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Basics of AAS/CFT

Problem with Interactions in AdS/CFT
Interactions on the boundary vs. in the bulk

AdS/CFT beyond small perturbations
The 2 BPS sector and the one matrix model (bubbling)
The role of collective field theory
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Going beyond the %2 BPS sector LUORK:
Multi-matrix models: interactions revisited < IN
Ejubbliﬂg with less SUSY? The ¥4 and /s BPS sectors €<— ?&OGRES 5

Towards Dynamics? (directions for the future)




The AdS/CFT Conjecture

“Holographic” Duality:

Theory of Gravity ~ <==»  Conformal field theory
on boundary

I1B string theory on AdS,x S°*° <==> N=4 U(N)SYMin3+1d
(£ieldn) (ope cator 5)

Strong / Weak Coupling Duality:

A=0g,2N~g N ~ R4/IA

4

Trust perturbative analysis in YM theory when | A = g, N~ g, N ~ - <<1
S

: : . : R4
Classical gravity description reliable when T+ 9N - Oy N>>1

S

(and N large )



D=4 A=4 U(N) SYM | « Dictionar Type 1B SUGRA
y —> on AdS; x S°

SO(2,d) SO(2,d)

symmetry of d-dim < —  Isometry group of AdS,.,
conformal group

d+1

i
Hyperboloid X7 +X2,, — ) X? =R’
1=1

SO(6) R-symmetry = —= SO(6) isometry of S°

Simple example: AdS; in global coordinates ’Q r Q:)

2 R’ 2 2 | o2 2 =0~ I
ds® = (—d7® + dO® + sin® 0 d2*)

cos? O ™~
L /4 N

Boundary isat®=n/2: R x S* o X 5 )




[ My favorite AdS picture ]

S® at each point

Interior or
“bulk”

boundary



AdS/CFT beyond SUGRA: pp-wave background

So far correspondence only between SUGRA and SYM (no strings)

BMN

Progress: Extending AdS/CFT to string theory hep-th/0202021

Why plane-wave background ?

String propagation on pp-wave background can be solved exactly

Green-Scharwz light-cone action becomes quadratic ‘ can be quantized

AdS
STRING THEORY L Sector of CFT

on pp-waves <:> (large R-charge )



To get the pp-wave background, start from AdS; x S°:
ds? = R? |—dt* cosh® p + dp® + sinh? pdQ2 + di? cos® § + df? + sin? Edﬂ’*ﬂ

Focus on “particle” moving very rapidly (large J) along y and sitting near p= =0

S-’i
Systematically: @ AdS,
L tde

j 2 ip = D
+ _ =+ - — R%2i™ :i Ezgﬁ R —
7 T T T P R R o
standard
— ds? = —4detde™ — (F2 4+ § H)(dz)? + dy 2 + di 2 plane wave

Main result of BMN : matching of SPECTRUM in large J limit
(large R charge)

What about interactions?



Cubic Interactions

Simple model of interactions: S = [dEI Nz [Z 0h:)* + 3mid; + Ay ach

For fields on boundary of AdS, well-defined prescription (GKP-W prescription) :

bulk-to-boundary propagator

(0:0,05) = .

|Il — I2|2‘&

(00) =

Position of vertex is

_— integrated over AdS

|::> (O (21)Oz(2)O5(z3)) = —A [dﬁ.r VIR a (251 Ka, (2;82) Ka, (T3 T3)
}kl'll

- Ty — To|B1+da=Ag|F — Fo|M+As=As|F, _ 7. |d2+As=8y ]
T — T2 |2, — T3] |Zg — T3




Interactions inside AdS?

Prescription for calculating = <YM correlator >

' ' 2
Interactions INSIDE AdS - DicTion A - ,7

S*  pp-wave geometry
In pp-limit boundary is lost

There should be a dictionary BUT
bulk-boundary prescription may
not be fundamental or complete

Approach: construct and study the Hamiltonian



So far...

To understand AdS/CFT need to set up a precise dictionary
between states of two theories

In “original” AdS/CFT perturbations on AdS, x S°

Can we go beyond the perturbative description?

We may consider SUGRA solutions that are asymptotically AdS, x S° as
GOOD CANDIDATES for dual states in the CFT

Hope: carry out this program in the FULL
BPS sector of the respective theories

First step in this direction:
dictionary for ¥2 BPS sector of Type IIB string theory (LLM, hep-th/0409174)




What about the problem with AdS interactions?

Natural question: what is the appropriate Hamiltonian?

