇤3
1 6= 3v2⇤3 we also get a correction to the SM quartic Higgs couplings. The following discussion

would be almost identical, but for simplicity we set ��4 = 0 here.
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not correspond exactly to the Luty model, as the latter does not have the h4 coupling
at all.

The interaction terms in Eq. (4.1) can be obtained from a gauge-invariant Lagrangian
with the Higgs doublet H provided the Higgs potential contains terms non-analytic at
H†H = 0. The required form is just a tad more complicated than in the Luty model:
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the potential by m2
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. In this construction
the Lagrangian does not contain higher-order scalar self-interactions with only the Higgs
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(There are additional Goldstone-Higgs interaction terms up to G2h2 terms coming from
the analytic (H†H)2 term in the potential but those of course do not lead to non-
perturbative behavior and are ignored in the following).
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Expanding to leading order in G2

s-wave isospin-0 amplitude for GG→hn is momentum-
independent constant proportional to the deformation

Amplitudes for multi-Higgs production in W/Z boson fusion are only 
suppressed by scale v,  leading to unitarity loss at some scale above v

Higgs potential with Goldstones

By equivalence theorem, Goldstone scattering amplitudes at large 
energies are related to those of longitudinal W and Z bosons 
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(There are additional Goldstone-Higgs interaction terms up to G2h2 terms coming from
the analytic (H†H)2 term in the potential but those of course do not lead to non-
perturbative behavior and are ignored in the following).

The rest of the analysis is identical as in the Luty section above. We consider scatter-
ing amplitudes of the isospin-0 2-body Goldstone state |[GG]I=0
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(|G
+
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From Eq. (2.18), the corresponding s-wave amplitude is

|M([GG]l=0

I=0

! hn)| ⌘ |Mn| = 1

4
p

⇡
��

3

3
p
3n!m2

h

vn
. (4.6)

2For ⇤3
1 6= 3v2⇤3 we also get a correction to the SM quartic Higgs couplings. The following discussion

would be almost identical, but for simplicity we set ��4 = 0 here.

8



W

W

h
h

h
h

W

W

h

h

h

W

W

W

h

h

h

W

W

W

h
h

h
W

W

W

h

h
h

W

W

W

h

h

h

W

W

W

h
h

h
W W

W

h
h

h

h
W

W

h

h
h

h

W

W

h

h
hh

W

W

h
h

h
h

h
W

W

h

h

h
h

h

W

W

h

h
h

h

h

W

W

h

h

h

W
W

W

W

h

h

h

W
W

W

W

h

h

h

W

h

W

W

h

h
h

W
W

W

W

h

h

h

W
W

W

W

h

h

h

W

h

W

W

h

h

h

W
W

W

W

hh

h
W

h

W

W

h

h

h

W
W

W

W

h

h

h

W

h
W

W

h

h

h

W

h

W

W

h
h

h
W

h

Same calculation can be performed (much more 
painfully) without resorting to equivalence theorem

Consider VLVL→hhh which depends on triple and other Higgs 
couplings. 

Diagrams with one triple Higgs vertex contribute 

Triple Higgs vertex Longitudinal 
polarization Propagator

In SM, various contributions that go like E0 cancel against each other 
so that full amplitude behaves as 1/E at high energy,  

consistently with perturbative unitarity

However, as soon as δλ3≠0, cancellation is no longer happening,  
and then tree level VLVL→hhh cross section explodes at high energies 

hhWW 
vertex
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To set the bounds on the UV completion scale ⇤⇤ we now use Eq. (2.23) with l = 0.
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where Vn(x) = x2n�4

2(n�1)!(n�2)!(4⇡)2n�3

is the volume of the n-dimensional phase space [4].
Inserting everything and resumming the sum we get
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Clearly, this is satisfied for
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This is almost the same as in the Luty model, except that we can now continuously take
the deformation to zero, raising this way ⇤⇤ to infinity (albeit exponentially slowly).
However, for any ��

3

of observable magnitude the cuto↵ will still be around 4⇡v. Note
that for exponentially small deformations the non-perturbativity scale is dominated by
processes with large n. That’s because the Taylor series of ex is dominated by the n-th
terms where n ⇠ x. This way one can estimate

n
max
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(4.10)

Hence, for ��
3

& 1 we have n
max

⇠ 3, and the perturbativity loss first appears in the
WW ! h3 process. But for ��

3

⇠ 10�2 we have n
max

⇠ 20, so for such tiny deformations
we should see perturbativity loss at the scale of ⇠ 10 TeV is first manifested in the
WW ! h20 process.

