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Inflation:  
a stage for new dynamics

High energy: H can be 1013 GeV.


Can produce heavy new physics particles.


Inflaton can travel a large distance in field space.


Can trigger dramatic changes in spectator 
sectors which couple to the inflaton



This talk

Signal of particle production. “Cosmological 
collider physics”.


Drama in the spectator sector, signal of a first 
order phase transition during the inflation. 
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Signal of particle production
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“Cosmological collider” 
Chen, Wang, 2009, 2012 
Arkani-Hamed, Maldacena, 2015

oscillatory signal

Time of propagation: 



More specifically
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Boltzmann suppressed if mσ ≫ H

No oscillation if mσ < 3/2 H

The presence of oscillation signal requires mσ ≈ H 
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Sensitivity of the 
cosmological collider

What kind of inflaton - new physics coupling lead 
to observable signals. 

Many recent works:  

X. Chen, Z. Xianyu, Y. Wang, et. al. 
H. An, M. McAneny, A. Ridgway, M. Wise  
H. Lee, D. Baumann, G. L. Pimentel.  
S. Kumar, R. Sundrum  
A. Hook, J. Huang, D. Racco



Size of the signal

⟨ζ1ζ2ζ3⟩ = (2π)4P2
ζ

1
(k1k2k3)2 S(k1, k2, k3)

Pζ = H2

·ϕ2
0

( H
2π )

2
≃ 2 × 10−9 ·ϕ1/2

0 ≃ 60HCMB: 

S(k1, k2, k3) ∼ fNL ∼ 1
2πP1/2

ζ
×  interactions

 interactions = couplings, loops, propagators

For comparison. Planck: fNL ≲ a few; LSS: fNL ӗ 1; 21cm: 10-2  



1: non-derivative coupling
ℒ ⊃ λϕ2σ2 + μϕσ2, σ : scalar

δmσ = λϕ2
0 , ϕ0 = ⟨ϕ⟩

δm2
σ < H2 → λ < H2

ϕ2
0

For a similar reason, we need  μ < H2

ϕ0

None-zero value of the inflaton field will generate a mass for σ. 

For the mass of σ to be around H, without fine-tuning, we need 



1: non-derivative coupling

We first observe that there is no tree-level contribution to the signal. There is a tree-level

contribution to the NG. However, in order to have the oscillatory signal, we need to be able to

have the new physics particle Q as on-shell intermediate state. For this to be the case for a

tree-level 3-point function, we need a non-zero 2-point interaction between the inflaton and Q.

For the renormalizable couplings with no derivatives, as those in Eq. (5), the only possible two

point functions are mass mixing and kinetic mixing between the inflaton and Q, both of which

can be diagonalized and does not lead to physical 2-point inflaton-Q coupling.3 Hence, there can

only be contributions to the signal at 1-loop order. For example, one could have
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We have adopted the diagrammatic notations introduced in [8], where squares denote external

(boundary) points and shaded circles denote bulk vertices. Here and below we use blue lines to

denote propagators carrying the soft momentum.

To proceed further, we need an estimate of the typical field value �0 of the inflaton. We note

that there needs to be about 10 e-folds just for the CMB,
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where we have assumed that slow-roll parameter ✏ remains approximately constant during the

epoch when the fluctuations relevant for the CMB were generated. Generically, we also expect4
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Hence, from Eq. (8), we have

f
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which is too small to be observed. Other contributions, such as the ones present after Q acquiring

a VEV, can be estimated similarly. However, they do not change the conclusion qualitatively.

One could also consider renormalizable coupling between the inflaton and new physics fermions

or gauge bosons

L � y� ̄ + |Dµ�|2. (12)

3One can also see this explicitly in the diagrammatic level by treating the mass mixing perturbatively: Let �1,2

be two massive real scalars with masses m1,2 in inflation. Then the 2-point mass mixing diagram connecting the
propagators G1,2 of both fields can be decomposed as

R
d4y

p
�g(y)G1(x, y)G2(y, z) = �[G1(x, z)�G2(x, z)]/(m2

1�
m2

2). See Appendix A.4 of [7] for more details.
4It is of course possible that �0 ⌧ �� at some special points in the field trajectory of the inflaton. This could

allow us to have a smaller contribution to the mass of the matter particle. However, the argument here shows that
it would be di�cult maintain it during the full period of inflation relevant for CMB.
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Lesson learned
Sizable coupling to the inflaton can generate a 
mass correction to the matter field σ. 


Requiring this not to make σ too heavy requires 
small coupling, and small signal. 


Can’t avoid by fine-tuning. Inflaton has a sizable 
excursion, can at most fine tune for a very narrow 
range. 



2. Derivative coupling

A consequence of an approximate + → + + c


Well motivated from the flatness of inflaton 
potential.


It turns out this is also favored for giving a sizable 
signal.



2. Derivative coupling
Dim 5: 

1
Λ ∂μϕJμ, ϕ

Λ F ∧ F

Naive estimate: 

Hence, to have a observable signal fNG ⇠ O(1), a small quartic coupling �Q ⇠ (2⇡)2P⇣ ' 8⇥10�8

(or equivalently, a large VEV Q0 ⇠ 3 ⇥ 103H5. ) is necessary. We note that the coe�cient of

the two-point mixing c6�̇0Q0/⇤2 is comparable to H in this regime and thus �� and the massive

field Q are quite strongly coupled. This is not a problem since the strongly coupled regime of

quasi-single field inflation is well understood [11,12], and the above estimate work reasonably well

when the mixing is of O(H).

There is a dim-7 operator of similar form with inflaton coupling to fermion bilinear. However,

this only contributes to NG at one-loop order which is smaller.

