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Plan

» “Semiton”/Unitarity Puzzle in Monopole-Fermion scattering
» The Fermion-Rotor system and resolution of the puzzle

» The connection to boundary conformal field theory

QMAP Seminar



Fermion-Monopole system is interesting

+ Anqular momentum in EM field:
AJ = — egr
- Congerved anqular momentum:

J=L+S§—egr

- Multi-particle stateq:

leg) # |e) X |g)
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Fermion-Monopole scattering

Scattering of Fermion on Magnetic monopole:

-+ Fermion enerqy: My, < E,, < M7

+ Dartial wave decomposition ig ugetul:

Xy (1)
W(-xa t) — Z | ; (I){n}(QD, 9)
in}

. 1
. ModeqwithJ > J . = |eg| — > deoouple
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Fermion-Monopole scattering

Study ecattering of J = J,,;, on monopole (7,,,, = O rest of
the talk)

9 < D )(T(at — sign(eg)o, )y

Fielde with eg > 0 are ingoing

Fielde with eg < 0 are outqoing



Fermion-Monopole scatteringin GUT

SUS) - SUB) X SU2) X U(1)
U

SUR2)y, — U(l),,
e, g<0
v ) () ) (R
N » dgLa ecLa u2L7 ulL—l

Symmetry: SU4) x U(1),,




Motivation: Fermion-Monopole seattering in GUT
e, g<0

out e d’ U Us '\ +!
. dg . y eC . y u2 . y ul . »
Symmetry: SU4) x U(1),,

ul + u? + M — & + d; + M - Callan-Rubakov procesg
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Monopole Catalysis of Nucleon Decay

i (Track Etch)

(,4s s , W) ("1°0 %06) Nwi| Jaddn xn|4
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Semiton/Unitarity Puzzle

out ( € ) (dg’) (u
iﬂ d(é L? 6C L7 U

Symmetry: SU4) x U(1),,

)
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The Fermion-Rotor System

J.Polchinski Nucl. Phys. B 242 (1984)
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The Fermion-Rotor System

J.Polchinski Nucl. Phys. B 242 (1984)

E ffective theory of N - yi(z, x) fielde with eymmetry:

U(1)y, . wilt,x) = Pyt x)

wi(t,x < — 1) - lower component of doublet (ingoing)

wi(t, x < rp) - upper component of doublet (outgoing)
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eg>0

<V

The Fermion-Rotor System

S

J.Polchinski Nucl. Phys. B 242 (1984)

N
J'dzx iz 1//;(6 L FHia@)f (x)y; + Jdt io’zz
i=1

2

Uy, : wit,x) = e/ Py(t,x), at) = alt) —f

Anomaly free eymmetry: SUN) x U(1),,

[U(1),,]” anomaly ~ J f)f (x) =0
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eg>0

<V

The Fermion-Rotor System

J.Polchinski Nucl. Phys. B 242 (1984)

S

N
J'dzx iz 1//;(6 L FHia@)f (x)y; + Jdt io’zz
i=1

2

Uy, : wit,x) = e/ Py(t,x), at) = alt) —f

Anomaly free eymmetry: SU(N) x U(

1)y,

U(l)w: wi(t,x) = ei”l//i(t, x) ie anomaloug:

N
0,J(t,x) = py a@)f'(x) => AQ,, =

2T
—A«a
N

Ingtantong are represented by Aa # 0 configurationg
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The Fermion-Rotor System

J.Polchinski Nucl. Phys. B 242 (1984)

N
S = [dzx zgf ! (0, + ia(0)f (x)y; + Jdt éaz

N oo
Ull),,: QO =Ila()+ Z J dx f(x) l//]jwk(t, X)

k=1 ¥~

Charge on the rotor: Ia(r) = 1 — E ~ > E, => the rotor ig gapped!

A I Y PR W RS i
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The Fermion-Rotor System

J.Polchinski Nucl. Phys. B 242 (1984)

N
S = [dzx zgf ! (0, + ia(0)f (x)y; + Jdt édz

N oo
Ull),,: QO =Ila()+ Z J' dx f(x) l//]jwk(t, X)

k=1 ¥~

Charge on the rotor: Ia(r) = 1 — E ~ > E, => the rotor ig gapped!

A I Y PR W RS i

\4

1) Any on-ghell excitationg agsociated to rotor decouples

2) Rotoris very important : by eonstruction the theory conserves U(1), chargel |
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The Fermion-Rotor System

J.Polchinski Nucl. Phys. B 242 (1984)

N
e , , I/
€20 I, S = szx i ) w0, + ia(df () + Jdt Edz
i=1
f(z) 1 ! :SU(N ) X U(1),, repregentation:
k- + > l//l-(t,x < -1y :N_, wt,x>ry) : N,

E Unh‘arh‘g Puzzle:

N_

> t
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The Fermion-Rotor System

N_, N_, + charge on the rotor?