4.3 On the origin of the escape clause

We have seen above that for exponentially small deformations of the SM the scale where
perturbativity is lost can be parametrically above 4⇡v. This must be so because in
the limit of zero deformations the SM Higgs sector should eb completely healthy. For
practical applications, for any non-analytic deformations of observable magnitude the
cuto↵ will still be around 4⇡v. But from purely theoretical point of view the possibility
to have a cut-o↵ larger than 4⇡v is surprising. This is because non-analytic terms
arise from integrating out particles whose masses are proportional to v, and thus these
particles cannot be heavier than 4⇡v.

We argue that the escape clause appears because, for small deformations, the e↵ective
theory cannot quite tell if its interactions come from genuinely non-analytic terms or
from a highly tuned series of analytic (H†H)n terms in the SM EFT. Consider the
analytic potential of the form

V =
NX

n=2

cn
v2n�4

✓
H†H � v2

2

◆n

(4.11)
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Perturbative unitarity bound on non-elastic amplitude

that we have a continuous parameter to describe the SM deformations; in particular we
can entertain the limit of ��

3

! 0 where we recover the SM. Note that ��
3

! �1 does
not correspond exactly to the Luty model, as the latter does not have the h4 coupling
at all.

The interaction terms in Eq. (4.1) can be obtained from a gauge-invariant Lagrangian
with the Higgs doublet H provided the Higgs potential contains terms non-analytic at
H†H = 0. The required form is just a tad more complicated than in the Luty model:

V = m2

H(H
†H) + �(H†H)2 + ⇤3

1

(2H†H)1/2 + ⇤
3

(2H†H)3/2. (4.2)

The dimensionful parameters ⇤
1

and ⇤
3

parametrize the non-analytic deformation of the
SM. For ⇤3
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= 3v2⇤
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this potential leads to the cubic and quartic Higgs boson terms2 as
in Eq. (4.1) with ��
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= 2v⇤
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. Here the Higgs boson mass is related to the parameters in

the potential by m2

h = 2�v2, while demanding vanishing of the linear h term fixes one
relation between the parameters and the VEV: m2

H = ��v2 �6v⇤
3

. In this construction
the Lagrangian does not contain higher-order scalar self-interactions with only the Higgs
boson. On the other hand, the Lagrangian in Eq. (4.3) describes an infinite series of
terms involving even powers of G and arbitrary powers of h:
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where I defined G2 = 2G
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4.2 Bounds from GG ! hn

Expanding Eq. (4.3) in G2, the terms with two Goldstone boson fields are

V � ��
3

3m2

hv

2

G2

h+ v
= ��

3

3m2

h

2
G2

1X

n=0

✓�h

v

◆n

. (4.4)

(There are additional Goldstone-Higgs interaction terms up to G2h2 terms coming from
the analytic (H†H)2 term in the potential but those of course do not lead to non-
perturbative behavior and are ignored in the following).

The rest of the analysis is identical as in the Luty section above. We consider scatter-
ing amplitudes of the isospin-0 2-body Goldstone state |[GG]I=0

i ⌘ 1p
3

(|G
+

G�i + |G�G+

i + |GzGzi).
The inelastic amplitude for scattering this state into n Higgs bosons is given by

|M([GG]I=0
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. (4.5)

From Eq. (2.18), the corresponding s-wave amplitude is
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2For ⇤3
1 6= 3v2⇤3 we also get a correction to the SM quartic Higgs couplings. The following discussion

would be almost identical, but for simplicity we set ��4 = 0 here.
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To set the bounds on the UV completion scale ⇤⇤ we now use Eq. (2.23) with l = 0.
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where Vn(x) = x2n�4
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This is almost the same as in the Luty model, except that we can now continuously take
the deformation to zero, raising this way ⇤⇤ to infinity (albeit exponentially slowly).
However, for any ��

3

of observable magnitude the cuto↵ will still be around 4⇡v. Note
that for exponentially small deformations the non-perturbativity scale is dominated by
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Hence, for ��
3

& 1 we have n
max

⇠ 3, and the perturbativity loss first appears in the
WW ! h3 process. But for ��

3

⇠ 10�2 we have n
max

⇠ 20, so for such tiny deformations
we should see perturbativity loss at the scale of ⇠ 10 TeV is first manifested in the
WW ! h20 process.