Finally, we consider dim-5 couplings of the form

1

⇤
@µ�J µ

,
�

⇤
F ^ F. (18)

For the first operator, J µ is the current associated with a symmetry for which is non-linearly

realized by the shift of �. The second operator is a typical coupling between an axion-like-particle

and gauge (gravity) field strengths. A detailed understanding of the e↵ect of this class of operators

is a main topic of this paper. Here, to set the stage, we first present a simple (and naive) estimate

of its contribution to NG. We note that an important feature of this class of operators is that they

do not directly contribute to the mass spectrum of the matter fields, including the constituents

of Jµ and the gauge field. There is still a constraint on the cut-o↵ scale from the validity of the

EFT expansion

�̇0 < ⇤2
. (19)

This class of operators do not contribute to the bispectrum at the tree level. Naively, their

contribution can be estimated as

f
(osc)
NL ⇠ 1

16⇡2

1

2⇡P 1/2
⇣

⇣
H

⇤

⌘3

<
1

16⇡2

1

2⇡P 1/2
⇣

✓
H

�̇
1/2
0

◆3

=
1

16⇡2
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p
2⇡P 1/4
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. (20)

This has a smaller power in P⇣ even though one has to pay an additional loop factor. In comparison

with Eq. (77) of Ref. [9], this agrees parametrically with the pre-factor �̇
1/2
0 if we saturate the

EFT limit ⇤ = �̇
1/2
0 . The final result, Eq. (79) of of Ref. [9], features additional enhancement.

Understanding them will be the focus of next sections.

Trispectrum. To finish this section we also briefly consider the trispectrum. The estimate of

the 4-point non-Gaussian parameter T goes as

T ⇠ 1

(2⇡)2P⇣

⇥ loop factor⇥ vertices⇥ propagators. (21)

The trispectrum is more challenging to probe in general, but there are cases where the signals

show up only in the trispectrum but not in the bispectrum. For example, we have shown that the

5We note that such a VEV of Q0 is already larger than the minimal value of the cut-o↵ ⇤ ⇠
q

�̇0. Hence, the
assumption of being able to ignore high order terms in the EFT expansion implies additional fine tuning in this
scenario.
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At the same time, there is a further enhancement.



Modified dispersion relation
Particle production proportional to  

·ω
ω2

A modified dispersion relation in the inflationary 
background of the form 

ω2 = k2
phys + 2μkphys + m2 + . . . , where kphys = k

a(t)

→
·ω

ω2 ≃ μ
ω2 Enhancement possible  for sizable .



Coupling: 
ω2 = k2

phys + 2μkphys + m2 + . . . , kphys = k
a(t)

Comes from  ⃗k ⋅ ̂n, ̂n =  another vector

Without broken rotational invariance,   comes from spin. ̂n

1
Λ ∂μϕJμ, Jμ = ψ̄γ5γμψ, ϵμνρσ Aν∂ρAσ

→ μ =
·ϕ0
Λ

Possible couplings: 

An alternative scenario with scalars: 
Bodas, Kumar, Sundrum, 2010.04727



Chiral fermion
4.2 Spin-1/2 fermion

We have argued that the chemical potential will only have a physical e↵ect while associated

with a chiral current. Hence, we begin by considering a 2 component Weyl fermion  . The

chemical potential for  can be introduced from the dim-5 operator (@µ�) †i�̄µ
 /⇤. This case

has been studied in [9]. See also [18]. Here we will summarize the main result following [9] with

slightly di↵erent notations. We first evaluate the Lagrangian

L =
p
�g


i †

�
µDµ � 1

2
m(  +  

†
 

†) +
1

⇤
(@µ�) 

†
�
µ
 

�
, (36)

with the inflaton background, which then becomes

L = i †
�
µ
@µ � 1

2
am(  +  

†
 

†)� aµ 
†
�
0
 . (37)

Here we have defined the chemical potential µ = �̇0/⇤ and made the field redefinition  ! a
�3/2

 

which turns the covariant derivative Dµ into partial derivative @µ . Then we decompose  into

modes,

 ↵(⌧,x) =

Z
d3
k

(2⇡)3

X

s=±

h
⇠↵,s(⌧,k)bs(k)e

+ik·x + �↵,s(⌧,k)b
†
s
(k)e�ik·x

i
, (38)

where we have spelled out the spinor indices explicitly. The mode function ⇠ and � can be further

written in terms of normalized helicity eigenstates hs, defined by ~� · ~khs(k) = skhs(k) and the

usual orthonormal condition, as

⇠↵,s(⌧,k) = us(⌧,k)hs(k), �
†↵̇
s
(⌧,k) = vs(⌧,k)hs(k). (39)

Then the equation of motion for the modes u and v can be derived as

iu0
± ± ku± = aµu± + amv±, (40a)

iv0± ⌥ kv± = �aµv± + amu±. (40b)

These two equations can be decoupled into a pair of second order equations,

u
00
± � aHu

0
± +

h
(k ⌥ aµ)2 + a

2
m

2 ± iaHk

i
u± = 0, (41)

v
00
± � aHv

0
± +

h
(k ⌥ aµ)2 + a

2
m

2 ⌥ iaHk

i
v± = 0. (42)

One can see directly the flat-space dispersion relation from this equation by putting a = 1 and

H = 0,

!
2 = (k ± µ)2 +m

2
. (43)

During inflation, the wavenumber k here should be taken as the physical wavenumber which is

kphys = kcom/a and is being redshifted as a grows exponentially. The total energy ! is minimized

in this evolution when kphys = µ, at which point the adiabatic approximation fails maximally.