L
: %

S e o e s e e e o CAR A c =

Can we depogit charge on the rotor?

- N
lo(1) = — Jiy (1) — 4—ﬂ0°l(f)

N
T = lim D"yl (t = 1, = 1)
Fo—™ =1

Ayl

Any charge on the rotor decays in r ~

PP

i o i) ol Sosants i ol
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The Fermion-Rotor System

N_, N, , + chasge=amn the rotor?
0 X

S e o e s e e e o CAR A c =

Can we depogit charge on the rotor?

- N
lo(1) = — Jiy (1) — 4—ﬂ0°l(t)

N
T = lim D"yl (t = 1, = 1)
Fo—™ =1

Ayl

Any charge on the rotor decays in r ~

PP
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The Fermion-Rotor System

N
= W 0, + iaOf C)w; + | di —a 4
=1

Charge can not be deposited on the monopole
We have hermitian hamiltonian that congerves the charge

What is wrong? how can we have congistent seattering?
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The Fermion-Rotor System

N
I
S = szx l Z l//;(d L+ ia(@)f (x0)y; + [dt 50'52 — Tl >
i=1

Charge can not be deposited on the monopole
We have hermitian hamiltonian that congerves the charge

What is wrong? how can we have congistent seattering?

(0, + ia(Of (X))y; = 0, () =— Y | dxf@)yytx)

k=1 "=

The theory s strongly coupled we need to carefully quantize it before asking any scattering questions! |
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The Fermion-Rotor System

S

2

)They coupling region

N
I
[dzx iz z//;(d L FHia@)f (x)y; + J'dt —a°

Theory of free fermiong

QMAP Seminar

15



The Fermion-Rotor System

S = szx iz ! (0, + ia()f (X)y; + Idt iaz —

2 0

Simp[iﬁcaﬁonz the strong coupling region ig localised —r, < x < r, and the theory ig free for |x| > r,

| Ag a reault path integral becomes Gaussian and one can find:

<Hl/f,( X)Hl/ﬂ(tk, xk)> = (free correlators) x Z

(2 r’ dw )

F =exp| —| —AB

NJ)y w

A = 2 O(x; e i l=) Z Q(Xé)e_iw(tfé_x@, B = Z 9(—)cj)e+ia)(fj‘)9) _ Z O(— xlg)eJriw(fzé—x]é)
k=1 i=1 k=1
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The Fermion-Rotor System

, FEIINgay

. two point function: <1//i(t, X)l//;(t’, x’)> = 0(xx)0;Gp(t — ', x — x')

<l//,-(t, x)l//f(t’, x’)> = Gt —1t,x—Xx) ;
N |

>

1
0 X /oA
<l//l-(l‘, x)l//;(t’, x’)> = Gp(t—1t,x—Xx')

_ i NS - NS e _ PR - ik - oA — PRI — NS — - —— R O R L
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The Fermion-Rotor System

, FEIINgay

. two point function: <1//i(t, X)l//;(t’, x’)> = 0(xx)0;Gp(t — ', x — x')

NV

<%(t, AL x’)> =0

_ i NS - NS e _ PR - ik - oA — PRI — NS — - —— R O R L
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The Callan-Rubakov Effect

i » N=4 on this slide
Onlg non-vanighing correlation function involving ingertion of .y left to the rotor ig

(w (£, x > Oyl (1, x > Oy (1, x < O)y[ (2, x < 0))

SN P i PR Y T AR ATt SEE ST PO TG S PPy YIRS 6 SRSt i e NSt osh il P, NSNS 23 AN e RN SRR R e -
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The Callan-Rubakov Effect

| Only non-vanighing correlation function involving ingertion of .y left to the rotor ig

(y (1, x > Oy (2, x > Oy (, x < Oy (2, x < 0))

T
(), (o) G- ),

u'+ut+M-—-ée+d,+M

20 we have:

18

h ]
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The Unitarity Puzzle

PR AN PRI _ _ PRI PN OR e PGNP BINMISA SN TS P FEISNga FRSNGA

. <1//;(t’, xXVO(ty, . .1, Xq,. . . ,xn)> =0, forx’ < 0,x;> 0and O(t, ..., 1, x,,...,x,) is any local operator containing just

fermion fields!
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The Solution to the Puzzle

- Final state is created by composite fermions rotor-operator:

<1//;(t’, x') [l//l-(t, x)ei“(t_x)]> =Gp(t—thx—x), x>0, x'<O.