4.3 On the origin of the escape clause

We have seen above that for exponentially small deformations of the SM the scale where
perturbativity is lost can be parametrically above 4⇡v. This must be so because in
the limit of zero deformations the SM Higgs sector should eb completely healthy. For
practical applications, for any non-analytic deformations of observable magnitude the
cuto↵ will still be around 4⇡v. But from purely theoretical point of view the possibility
to have a cut-o↵ larger than 4⇡v is surprising. This is because non-analytic terms
arise from integrating out particles whose masses are proportional to v, and thus these
particles cannot be heavier than 4⇡v.

We argue that the escape clause appears because, for small deformations, the e↵ective
theory cannot quite tell if its interactions come from genuinely non-analytic terms or
from a highly tuned series of analytic (H†H)n terms in the SM EFT. Consider the
analytic potential of the form
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Sum over n Higgs bosons exponentiates

For any observable cubic Higgs  
deformations, new physics must enter 

 at scale <=few*4π v 
to regulate multi-Higgs amplitudes! 

The rest of the analysis is identical as in the Luty section above. We consider scatter-
ing amplitudes of the isospin-0 2-body Goldstone state |[GG]I=0
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+
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The inelastic amplitude for scattering this state into n Higgs bosons is given by
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From Eq. (2.20), the corresponding s-wave amplitude is

|M([GG]l=0

I=0

! hn)| ⌘ |Mn| = 1

4
p
⇡
��

3

3
p
3n!m2

h

vn
. (4.6)

To set the bounds on the UV completion scale ⇤⇤ we now use Eq. (2.25) with l = 0.
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This is almost the same as in the Luty model, except that we can now continuously take
the deformation to zero, raising this way ⇤⇤ to infinity (albeit exponentially slowly).
However, for any ��

3

of observable magnitude the cuto↵ will still be around 4⇡v. Note
that for exponentially small deformations the non-perturbativity scale is dominated by
processes with large n. That’s because the Taylor series of ex is dominated by the n-th
terms where n ⇠ x. This way one can estimate
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Hence, for ��
3

& 1 we have n
max

⇠ 3, and the perturbativity loss first appears in the
WW ! h3 process. But for ��

3

⇠ 10�2 we have n
max

⇠ 20, so for such tiny deformations
we should see perturbativity loss at the scale of ⇠ 10 TeV is first manifested in the
WW ! h20 process.
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Maximum new physics scale for different 𝞭𝞴3 

For observable deformations of Higgs cubic, new physics must 
enter below ～10 TeV scale

Corollary: if we demonstrate no new physics strongly coupled to 
Higgs below～10 TeV, we practically prove EW symmetry is linearly 

realized



HEFT with SMEFT
Maximum new physics scale for different 𝞭𝞴3  

HEFT SMEFT

For SMEFT maximum new physics scale increases as (𝞭𝞴3)-1/2  
.
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 Multi-Higgs with HEFT-deformed Higgs cubic

The smaller 𝞭𝞴3, the larger multiplicity n which dominates unitarity 
bounds. But even for tiny 𝞭𝞴3, dominant n is order 10, so neglecting 

Higgs masses in phase space is justified a posteriori

Unitarity bounds separately for each n  



SMEFT vs HEFT

One can always re-express non-linear Lagrangian  
in linear language by replacing: 

After this substitution, Lagrangian has linearly realized electroweak 
symmetry but, for a generic point in parameter space, it  contains terms 

that are non-analytic (that is, not continuously differentiable) at H=0

Chapter II.2. EFT Formalism 341

lous Higgs boson couplings, will be reviewed. The connection with the more common EFT based on
power counting by canonical dimension (SM + dimension-6 operators, sometimes referred to as SMEFT)
will also be discussed. We start with a phenomenologically oriented introduction, which will be followed
by a systematic formulation of the nonlinear EFT.