This gives a new scale of the particle production, above the usual one due to cosmic expansion

that happens at kphys ' H. On the other hand, we note that the energy ! here is always positive
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exp(πμ)exp (− π
H

m2 + μ2) ≃ exp (− πm2

2Hμ ) ∼ O(1), for μ ≫ m ≫ H

No -like suppression!e−m/H

Enhanced mode peaks in a region around   
, with size . 

→ phase space = a shell with volume   
kphys ∼ μ Δkphys ∼ m

4πμ2m



Putting it together: 

with not only a cuto↵ scale 1/⇤ but also a factor of m. For the hard (black) propagator in the

loop, we can still approximate it by the EFT limit 1/m when m � H. For each of the two

soft loop lines, we need to include an exponential factor e
⇡µ/H for the particle production, and

another exponential factor e�⇡

p
m2+µ2/H for the Boltzmann suppression. In the most interesting

parameter range µ � m � H, the two factors combined into

exp(⇡µ) exp
�
� ⇡

p
m2 + µ2/H

�
' exp

⇥
� ⇡m

2
/(2Hµ)

⇤
. (67)

Therefore there is no obvious exponential enhancement/suppression when µ � m. So a more

precise estimate should also include power dependences on these parameters which is not obvious

at the level of Feynman rules. One way to make progress is to note that the soft lines contribute

to the signal only when they are on shell. Therefore the loop integral is actually counting the

number of on-shell fermions that are produced through the non-adiabatic evolution. A measure

of the non-adiabatic production is the parameter �!̇/!
2 where ! is the physical energy of the

fermion mode given by

!
2 = (kphys ± µ)2 +m

2
. (68)

The non-adiabatic production is triggered when !̇/!
2 becomes large. In the inflation background

with kphys = k/a, one can see that !̇/!2 remains tiny at both early and late times, and it develops

a peak when kphys ' µ with a width �kphys ' m. Therefore, the total number of on-shell fermions

contributing to the middle diagrams are from a momentum shell with radius µ and width m. So

the amplitude of the signal should be proportional to the volume of this momentum shell, which

is 4⇡mµ
2.

Taking all ingredients into account, we can now estimate the fermion diagram as

f
(osc)
NL
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BBB@
 

1/⇤

1

1

CCCA
⇠ 1

2⇡P 1/2
⇣

1

16⇡2

⇣
m

⇤

⌘3 H

m
· 4⇡mµ

2 · e�⇡m
2
/(µH)

. (69)

Using the relation µ = �̇0/⇤, this can be rewritten as

f
(osc)
NL ⇠ P⇣

2

⇣
m

H

⌘3⇣ µ

H

⌘5

e
�⇡m

2
/(µH)

. (70)

This agrees parametrically with the result in [9], and it can be as large as O(10). And there can

be additional enhancement when there are multiple degrees of freedom contributing the loop. For

instance, in the case of a SM quark running in the loop, we have an additional factor of 2 ⇥ 3

with 2 from Dirac fermion being two copies of Weyl fermions and 3 from the color factor.

Gauge boson. Finally we consider briefly the case of gauge boson. We first note that the

constraint that chemical potential µ = �̇0/⇤ cannot be significantly larger than mass m can put a

stringent bound on the cuto↵ scale ⇤ for m ' H. In this case ⇤ > �̇0/H ' 3600H, and the right

diagram in (62) will be tiny. Therefore one need to consider either a new coupling that couples

the inflaton to the gauge boson, or a large mass being generated to the gauge boson via symmetry

breaking. These will not be as economic as the fermions case but could still be interesting. We

leave a detailed study of this scenario for a future work.
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Overall exp factor:   e−πm2/μH

Phase space: 4πmμ2

Signal can be large for μ > m > H



General form of signal
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parametric dependence on the model parameters such as particle’s mass and spin. The overall

amplitude B and the phase ', on the other hand, may have complicated dependences on these

parameters. However, in some parameter regions, it is easy to estimate the leading dependence

of B on parameters such as mass and chemical potential. We summarize some known examples

of these parameters in Table 1. This table is far from exhaustive. We use it only to illustrate

how the parameters of intermediate particles (spin s, mass m, chemical potential µ) are related

to observables. In particular, we see that it is in general possible to tell the di↵erence between

the tree-induced and loop-induced signals, by looking at the value of L. This is essential because

the value of L measures how fast the intermediate particles are diluted by inflation. In the loop

process, the particles are produced in pairs and are thus diluted faster. By examining the dilution

rate of intermediate modes and how they enter the signal, we can derive, for a typical tree-level

or 1-loop exchange of massive particles,1

lim
%!0

S
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signal(%) ⇠ Re %1/2+i!, lim

%!0
S

(1-loop)
signal (%) ⇠ Re %2+i!. (5)

We plot schematically the expected shape functions from a typical tree-level process and a typical

1-loop process in Fig. 1. In this figure, we take the “background part” to be identical to the

equilateral shape function (4), while the “signal part” takes the form of (5). The overall and

relative amplitudes of the background and the signal are taken to be arbitrary in Fig. 1, although

in given models they should be fixed and loosely related to each other.

Table 1: The parameters of nonanalytic piece in (2) in several representative processes mediated

by particles with spin s, mass m, and chemical potential µ. The value of B only includes leading

dependence on m and µ in the large mass limit. In this table, we set H = 1.