KV :

<W;(l", x") [Wi(t, x)ei“(t_x)] > =Gt —t,x —x)

v P —_ o i - ST A A SIS AT b — P —

QMAP Seminar

20




The Solution to the Puzzle

VL, T. Okui, arXiv:2408.04577]

fac o o

- Final State ig created by Oz, x) = y;(z, x)e" and under gymmetry group it trangformg ag:

SUN):Nx1=N
Uy :1-2=—1

- O(t,x) creates one particle excitation: <0,.(t, x)OJT(t’, x’)> = 0;jGpt =, x—x’), x>0, x'>0.
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The Solution to the Puzzle

« We can define compogite operatorg:
W, (t, x) = wit, x)e@* =) - interpolating N_, on the whole axis

\“pi(t, x) = y(t, x)e 920~ — interpolating N, on the whole axis

Af x <O

SUN):Nx1=N |
Uy i = 1+2=+1)
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Boundarg Conformal Fleld Theorg

(n lR fhe onlg role o{ rofor iQ t0 guaranfee oongervahon of U(l) v

EquivalemL to: CFT, (ingoing) and CFT; (outgoing) coupled with the boundary that
congerves SU(N) x U(1)y,

The strong coupling region

- v
1 *, q /

NS v

Theory of free fermiong Monopole/

boundary
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Boundary Conformal Field Theory

AT+ W) = 3 free fermion

T wfrangformg agN 1under SU(N)xU(l)M - :

Mlld non-locality;

W |
\ | I(t, x)p(t,y) = wt,y)I(t,x), y>x,

| Monopole

70, 002, y) = e (e, )Tt x), y <x. |
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Rotor < BCFT

The Fermion-Rotor aystem BCFT

0,(1, %) = e yi(t, X))

a2

|
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Rotor < BCFT

The Fermion-Rotor aystem BCFT

0,(1, %) = e yi(t, X))

a2

|

I(t, ), y) = g6, T, x), Yy > x, ;
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s ¢/~ the twigt operator?

IE xchange relationg in Fermion-Rotor gystem:

[

. dr . dr ,
a(t) = — lim J(t + 1y, 1) = > a(t —x) = a(t) J dr' lim J(t' + ry, ry)
N =0 N ro—0

[—X

|
V

4
[a(t — ).y, y)] = ; 0)O(x — Y)y(t, y)
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s ¢/~ the twigt operator?

E xchange relationg in Fermion-Rotor gystem:

4
[a(t — ).y, y)] = ; 0)0(x — Y)y(t, y)

|
V

eia(f—x)l/ji(t, y) — l//l(t, y)eia(t—x)’ y > x,

l(x(t—x) ia(t—Xx)

wit,y) = e ™ Ny(t, y)e , y<X.
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s ¢/~ the twigt operator?

tWe can bogonize fermions:

| R 1
yit,x < —ry) = e =0 and  yi(t,x > ry) = e ZilI=)
\ 2% \/ 27
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'™ ig the twist operator!

tWe can bogonize fermiong:

1 1
l//i(t,x < — I"O) p— el)(i(t—X) and l//i(t,x > },.O) — el)(l-(l‘—x)
\/ 27 /2
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Rotor — BCFT

Multiple Rotorg:

| N r r I

S = [dzxi w! (04 1 D, duior(OF (X)) + Jdt <4 2
izzl l( + CZ ) ; )

(U y(t, ) — el x) and (1) = a(1) = f, witha=1,...,r

U 2 yi(t,x) — ePailoy(t,x) witha’=r+ 1,...,N

N N
With Z q,9,, =0 tora#b and Z G, D =

v
' "v
! ° ) ‘
§
k \
e Ak
v 3
2 SISl A IR A A IO S A S A OSSN S P S S I S S ANt i B uii iy vt RSt Sl RSN LA IR R el o e dee Qa2 o N S L _
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Rotor — BCFT

U\)e have get of twist operatorg: ‘
T (t,x) = e'%=)

, With exchange relation:

| T (t,x)w(t,y) =w(t,y)T (t,x) ftory> x,

driq
I(t,x)y(t,y) =exp| — S 2
L 1ak

) wi(t, y)T,(t,x) fory <x
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The Fermion-Rotor System Remembers about Witten Anomaly

- o |VL T OkuiD.Tong,arXivi2508.21050
For Fermlon Rofor gggfemg whlch degcem‘g ﬁ‘om fhe theoriee with the Witten anomaly (cystem |
with N odd ....) Gragemann-odd operatore get the Vel |

 For example, for =

NG

[ —X—7T

<l//(t, X) eisign(x)a(f)> o

The system compactified on the circle hag odd number of Majorana zero modes ag also
prevuouglg found in BOFT context.
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Summary

- The Fermion-Rotor aystem provides effective degeription of the scatfering of lowest partial |
waves of fermiong on the monopole -

-+ The well known “Unitarity” puzzle ig regolved by recovering “misging™ stateg in the problem '
interpolated by composite operators. ~

- n far [R any phygical excitation related to rotor (dyon) decouples but the rotor playg oruclal
role in gquarantying congervation of chargeg! ~



Open Questions

i+ What doeg thie mean in 3+0D? |

What happeng for small non-zero fermion mage?

How ig the gtory connected to the abelian ingtantong?
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- Thank you for your attention! |