A central goal of the LHC after the discovery of the Higgs boson will be a more comprehensive
investigation of its properties in order to test the underlying dynamics of electroweak symmetry break-
ing. At present, the Higgs boson couplings to gauge bosons and top quarks are compatible with the SM,
but deviations of O(10%) are still possible [6]. For the couplings to other fermions, or the triple-Higgs
boson coupling, even larger effects are not excluded. Anomalous Higgs boson couplings have the po-
tential to give much larger effects than new physics in electroweak gauge interactions, which is typically
constrained to the O(1%) level by electroweak precision measurements [721].

It then appears natural to focus the attention, in a first step, on the couplings of the Higgs particle.
This goal is also well motivated by the foreseeable precision at the LHC with 300 fb�1, projected to reach
several per cent accuracy for the Higgs boson couplings to gauge bosons and heavy fermions [724].

Following this line of reasoning, one is led to consider a generalization of the SM, in which the
gauge interactions are unchanged (at leading order), but general anomalous couplings are introduced for
the physical Higgs boson. To do this in a consistent, gauge-invariant way, the scalar fields have to be
decomposed into the three Goldstone fields 'a, described by

U = exp(2i'aT a/v) (II.2.161)

where T a are the generators of SU(2) with normalization Tr[T aT b] = �ab/2, and the physical Higgs
field h. This corresponds to a decomposition of the usual Higgs doublet �i, �̃i = "ij�⇤j , into polar
coordinates p

2(�̃,�) ⌘ (v + h)U (II.2.162)

Under electroweak gauge transformations SU(2)L ⇥ U(1)Y

U ! gLUg†Y , h ! h (II.2.163)

such that h is invariant, and its couplings can be consistently modified.II.45
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where
DµU = @µU + igWµU � ig0BµUT3, (II.2.165)

II.45The generic name of “nonlinear” comes from the fact that the scalar sector of the SM has a larger symmetry SU(2)L ⇥
SU(2)R (usually called chiral EW symmetry), under which the EW Goldstone bosons 'a in (II.2.161) transform nonlinearly,
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group.
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Now, let us look at the scalar system without integrating anything out, and let us

see how Eq. (3.15) arises in the full theory.
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The SM-like theory with the cubic Higgs boson self-coupling deformed away from the
SM value and all other interaction left unchanged cannot be embedded in the SM EFT.
However, it obviously corresponds to a region of the parameter space of the non-linear
Higgs EFT (NH EFT). In the latter framework, one works with 3 Goldstone bosons
⇡a which transform non-linearly under the global custodial SU(2) ⇥ SU(2) (where
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It’s obvious that the SM EFT can always be rewritten in the NH EFT form: just
plug in H = U.(0, (v+h)/

p
2)T . It’s also obvious that SM EFT � NH EFT, and that the

parameter space of the latter is (much) larger. The question is what are the conditions
that LNH EFT in Eq. (4.1) can be written as the SM EFT. Ref. [4] proposes that the
condition is that the scalar manifold has an O(4) invariant fixed point; equivalently,
that there exists h = h⇤ such that f(h⇤) = 0. It seems to me that this criterion is
incomplete, and not convenient in practice. Instead, we propose another criterion:

Proposition #64: The SM EFT is the special case of NH EFT where, once the latter
is re-written in the manifestly SU(3)⇥ SU(2)⇥ U(1) language using the Higgs doublet

H, all the interactions are analytic at H†H = 0.

This is trivially true for zero-derivative Higgs couplings. To illustrate the recasting
of NH EFT into SM EFT, let us assume the potential takes the form

V (h) =
m2

h

2
h2 + a3vh

3 + a4h
4 +

a5
v
h5 +

a6
v2

h6, (4.2)

12

ℒHEFT =

U → (H̃, H)
H†H

h → 2H†H − v



HEFT vs SMEFT

A point in HEFT parameter space is a part of 
SMEFT if, after the substitution, non-analytic 

terms cancel (up to equations of motion)
U → (H̃, H)

H†H

h → 2H†H − v

All in all, at the leading order we get the e↵ective Lagrangian of the form in Eq. (B.1)

with ↵ = 2/3 and M8/3 = 3
4

Y
4/3
3

Z
1/3
2

. As a result, the corrections to the triple and quartic

Higgs couplings are given by

��3 = � 16Y 4/3
3

27m2
hZ

1/2
2 v2/3

, ��4 = � 64Y 4/3
3

81m2
hZ

1/2
2 v2/3

, (3.15)

such that ��4/��3 = 4/3.
Now, let us look at the scalar system without integrating anything out, and let us

see how Eq. (3.15) arises in the full theory.