B L !
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4
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2 �
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9
4 � m2 0

s > 0, m > s �
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2
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2 2

p
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1
4

1In most 1-loop processes we have L = 2. But in the case of a Dirac fermion running in the loop and without
chemical potential enhancement, the L = 2 part of the fermion propagator happens to cancel out, and thus the
leading order contribution when % ! 0 appears with L = 3 [8,21].
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With μ enhancement



νscalar = 9
4 − m2

H2
νfermion = 1

H
m2 + μ2νvector = 1

4 − m2

H2

Zhong-Zhi Xianyu and LTW. 1910.12876, 2004.02887

ρ = μA/mA

dim-6 



Full numerical calculation
Zhong-Zhi Xianyu, Yiming Zhong, and LTW. 2109.14635

0.0

0.2

0.4

0.6

0.8

1.0

(k
1/

k 3
)S

(k
1,

k 2
,k

3)

£10°3

Gauge boson loop
(µ̃, ∫̃, ∫̃reg) = (0, 2, 4)

Total

(ab) = (±±)

(ab) = (±®)

100 101 102

k1/k3

°2

0

F
ilt

er
ed

£10°5

°3

°2

°1

0

1

2

(k
1/

k 3
)S

(k
1,

k 2
,k

3)
£10°1

Gauge boson loop
(µ̃, ∫̃, ∫̃reg) = (4, 4, 8)

Total

(ab) = (++)

(ab) = (+°)

100 101 102

k1/k3

°5

0

F
ilt

er
ed

£10°3

°1.5

°1.0

°0.5

0.0

0.5

1.0

1.5

(k
1/

k 3
)S

(k
1,

k 2
,k

3)

£10°1

Gauge boson loop
(µ̃, ∫̃, ∫̃reg) = (3.9, 4, 8)

Total

(ab) = (±±)

(ab) = (±®)

100 101 102

k1/k3

°2.5

0.0

F
ilt

er
ed

£10°3

°3

°2

°1

0

1

2

(k
1/

k 3
)S

(k
1,

k 2
,k

3)

£10°1

Gauge boson loop

(µ̃, ∫̃, ∫̃reg) = (4, 4, 8)

(µ̃, ∫̃, ∫̃reg) = (4, 4, 12)

100 101 102

k1/k3

°5

0

F
ilt

er
ed

£10°3



Comparing with analytic est. 

Good agreement for .


Some shift in frequency for lower 

k1/k3 > 20

k1/k3

°5.0

°2.5

0.0

2.5

5.0

(k
1/

k 3
)S

£10°3

Scalar loop, (µ̃, ∫̃, ∫̃reg) = (3.9, 4, 8)

Filtered Analytical est.

°5.0

°2.5

0.0

2.5

5.0

(k
1/

k 3
)S

£10°3

Gauge boson loop, (µ̃, ∫̃, ∫̃reg) = (3.9, 4, 8)

Filtered Analytical est.

100 101 102

k1/k3

°1.0

°0.5

0.0

0.5

1.0

(k
1/

k 3
)S

£10°2

Gauge boson loop, (µ̃, ∫̃) = (4, 4)

Filtered (∫̃reg = 8) Filtered (∫̃reg = 12) Analytical est.



This talk

Signal of particle production. “Cosmological 
collider physics”.


Drama in the spectator sector, signal of a first 
order phase transition during the inflation. 



The excursion of the inflaton
Δϕ ∼ Nefold ϵMPlanck

Large excursion of the inflaton field plausible, even if we restrict 
ourselves to the case where 3+ < MPlanck  

This is the case even for a small part of inflation with Nefold ≈ O(1)

Any physics/observable effect? 



Example: Inflaton + spectator

Spectator, less energy,  
not driving spacetime evolution

Inflation sector 
Single field slow roll…

+ σ

Suppose the coupling is weak, suppressed by 
some high scale M ӗ+ ӗ3+

For example: f ( ϕ
M ) m2

σσ2, g ( ϕ
M ) bσ4,  etc.

Field excursion of inflaton can change the mass and couplings in 
the spectator sector, leading to interesting dynamics.



For example
V(ϕ, σ) = 1

2 μ2
eff + λ

4 σ4 + 1
8Λ2 σ6 + Vinf(ϕ), μ2

eff = − (m2
σ − c2ϕ2)

c2 ∼ m2
σ

M2 ≪ 1

Rolling inflaton → (1st order?) phase transition in the spectator sector



1st order phase transition

H−1

rbubble

tbubble collision ∼ rbubble ≪ H−1

rbubble ≪ H−1

An instantaneous source of GW.  

Phase transition is 1st order, and spectator sector does 
not dominate energy density: 

H4 ≪ m4
σ ≪ 3M2

PlH2 This is possible to arrange.



1
Ha

co-moving scale

log a

rbubble ∼ Δτ −

τ*

← Δτ →

k > Δ−1
τ

(τ*)−1 < k < Δ−1
τ

|τ* | = (H*a)−1 −

k < (τ*)−1

Time of phase transition

GW modes

GW in three regimes



GW signal

τ−1
* < k < Δ−1

τ

bound, ⌧f . a(⌧) ! 1 as ⌧ ! ⌧f . The GW perturbation (in the following of the paper, we use hij to
describe only its transverse and traceless part) satisfies the di↵erential equation
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where 0 indicates derivatives with respect to the conformal time ⌧ , GN is the Newton’s gravity constant,
and �ij is the transverse, traceless part of the energy-momentum tensor. For the convenience of the
discuss, we also define

hij(⌧,x) = a(⌧)hij(⌧,x) . (2.4)

Then hij satisfies
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We can solve Eq. (2.5) using the Green’s function method, and the solution can be written as
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For the convenience of later discussions, we define the dimensionless conformal time variable,

⌘ = k⌧ , (2.9)

and redefine the Green’s function,

G̃(⌘, ⌘0) = kG̃R(⌧, ⌧
0;k) . (2.10)

The retarded Green’s function G̃(⌘, ⌘0) would satisfy
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For the convenience of the later discussion, we also introduce another solution of Eq. (2.11), F̃(⌘, ⌘0),
satisfying initial condition

F̃(⌘0, ⌘0) = 1 ,
dF̃(⌘, ⌘0)

d⌘
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⌘=⌘0

= 0 . (2.13)
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During inflation: 

Mode starts inside horizon, oscillates till horizon exit.  
➡ Amplitude depends on k.  
➡ Leads to oscillatory pattern in frequency.  