We will construct the Hamiltonian for :
Y2 BPS sector of the theory (well-known)
——

1 MaTRIx mopa

Motivate H for more general geometries (work in progress)
— —
—~"
MULCT I-ANATRL X
MOoODE\ -




12 BPS geometries in Type |IB

Lin, Lunin, Maldacena

hep-th/0409174
LLM: .

constructed exact ¥2 BPS solutions in type 1B SUGRA
Identified them with the free fermion picture of %2 BPS sector of N =4 SYM

Explicit, regular solutions Chiral primaries in %=4 SYM
with SO(4) x SO(4) isometry | <—> (A = J)

s

fermionic droplets
® O "

geometry <{—> Droplet shape




General i1dea:

4D 53 3
10D Spacetime of form ds3o = guvdxde, H ye @23 K ye(d$3

Time-like Killing vector __:7 3 dimensions ) really “matter*

Crucial feature: all solutions describable in terms of a single function z(x,, X4, y) :

Regularity of solutions demands certain boundary conditions on y=0 plane :

1
2(21, 2,y = 0) = i§ meaning of y
(one sphere shrinking
smoothly)




Smoothness of solutions :
on y=0 plane

<

black and white color
coding of solutions

Boundary conditions on y =0 plane specify geometry :

2
=4 I T p y— lp
"[:‘rl:"rl:'y) T D

(A ) e T T

X+

(=X + 7P

Y

0:;0;z + yéﬁ‘y( ) =0

T LiveAel !

///

> Bubbling !

Where is the fermion description?




We will see in detalil :

“Special” 2D plane (y=0) identified with phase space of fermions

Xy /\‘

AASS X S

G ROVND
STATE )

Fermion droplets ( = geometries) :

"y

Adg Gcian

wave




Relation between LLM ansatz and matrix model

Solutions are BPS, thus A = U(1)gr charge = J

Angular momentum and flux for all LLM solutions given by :

A=J ! /f“('ﬂ'ﬁ) 1(/}'3)2
! . — T N TT NP — il r
600 | J, TR T e\,

N fffg;ii

12 BPS Sector described by matrix model with harmonic oscillator potential

Will show this via connection
with collective field theory



Matrix Model: Reduction to ¥ BPS Sector

Why only 1 matrix for Y2 BPS sector?

Start from two-matrix model :

H %Tr(Pf P+ X2+ X3)

i

J=Tr(P,X; — P, X))

Rewrite in different way: introduce complex matrices

1 R
Z \T(JYJ | ?._.-‘1.-2)

B

Zt (X1 — iX>)

&‘ -
(]

With A=_(Z+il), B=-(Z

o | =
2| =

H'T

ill).

1
(P] | ?:_P-g:l

Sl

(]

(P] ?:_P-g:]

H

)

J

Tr(A'A + B'B),

Tr(AfA

B'B).

‘0z7
9
I ﬁ :



H = Tr(A'A+B'B),
Constructing states :

J = Tr(A'A- B'B).

Tr (A" |0 >, E =.J =n,
Tr (B")" |0 >, FE J =mn, <\“/ EisnotJ!
Tr (AN Tr (BN 0>, E=n+m, J=n-m.
5 BPS Sector T Truncation to A oscillators
(E=J) (no B oscillators) so SINGLE MATRIX
These states correspond to : / Z= Z?S ! & e

chiral primary operators:  e.0. TrZFTrzF . TrZk

BUT a theory of a single matrix can be described by a collective field theory
e e

’H\eort' of fermions )

Fermion description starts emerging



Collective Field Theory Description

. . T
Simple matrix model | L = aTr(ﬂ-I? — M?)

diagonalize M(t) ., A1) one-dimensional theory

N
Collective field  ¢(z,2) = > 6(z — A\;(¢))
1=1

In large N limit appearance of new spatial dimension

Gravity is “EMERGING” (collective phenomenon)

-

. J. ; ; .'I.-L'F . J. 3 f
dynamics of M(t) =) Heat [ diz (Eejr,n ¢ 0,1 + 3" + 5 (a7 ﬁ.jm)

) 2

/

(normalization) /rf;r o(z) = N Das-Jevicki




:.’

We found H / ff.-f( 0,11 ¢ 9,11 + —¢° A é(_n‘ﬂ. ,u.jr.t-)

)

Introduce new fields : a4 (T, t) = Il oz, t)

Lo R J. a 5
|:> H = fn’.-‘ar [ doy E(ﬂ'_ e ;r)J

o]

9| —

o 1 2 ;2 2
A=] I ./;;- d z(z] +13)
Compare to LLM <
(LEEmEln) g N frfz.-r:

With x ~N we have matching !

Collective field theory description
for %2 BPS SUGRA states

—

Appropriate Hamiltonian for Y2 BPS states !