4 SM EFT vs NH EFT

The SM-like theory with the cubic Higgs boson self-coupling deformed away from the
SM value and all other interaction left unchanged cannot be embedded in the SM EFT.
However, it obviously corresponds to a region of the parameter space of the non-linear
Higgs EFT (NH EFT). In the latter framework, one works with 3 Goldstone bosons
⇡a which transform non-linearly under the global custodial SU(2) ⇥ SU(2) (where
SU(2)L ⇥ U(1)Y � SO(4)), but linearly under the diagonal SU(2) subgroup (where
U(1)em � SU(2)). This can be realized by writing U(⇡) = ei⇡

a�a/v, and assigning U the
transformation law U ! eigL↵

a
L�

a/2Ue�igY ↵Y �3/2 under the electroweak group (see Ap-
pendix C for more details). The Higgs boson h, on the other hand, is a perfect singlet
under the gauge transformations. The Lagrangian in the gaugeless limit can be written
as

LNH EFT =
1

2
fh(h)@µh@µh�V (h)+

v2

4
f1(h)Tr[@µU

†@µU ]+v2f2(h)
�
Tr[U †@µU�3]

�2
+ . . . ,

(4.1)
where V (h) = v4

P
n�2 an(h/v)

n, fh(h) =
P

n�0 bn(h/v)
n, f1(h) = 1 +

P
n�1 cn(h/v)

n,
f2(h) =

P
n�0 dn(h/v)

n, and the dots stand for terms with more than two derivatives.
One can always make a non-linear redefinition of the field h such that fh(h) = 1.

It’s obvious that the SM EFT can always be rewritten in the NH EFT form: just
plug in H = U.(0, (v+h)/

p
2)T . It’s also obvious that SM EFT � NH EFT, and that the

parameter space of the latter is (much) larger. The question is what are the conditions
that LNH EFT in Eq. (4.1) can be written as the SM EFT. Ref. [4] proposes that the
condition is that the scalar manifold has an O(4) invariant fixed point; equivalently,
that there exists h = h⇤ such that f(h⇤) = 0. It seems to me that this criterion is
incomplete, and not convenient in practice. Instead, we propose another criterion:

Proposition #64: The SM EFT is the special case of NH EFT where, once the latter
is re-written in the manifestly SU(3)⇥ SU(2)⇥ U(1) language using the Higgs doublet

H, all the interactions are analytic at H†H = 0.

This is trivially true for zero-derivative Higgs couplings. To illustrate the recasting
of NH EFT into SM EFT, let us assume the potential takes the form

V (h) =
m2

h

2
h2 + a3vh

3 + a4h
4 +

a5
v
h5 +

a6
v2

h6, (4.2)

12

ℒHEFT =

All in all, at the leading order we get the e↵ective Lagrangian of the form in Eq. (B.1)

with ↵ = 2/3 and M8/3 = 3
4

Y
4/3

3

Z
1/3
2

. As a result, the corrections to the triple and quartic

Higgs couplings are given by

��3 = � 16Y 4/3
3

27m2
hZ

1/2
2 v2/3

, ��4 = � 64Y 4/3
3

81m2
hZ

1/2
2 v2/3

, (3.15)

such that ��4/��3 = 4/3.
Now, let us look at the scalar system without integrating anything out, and let us

see how Eq. (3.15) arises in the full theory.