After reheating, modes re-enter the horizon  

Horizon exit Re-entry



Oscillations
τ−1

* < k < Δ−1
τ



GW signal
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k > Δ−1
τ

Time scale of bubble collision ≈  .Δτ

Oscillation pattern in frequency smeared out in this regime.

Δτ
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k < τ*

Mode outside horizon at the time of phase transition

No oscillation. Can treat the GW as if it is from a 
point source. 





Figure 1. Illustration of the k dependence of di↵erent parts of a typical GW spectrum.

none of these scenarios can produce features in the GW spectrum similar to first order phase transition
during inflation.

In the appendix of Ref. [20], we provide simple models that first order phase transition can happen
and finish during inflation. Possible scenarios are also studied in Ref. [69], where first order phase
transition in the thermal plasma is assumed to present at the beginning of inflation, and in Ref. [70],
where the inflation starts from a first order phase transition. Some results about the features of the
GW spectrum from first order phase transition are also studied in Ref. [71].

The rest of the paper is organized as the following. In Sec. 2, we show that the oscillation feature
is generic for instantaneous sources happen during the accelerating expansion era of the universe. In
Sec. 3, we discuss how to use the oscillation pattern to distinguish di↵erent inflation models. In Sec. 4,
we discuss the influence on the oscillation pattern from later evolutions of the universe after inflation.
In Sec. 5, we present examples of inflation models that first order phase transition can happen and
generate GW signals large enough to be observed by future detectors. We summarize our results in
Sec. 6.

2 Generic features

The metric of our expanding universe can be written as

ds
2 = �dt

2 + a
2(t)(�ij + hij)dx

i
dx

j
, (2.1)

where a is the scale factor, and the transverse traceless part of hij parameterizes the GW degrees of
freedom. If the expansion of the universe is accelerating we have ä > 0. Here the dot is defined as
derivatives with respect to t. The conformal time is defined as d⌧ = a

�1(t)dt, then the metric can be
written as

ds
2 = a

2(⌧)
⇥
�d⌧

2 + (�ij + hij)dx
i
dx

j
⇤
. (2.2)

It is well-known that if the expansion of the universe accelerates, there will be a future event horizon,
which means in the comoving coordinate system, the range of the conformal time, ⌧ , has an upper
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⌧c integral. Moreover, for k < ��1
⌧

, there can still be a smearing e↵ect. For example, if the shape of
the source as a function of time is Gaussian like, then the smearing factor is e�k

2�2
⌧/2. If it is square

like, the smearing factor becomes sin(k�⌧ )/(k�⌧ ). For a realistic model, the smearing factor can be
determined from numerical simulation (see [73] for results using envelop approximation and [74, 75]
for results away from envelop approximation).

As a result, the smeared oscillatory part of the spectrum can be generally estimated as
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, (2.39)

where S is the smearing factor.

2.4 The UV behavior of the GW spectrum

To get the UV behavior, let’s study the case that kp�p � 1. In this case, the discussions in the
Sec. 2.3 still applies. Therefore, the contribution from the oscillating term in Eq. (2.35) is suppressed.
Therefore, in this region, we have
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. (2.40)

The UV spectrum depends on both the detailed models of inflation, later evolution after inflation, and
the information of the GW source.

2.5 The IR behavior of GW spectrum

We have already shown that in the case of ⌘0 < ⌘A, the Green’s function has an oscillatory feature.
Now, let’s discuss its behavior in the region of ⌘0 > ⌘B . In this case, the Green’s function (2.11) can
be simplified as
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with the initial condition
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The solution to G̃ at ⌘ ! 0 can be written as
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where in the last step the integral variable is changed back to ⌧ and we can see that the factor in [· · · ]
is independent of k. Then compared to the steps in Sec. 2.2, the infrared spectrum can be written as
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One can see that the infrared spectrum is fixed up to the model dependence of the evolution of the
universe after inflation.
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Figure 1. Illustration of the k dependence of di↵erent parts of a typical GW spectrum.
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where S is the smearing factor.

2.4 The UV behavior of the GW spectrum

To get the UV behavior, let’s study the case that kp�p � 1. In this case, the discussions in the
Sec. 2.3 still applies. Therefore, the contribution from the oscillating term in Eq. (2.35) is suppressed.
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The UV spectrum depends on both the detailed models of inflation, later evolution after inflation, and
the information of the GW source.

2.5 The IR behavior of GW spectrum

We have already shown that in the case of ⌘0 < ⌘A, the Green’s function has an oscillatory feature.
Now, let’s discuss its behavior in the region of ⌘0 > ⌘B . In this case, the Green’s function (2.11) can
be simplified as
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The solution to G̃ at ⌘ ! 0 can be written as
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where in the last step the integral variable is changed back to ⌧ and we can see that the factor in [· · · ]
is independent of k. Then compared to the steps in Sec. 2.2, the infrared spectrum can be written as
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One can see that the infrared spectrum is fixed up to the model dependence of the evolution of the
universe after inflation.
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Figure 1. Illustration of the k dependence of di↵erent parts of a typical GW spectrum.

none of these scenarios can produce features in the GW spectrum similar to first order phase transition
during inflation.