Back to interactions: the collective field theory cubic vertex

= — ——— Static ground state

& i % i e il J- & e
Fluctuations ~ ¢(x.,1) = gg(z) 4 E{’irf} (x,2) rho =\ — 2

“Time of flight” coordinate ~ = /Z—x, O<r<m
0

] This is
what we are
¥ interested in

1

1o 1., o 3 L aTTs
—> |H /d'r [gﬂz | E(d',,r})z | W((dﬁ})‘; -3 a:n H)]

(I

Some manipulations:

a = ay —7mpg, T>0 . Tdr .
H® f —a®
T e re0 =D ot

= Do
T < T<<T

) —1 7 3 y —_— i
a(T) E V"jr_a..(ﬁ””r,r.n Fe"al ) |::> ‘H': ) Am\/mingng (ny +ng — ng) ajazal +. ..
T

This matches the corresponding GR calculation ! (see next)




GR side: chiral primary interactions in AdS; x S°

Seiberg et al.,
hep-th/9806074

(V. V¥ —mj)s Z(D;.nfr‘f”rr‘ih_ b Er g V,87 VF s F;.:ffv':""?’”ﬁ'fvm‘ﬂ;s“)

/ JK

AdSs

Chiral primary s' with mass  m?* = j(j — 4).

Derivative couplings can be removed by a field redefinition :

HJ’ r‘:‘” | E (J’}I”{HI.I:{J‘I\. |L;I”fvy.ﬁr.,fvﬁﬁlh)

= 5 JF K
I::> (‘F“‘F“ m; )H‘, E /'IL; JK r‘:‘fh‘h

LK

Highest-weight states ——

. Vs — 1) s +2)(js — 2)
A3 Ia—h— )2k
N S R TR [VEE
fn 1 Vi +D)0+2) (e +1) (R +2)
o 2 Vv (53 +1) (s +2) |
A(A —-1)

m(cosh )2

:> <3

H12 > ~ (A3 — Ay — Ag) VA A A3 853 — 51 — Ja)

matches Coll. F.T.
cubic vertex

Amy/ningng (ny +ne — ng) ﬂ.-lﬂ.gﬂ.-;




Going Beyond the ¥ BPS Sector

What have we seen so far?

15 BPS states <:> Fermions in harmonic oscillator

(collective field theory description)

o\ 7

single-matrix states

Next?
Study more general states (outside of %2 BPS Sector)

i

multi-matrix states

L

“Brute force” approach to interactions challenging

Alternative approach?



Interactions for two-matrix states S.C. A Jevicki

R. de Mello Koch
hep-th/0702??7?

General strategy for reconstructing full AdS interaction :

Start from collective field theory vertex Vz #£ 0
(assume correct description for multi-matrix states)

Use SL(2,R) symmetry of underlying theory to generate interactions

(find useful identities using generators that relate vertices that we know
to vertices we don’t know)

Feature of SUGRA:

vanishes on shell for

V3~ (A3 — A1 — A2)6(j1 + j2 — j3) highest-weight state

Meaning of acting with generators?

Rewrite the vertex so that it does not vanish
(canonical transformation and non-linear field redefinition)



Warm up : a toy model

Consider particle in two dimensions as toy model for two matrix states

— afa + bt
H= 2+ D)+ S @+ s
dz2 ~ 9y J = ala — bt
™S+npiyn
a b
States |J,n >= CAPA C 10>
V(J +n)in!
Recall |J,n >= \/(J g Ly|Jn—-1>
ey
. 1 _
Actingwith L,, L,, L_on / d*z — WV ni WVionoVisns
‘ \/ 0 (Z)

. 1 1 —
/ d°z [LSE) _L(_1>—L(_2}+§(LE}3) _Lgl)_L[(JQ))] Vi ViV isns

\/ @0 (Z)

=0



Two matrix interactions in AdS; x S°

Repeat same procedure but for Hamiltonian

1, 02 0? 1, 5 -
H=-(—5+->5)+=(M“+N
2 OM? aN?)Jrz( +N7)

Eigenfunctions of two-matrix model found by A. Donos, A. Jevicki, J. Rodrigues
(hep-th/0507124)

/\ treat as

7 — 1 §2 1 —I—B— /m/)ur(+7

— — —— —

20M? 2 0B

AdS Result :
Build vertex, act with SL(2,R) generators, and find analog of toy model identity

BoiTom LIveE ¢ SymmeTRIES mAay HELP



Comment on “emergent geometry”

Recall eigenvalues of one matrix yielded a new dimension:

M(t) — ®d(z,t) = Zé(:g — ;)

Add another matrix N(t) —_=> Probe additional direction Y

LM f(ObQOL
LLM used ONE MATRIX to describe AdS, xSf\/ anale of <>

ExpPLAI )
With two matrices, hope to eventually X ?
probe radial direction of AdS X X

U T S\ N a\\\e('\cse



Detailed bubbling picture of 1/2, 1/4, 1/8 BPS states ?