4 SM EFT vs NH EFT

The SM-like theory with the cubic Higgs boson self-coupling deformed away from the
SM value and all other interaction left unchanged cannot be embedded in the SM EFT.
However, it obviously corresponds to a region of the parameter space of the non-linear
Higgs EFT (NH EFT). In the latter framework, one works with 3 Goldstone bosons
⇡a which transform non-linearly under the global custodial SU(2) ⇥ SU(2) (where
SU(2)L ⇥ U(1)Y � SO(4)), but linearly under the diagonal SU(2) subgroup (where
U(1)em � SU(2)). This can be realized by writing U(⇡) = ei⇡a�a/v, and assigning U the
transformation law U ! eigL↵a

L�a/2Ue�igY ↵Y �3/2 under the electroweak group (see Ap-
pendix C for more details). The Higgs boson h, on the other hand, is a perfect singlet
under the gauge transformations. The Lagrangian in the gaugeless limit can be written
as

LNH EFT =
1

2
fh(h)@µh@µh�V (h)+

v2

4
f1(h)Tr[@µU

†@µU ]+v2f2(h)
�
Tr[U †@µU�3]

�2
+ . . . ,

(4.1)
where V (h) = v4

P
n�2 an(h/v)n, fh(h) =

P
n�0 bn(h/v)n, f1(h) = 1 +

P
n�1 cn(h/v)n,

f2(h) =
P

n�0 dn(h/v)n, and the dots stand for terms with more than two derivatives.
One can always make a non-linear redefinition of the field h such that fh(h) = 1.

It’s obvious that the SM EFT can always be rewritten in the NH EFT form: just
plug in H = U.(0, (v+h)/

p
2)T . It’s also obvious that SM EFT � NH EFT, and that the

parameter space of the latter is (much) larger. The question is what are the conditions
that LNH EFT in Eq. (4.1) can be written as the SM EFT. Ref. [4] proposes that the
condition is that the scalar manifold has an O(4) invariant fixed point; equivalently,
that there exists h = h⇤ such that f(h⇤) = 0. It seems to me that this criterion is
incomplete, and not convenient in practice. Instead, we propose another criterion:

Proposition #64: The SM EFT is the special case of NH EFT where, once the latter
is re-written in the manifestly SU(3)⇥ SU(2)⇥ U(1) language using the Higgs doublet

H, all the interactions are analytic at H†H = 0.

This is trivially true for zero-derivative Higgs couplings. To illustrate the recasting
of NH EFT into SM EFT, let us assume the potential takes the form

V (h) =
m2

h

2
h2 + a3vh

3 + a4h
4 +

a5
v
h5 +

a6
v2

h6, (4.2)

12

For example

corresponds to analytic potential  when

while higher order terms in h are absent. To go to the GSM invariant notation we replace
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Thus, the embedding in a SM EFT is possible when the quartic and higher self-couplings
are fixed in terms of the Higgs boson mass and the cubic. Writing a3 = m2

h/v(1 + ��3)
one recovers the same relations between the self-couplings as in the SM EFT with D=6
operators, see e.g. [5]. By the same token, if the Higgs potential goes all the way up to
h8, there will be 4 relations between ai that need to be satisfied to embed the Lagrangian
in the SM EFT with D=8 operators, such that the quintic and higher self-couplings are
fixed in terms of mh, the cubic, and the quartic.

Let’s move to 2-derivative terms. Using Eq. (C.8), we can derive a few useful formu-
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For the time being, let us assume that performed the redefinition of h to set fh(h) =
1, and we temporarily set f2(h) = 0 (which is equivalent to imposing the custodial
symmetry). Furthermore, we assume f1 has up to quartic Higgs terms:
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To avoid the |@µH|2/H†H the first term above must vanish. Then, to also avoid the
[@µ(H†H)]2/H†H term imposes another constraint on c1 and c2. All in all, all c’s are
fixed and the only form of f1 leading to a Lagrangian analytic in H†H = 0 is
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Now, this form obviously satisfies the Manohar’s condition for the existence of an
O(4) fixed point [4]. However, that condition doesn’t seem to be su�cient. For example,
f1(h) = (1 + h/v)3 would also have the same fixed point, but it could not be embedded
in the SM EFT.

Let us now we a bit more general, and also allow for fh(h) = b0+b1h/v+b2h2/v2. As
mentioned above, this is not really di↵erent from the previous case with fh = 1, as that
can be reached by redefining h in a non-linear way. But in that more general coordinate
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from we have some more freedom concerning the form of fh and f1. Demanding that
the non-analytic terms at H†H = 0 cancel I get the most general form:

fh = b0 + b1
h

v
+ b1

h2

2v2
,

=
2b0 � b1

2
+

b1
2

✓
1 +

h

v

◆2

.

f1 = 1 + (4� 2b0 + b1)
h

v
+ (12� 10b0 + 5b1)

h2

2v2
+ 2 (2� 2b0 + b1)

h3

v3
+

✓
2� 2b0 + b1

2

◆
h4

v4
.