In the appendix of Ref. [20], we provide simple models that first order phase transition can happen
and finish during inflation. Possible scenarios are also studied in Ref. [69], where first order phase
transition in the thermal plasma is assumed to present at the beginning of inflation, and in Ref. [70],
where the inflation starts from a first order phase transition. Some results about the features of the
GW spectrum from first order phase transition are also studied in Ref. [71].

The rest of the paper is organized as the following. In Sec. 2, we show that the oscillation feature
is generic for instantaneous sources happen during the accelerating expansion era of the universe. In
Sec. 3, we discuss how to use the oscillation pattern to distinguish di↵erent inflation models. In Sec. 4,
we discuss the influence on the oscillation pattern from later evolutions of the universe after inflation.
In Sec. 5, we present examples of inflation models that first order phase transition can happen and
generate GW signals large enough to be observed by future detectors. We summarize our results in
Sec. 6.

2 Generic features

The metric of our expanding universe can be written as

ds
2 = �dt

2 + a
2(t)(�ij + hij)dx

i
dx

j
, (2.1)

where a is the scale factor, and the transverse traceless part of hij parameterizes the GW degrees of
freedom. If the expansion of the universe is accelerating we have ä > 0. Here the dot is defined as
derivatives with respect to t. The conformal time is defined as d⌧ = a

�1(t)dt, then the metric can be
written as

ds
2 = a

2(⌧)
⇥
�d⌧

2 + (�ij + hij)dx
i
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j
⇤
. (2.2)

It is well-known that if the expansion of the universe accelerates, there will be a future event horizon,
which means in the comoving coordinate system, the range of the conformal time, ⌧ , has an upper
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⌧c integral. Moreover, for k < ��1
⌧

, there can still be a smearing e↵ect. For example, if the shape of
the source as a function of time is Gaussian like, then the smearing factor is e�k

2�2
⌧/2. If it is square

like, the smearing factor becomes sin(k�⌧ )/(k�⌧ ). For a realistic model, the smearing factor can be
determined from numerical simulation (see [73] for results using envelop approximation and [74, 75]
for results away from envelop approximation).

As a result, the smeared oscillatory part of the spectrum can be generally estimated as
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where S is the smearing factor.

2.4 The UV behavior of the GW spectrum

To get the UV behavior, let’s study the case that kp�p � 1. In this case, the discussions in the
Sec. 2.3 still applies. Therefore, the contribution from the oscillating term in Eq. (2.35) is suppressed.
Therefore, in this region, we have
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The UV spectrum depends on both the detailed models of inflation, later evolution after inflation, and
the information of the GW source.

2.5 The IR behavior of GW spectrum

We have already shown that in the case of ⌘0 < ⌘A, the Green’s function has an oscillatory feature.
Now, let’s discuss its behavior in the region of ⌘0 > ⌘B . In this case, the Green’s function (2.11) can
be simplified as

✓
d
2

d⌘2
� d

2
a

ad⌘2

◆
G̃(⌘, ⌘0) = 0 , (2.41)

with the initial condition

G̃(⌘0, ⌘0) = 0 ,
dG̃(⌘, ⌘0)

d⌘

�����
⌘=⌘0

= 1 . (2.42)

The solution to G̃ at ⌘ ! 0 can be written as
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where in the last step the integral variable is changed back to ⌧ and we can see that the factor in [· · · ]
is independent of k. Then compared to the steps in Sec. 2.2, the infrared spectrum can be written as
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Ẽ i

0(k)
i2

k
5

�
. (2.44)

One can see that the infrared spectrum is fixed up to the model dependence of the evolution of the
universe after inflation.
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Figure 1. Illustration of the k dependence of di↵erent parts of a typical GW spectrum.

none of these scenarios can produce features in the GW spectrum similar to first order phase transition
during inflation.

In the appendix of Ref. [20], we provide simple models that first order phase transition can happen
and finish during inflation. Possible scenarios are also studied in Ref. [69], where first order phase
transition in the thermal plasma is assumed to present at the beginning of inflation, and in Ref. [70],
where the inflation starts from a first order phase transition. Some results about the features of the
GW spectrum from first order phase transition are also studied in Ref. [71].

The rest of the paper is organized as the following. In Sec. 2, we show that the oscillation feature
is generic for instantaneous sources happen during the accelerating expansion era of the universe. In
Sec. 3, we discuss how to use the oscillation pattern to distinguish di↵erent inflation models. In Sec. 4,
we discuss the influence on the oscillation pattern from later evolutions of the universe after inflation.
In Sec. 5, we present examples of inflation models that first order phase transition can happen and
generate GW signals large enough to be observed by future detectors. We summarize our results in
Sec. 6.

2 Generic features

The metric of our expanding universe can be written as

ds
2 = �dt

2 + a
2(t)(�ij + hij)dx

i
dx

j
, (2.1)

where a is the scale factor, and the transverse traceless part of hij parameterizes the GW degrees of
freedom. If the expansion of the universe is accelerating we have ä > 0. Here the dot is defined as
derivatives with respect to t. The conformal time is defined as d⌧ = a

�1(t)dt, then the metric can be
written as

ds
2 = a

2(⌧)
⇥
�d⌧
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. (2.2)

It is well-known that if the expansion of the universe accelerates, there will be a future event horizon,
which means in the comoving coordinate system, the range of the conformal time, ⌧ , has an upper
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⌧c integral. Moreover, for k < ��1
⌧

, there can still be a smearing e↵ect. For example, if the shape of
the source as a function of time is Gaussian like, then the smearing factor is e�k

2�2
⌧/2. If it is square

like, the smearing factor becomes sin(k�⌧ )/(k�⌧ ). For a realistic model, the smearing factor can be
determined from numerical simulation (see [73] for results using envelop approximation and [74, 75]
for results away from envelop approximation).