_ B. Chen, S.C., A. Donos, F.Lin, H. Lin,
Work in progress | j [ ju, D. Vaman, W. Wen, hep-th/0702?7??

Natural questions:

Can we extend AdS/CFT dictionary to full BPS spectrum?
Is there bubbling if you have LESS SUSY (¥ BPS and 1/8 BPS sectors) ?
What is the GAUGE THEORY picture? Fermions?

General SUGRA ansatz for % BPS and 1/8 BPS geometries worked out
&w —

4 —~

A. Donos N. Kim,
hep-th/0606199, hep-th/0610259 hep-th/0511029

N

But her(/e boundary conditions (possible bubbling picture) missing !
(hard to get explicit solutions)




Gravity picture that has emerged :

'/2 BPS \dsf o= hg(dt—l—V)E—l—hE(dyzyeCdQ%ye“dﬁg [

B hese
Kc\rgp\s@" S on / 4D x <. <

2™ p\a\r\e

/L\ BPS ds3 g = —h2(dt+W)*+h3dy? + ! @ yel dg‘zg Fye Gd*z,-';*z\

\
/g eSS ds3 g = —e**(dt +w)* + 525;;\

%
For smoothness look at D xS

collapsing spheres !

3 \
%c;shcje COXx S <SS




53>< aD /g BPS

N |CE
3 I iy Qe
Pleture ) S x S x @D 4 OBES
SP« Py 4D )y BPS

Y4 BPS solution STILL depends on only one function z (as in % BPS case) :

ds?m = —h2(dt+W)?+h?dy? +—d34+y€ A3 4ye Cdi?
%/!—T \\EKW 2 = —2ydy (-!iu Ii) : (g?nn — dIHSFLK>
- /

COMPULICATED

eu

‘jz Ii}EI‘LF ‘j-;l_r_;-af.ﬁl.r
O,.0; K 0,0:K

=y

LauK 1
" (-, (20 41)

Difficulties with %2 BPS construction :
solving equation for K is challenging (explicit solutions?)
even hard to reproduce simple % BPS states



Natural Question:

Is there an analog of the “special” 2D plane of the Y2 BPS solutions, on which
boundary conditions (for regularity) would be defined?

The answer Is yes for examples worked out:

We embedded many known SUGRA solutions into % and 1/8 BPS
general geometries

Found some new solutions for simplifying assumptions on K
Found relevant boundary conditions

Picture:
yq B®PS R BRS
Surlocen In 4D Suxfoces GO

1

<
/J

e\\\ SO\O\
ASS S’ N




Questions still open:

Can you draw any shape in these 4D and 6D spaces and get a UNIQUE
geometry?

What do we have on gauge theory side? Fermions?
How can this be useful?

Push forward AdS/CFT duality with less SUSY (and more general
geometries)

Can we understand more realistic gravity/gauge theory dualities
starting from the more “controlled” setting of AdS/CFT? (dS/CFT?)

Can we learn anything about time dependence? Hard question

Black hole applications



Future Applications ?

We saw LLM describes many vacua of the theory:
Instanton solutions interpolating between different LLM vacua?
(recent work by H. Lin)

Bubbles merging or separating (topology change)?

Can we make bubbles fluctuate in time?

Yes, but small fluctuations not necessarily new (just spectrum)

Eig- .l A,
$ |

‘F: rg '\ncb
Ad S x 8% i) = ? a,&)

dL
Known sPedvum_ of
AdS: « S5 (Kimetol.)



Topology change: can bubbles split or recombine?

e e . e

If yes, at transition they would locally look like:

SINGOLULAR\T 94

_ (Ho?a&uo/ She\:’acol)

z.

(A)L\a\,‘" \'S l/\a?Pen\r\S ‘V\QPQ ?
Stoates \oe,c,om\r\g L,m?\od"

( G iavk 3(0\1\:\\‘01\3 )

Can we resolve the singularity? Can we describe topology change?



Conclusions...

Although AdS/CFT is still a conjecture, much progress recently
Nice fermion (bubbling) picture for 2 BPS SUGRA solutions

Interactions in bulk are challenging, but symmetries may help (they give
useful identities for generating multi-matrix interactions)

Bubbling picture may survive with less SUSY

Future directions:;

Can we make any progress beyond static solutions? Connect with cosmology
work?

Can we understand whether bubbles can merge and separate?
Can we go from one vacuum to the other (possibly relevant for cosmology)?
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