=
2b0 � b1

2

✓
1 +

h

v

◆2

+
2� 2b0 + b1

2

✓
1 +

h

v

◆4

(4.8)

Clearly, f1(�v) = 0, so Manohar’s criterion of the fixed point is still satisfied in these
coordinates. But Manohar’s is just a necessary condition, while the su�cient condition
is the absence of odd powers of v + h in the

Finally, let us switch back on the custodial breaking term. We assume that f2(h)
has up to quartic terms in h. Then one can show that the only form consistent with
analyticity at H†H = 0 is f2(h) = d0

�
1 + h

v

�4
.

To summarize, the NH EFT Lagrangian in Eq. (4.1) can be embedded in the SM
EFT with dimension-6 operators if and only if the Higgs potential V (h) and the kinetic
functions fi(h) are of the form
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with arbitrary coe�cients mh, a3, b0, b1, d0. If that is the case, the manifestly GSM-
invariant and analytic Lagrangian corresponding to Eq. (4.1) is given by
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Note that the operator set we obtain in Eq. (4.10) is redundant; for example, H†H|DµH|2
can be removed via a redefinition of H. This is the counterpart to the fact that, on the
NH EFT side, the kinetic function fh can be brought to the trivial form fh = 1 by
redefining the Higgs boson field h.

Conversely, if the Higgs potential V (h) and the kinetic functions fi(h) do not fit the
form of Eq. (4.9), then the Lagrangian written in the manifestly GSM-invariant language
using the Higgs doublet H will contain terms that are non-analytic at H†H = 0.
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invariant and analytic Lagrangian corresponding to Eq. (4.1) is given by

L =

✓
b0 � b1

2

◆
|DµH|2 � 3a3v2 � 7m2

h

4
H†H �

✓
5m2

h

2v2
� 3a3

2

◆
(H†H)2

�
✓
a3 � m2

h

v2

◆
(H†H)2

v2
+

b0 � 1

2

[@µ(H†H)]2

v2
+ (2 � 2b0 + b1)

H†H|DµH|2
v2

+ d0

�
DµH†H � H†DµH

�2

v2
. (4.10)

Note that the operator set we obtain in Eq. (4.10) is redundant; for example, H†H|DµH|2
can be removed via a redefinition of H. This is the counterpart to the fact that, on the
NH EFT side, the kinetic function fh can be brought to the trivial form fh = 1 by
redefining the Higgs boson field h.

Conversely, if the Higgs potential V (h) and the kinetic functions fi(h) do not fit the
form of Eq. (4.9), then the Lagrangian written in the manifestly GSM-invariant language
using the Higgs doublet H will contain terms that are non-analytic at H†H = 0.
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• In effective theories, non-analytic terms in Lagrangian appear due 
to integrating out light degrees of freedom


• More precisely, non-analyticity at H→0 signals that particle whose 
mass vanishes as H→0 has been integrated out (e.g. integrating 
out 4th chiral generation produces Log|H|2 in Coleman-Weinberg 
potential)


• Thus, HEFT is effective theory for UV models containing particles 
who get their masses from EW symmetry breaking. This clarifies 
why cutoff cannot be taken parametrically above 4𝝿v.  


• In contrast, SMEFT is effective theory for UV models where new 
particles decouple in the limit v→0


• For practical purpose, there is no difference between HEFT and 
SMEFT with  Λ of order v 

 Perspective on HEFT



• HEFT = SMEFT + non-analytic interactions


• Non-analytic term → infinite series of interactions 
suppressed by vn → cut-off near 4𝝿v


• Manifested as n>2-body Higgs production violating 
perturbative unitarity bounds around that scale

Summary



๏ …. 

๏ SppS 

๏ LEP 

๏Tevatron 

๏ LHC 

๏ LHC++ Linear vs non-linear electroweak symmetry ? 

Higgs boson mass

UV completion to Fermi theory identified

SM-like interactions of fermions confirmed

Top quark mass
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