As a result, the smeared oscillatory part of the spectrum can be generally estimated as
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where S is the smearing factor.

2.4 The UV behavior of the GW spectrum

To get the UV behavior, let’s study the case that kp�p � 1. In this case, the discussions in the
Sec. 2.3 still applies. Therefore, the contribution from the oscillating term in Eq. (2.35) is suppressed.
Therefore, in this region, we have
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The UV spectrum depends on both the detailed models of inflation, later evolution after inflation, and
the information of the GW source.

2.5 The IR behavior of GW spectrum

We have already shown that in the case of ⌘0 < ⌘A, the Green’s function has an oscillatory feature.
Now, let’s discuss its behavior in the region of ⌘0 > ⌘B . In this case, the Green’s function (2.11) can
be simplified as
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The solution to G̃ at ⌘ ! 0 can be written as
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where in the last step the integral variable is changed back to ⌧ and we can see that the factor in [· · · ]
is independent of k. Then compared to the steps in Sec. 2.2, the infrared spectrum can be written as

d⇢
IR
GW

d log k
=

4GN |T̂ij(0, 0)|2

⇡2V a4(⌧)

⇢h
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One can see that the infrared spectrum is fixed up to the model dependence of the evolution of the
universe after inflation.
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Figure 1. Illustration of the k dependence of di↵erent parts of a typical GW spectrum.

none of these scenarios can produce features in the GW spectrum similar to first order phase transition
during inflation.

In the appendix of Ref. [20], we provide simple models that first order phase transition can happen
and finish during inflation. Possible scenarios are also studied in Ref. [69], where first order phase
transition in the thermal plasma is assumed to present at the beginning of inflation, and in Ref. [70],
where the inflation starts from a first order phase transition. Some results about the features of the
GW spectrum from first order phase transition are also studied in Ref. [71].

The rest of the paper is organized as the following. In Sec. 2, we show that the oscillation feature
is generic for instantaneous sources happen during the accelerating expansion era of the universe. In
Sec. 3, we discuss how to use the oscillation pattern to distinguish di↵erent inflation models. In Sec. 4,
we discuss the influence on the oscillation pattern from later evolutions of the universe after inflation.
In Sec. 5, we present examples of inflation models that first order phase transition can happen and
generate GW signals large enough to be observed by future detectors. We summarize our results in
Sec. 6.

2 Generic features

The metric of our expanding universe can be written as

ds
2 = �dt

2 + a
2(t)(�ij + hij)dx

i
dx

j
, (2.1)

where a is the scale factor, and the transverse traceless part of hij parameterizes the GW degrees of
freedom. If the expansion of the universe is accelerating we have ä > 0. Here the dot is defined as
derivatives with respect to t. The conformal time is defined as d⌧ = a

�1(t)dt, then the metric can be
written as

ds
2 = a

2(⌧)
⇥
�d⌧

2 + (�ij + hij)dx
i
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j
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. (2.2)

It is well-known that if the expansion of the universe accelerates, there will be a future event horizon,
which means in the comoving coordinate system, the range of the conformal time, ⌧ , has an upper
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Therefore, when the mode evolves back into the horizon (k � ȧ = a
0
/a)

E(⌘) = Ẽ i

0a
�1 sin(⌘ + �) . (2.25)

Here the coe�cient of proportionality Ẽ i

0 also depends on k, just like G̃f

0 , and from now on we will
write its dependence on k explicitly.

For example, depending on the state of the universe right after the inflation phase, we have
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The observed energy density at conformal time ⌧ can be written as
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where h· · · i means the the spatial average and the average over ⌧ for at least several periods to measure
the GW. Therefore we have
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where V is the total spatial comoving volume. Then, we can get the general formula
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where the average over ⌧ is treated as sin2 k⌧ ! 1/2.
Let’s further assume that the source of the GW happened within �⌧ around ⌧?. We can expand
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Now, let’s consider first the case that k�⌧ ⌧ 1. In the case of first order phase transition, �⌧ can be
estimated as the typical radius of the bubbles at the end of the phase transition. In this case, we can
approximate

cos k�⌧ ! 1 , sin k�⌧ ! 0 . (2.31)
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where

T̂ij(0,k) = a(⌧?)
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is the zero mode of the temporal Fourier transformation of T̃ij(⌧,k). As shown in Ref. [72], and also
numerically in Ref. [73] for a large class of models including first order phase transition, in the case
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0 also depends on k, just like G̃f

0 , and from now on we will
write its dependence on k explicitly.

For example, depending on the state of the universe right after the inflation phase, we have

E(⌘) =
(

sin ⌘

⌘
radiation dominated

3
⌘3 (sin ⌘ � ⌘ cos ⌘) matter dominated

. (2.26)

The observed energy density at conformal time ⌧ can be written as

⇢GW =
1

16⇡GNa2
hh02

ij
(⌧,x)i , (2.27)

where h· · · i means the the spatial average and the average over ⌧ for at least several periods to measure
the GW. Therefore we have

hh02
ij
(⌧,x)i = 1

V

Z
d
3
k

(2⇡)3
d
3
k
0

(2⇡)3

Z
d
3
xh̃

0
ij
(⌧,k)h̃0⇤

ij
(⌧,k0)ei(k�k0)·x =

1

V

Z
d
3
k

(2⇡)3
h|h̃0

ij
(⌧,k)|2i ,(2.28)

where V is the total spatial comoving volume. Then, we can get the general formula

⇢GW(⌧) =

Z
d
3
k

(2⇡)3

8⇡GN

h
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where the average over ⌧ is treated as sin2 k⌧ ! 1/2.
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Now, let’s consider first the case that k�⌧ ⌧ 1. In the case of first order phase transition, �⌧ can be
estimated as the typical radius of the bubbles at the end of the phase transition. In this case, we can
approximate
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is the zero mode of the temporal Fourier transformation of T̃ij(⌧,k). As shown in Ref. [72], and also
numerically in Ref. [73] for a large class of models including first order phase transition, in the case
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Scenarios of inflation and its 
aftermath

w ⇢(a) p̃ ↵̃

MD 0 a
�3 2/3 -3/2

RD 1/3 a
�4 1/2 -1/2

⇤ -1 a
0 1 3/2

Cosmic string -1/3 a
�2 1 1

Domain wall -2/3 a
�1 2 5/2

kination 1 a
�6 1/3 0

Table 1. Examples of post-inflationary scenarios, the corresponding equation of state w, the evolution of

the energy density ⇢(a) and the power parameter p̃ and ↵̃.

When ⌧ � ⌧1, we have
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The solution to the Greens function (2.11) with the initial condition (2.21) is then
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Requiring that when ⌘ ! ⌘1 ⌧ 1, E ! 1 and also E 0 ! 0 fixes
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In the limit |⌘1| ⌧ 1, we have
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When the modes evolves back into the horizon ⌘ � 1, we have
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From here, we can read

Ẽ i

0 =

p
⇡2

1
2�↵̃

F1 csc(⇡↵̃)k↵̃�
1
2

�(↵̃)
. (4.10)

In the following subsections, we discuss three special cases, radiation domination in Sec. 4.2, matter
domination in Sec. 4.3 and a short inflationary phase in Sec. 4.4 inside radiation domination. We
discuss more complicated cases such as a matter domination era before radiation in Appendix A.1 and
a phase of general equation of state inside radiation domination in Appendix A.2.
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Scenarios after inflation: 

Scenarios of inflation3.2 Power Law Inflation

The early period of inflation can also be parametrized by

a(t) = a0(t/t0)
p
. (3.5)

It was shown that in power law inflation, a scalar field with an exponential potential of the form [80]

V (�) = V0e
���/Mpl (3.6)

can give rise to the desired background (3.5). When p ! 1, the background evolution approaches a de
Sitter spacetime that we discussed in Sec. 3.1. This parameterization can be also applied to alternative
to inflation scenarios and model independent ways to distinguish inflation from alternatives has been
proposed [81, 82]. However, here we focus on the inflation case where p > 1. The Hubble parameter
is thus

H =
ȧ

a
=

p

t
. (3.7)

The corresponding slow-roll parameter in this case is

✏ = � Ḣ

H2
=

1

p
. (3.8)

The conformal time ⌧ and the time in Poincare coordinate t are related by

a⌧ =
t

(1� p)
. (3.9)

The scale factor can then be expressed in terms of the conformal time as

a = a0

✓
⌧

⌧0

◆ p
1�p

, ⌧ =
1

1� p

t
p

0

a0
t
1�p

, H(⌧) =
p

(1� p)a0

⌧
1

p�1

⌧

p
p�1

0

. (3.10)

The Hubble value can be written as

H(⌧) =
p

(1� p)a0

⌧
1

p�1

⌧

p
p�1

0

, H(a) = � p

(p� 1)

1

a0⌧0

✓
a

a0

◆� 1
p

. (3.11)

The solution to the Greens function (2.11) with the initial condition (2.21) is then

G̃(1)(⌘, ⌘0) =
⇡

2

p
⌘⌘0

✓
J↵(�⌘)Y↵(�⌘

0)� J↵(�⌘
0)Y↵(�⌘)

◆
. (3.12)

where J↵(x) is the Bessel function of the first kind while Y↵(x) is the Bessel function of the second
kind. ↵ is defined to be

↵ ⌘ 3

2
+

1

p� 1
. (3.13)

when p ! 1, ↵ = 3/2. Inflation means p > 1, in this case, we have ↵ > 3/2.

G̃(1)(⌘, ⌘0)

a(⌘)

����
⌘!0

= a
�1
0 (�k⌧0)

p
1�p 2

1
2+

1
p�1 (�⌘

0)1/2J↵(�⌘
0)�

�
↵
�
. (3.14)
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2.6 Summary of generic features

In general as shown in Eqs. (2.39), if there is an approximate instantaneous GW production process
happened during inflation, an oscillatory feature will show up in the spectrum. The number of periods
gives the information of roughly when the phase transition happened. The slope of the profile of the
peaks is sensitive to both the details of the behavior of the scale factor when the mode evolves out of
the horizon and the evolution of the universe when the mode reenters the horizon. Whereas the IR
slope as shown in Eq. (2.44) is sensitive only to the evolution of the universe when the mode reenters
the horizon. Moreover, the slope of the UV part of the spectrum as shown in Eq. (2.40) is sensitive to
both the evolutions of the universe when the modes exit and reenter the horizon. It is also sensitive
to the detailed models of the GW source. The k-dependence of a typical GW spectrum is shown in
Fig. 1. Therefore, if such a process happened, from the GW spectrum we can break the degeneracy of
model dependence and get information of both the inflation era and the later evolution of the universe,
and the model of the GW source.

Although similar oscillations can also show up in models where gravitational wave is generated by
primordial magnetic fields, those are due to coherent superposition [76–78]. Incoherent superposition
of post inflationary sources cannot generate oscillating feature on the gravitational wave spectrum.

3 GW oscillation pattern in di↵erent inflation models

As shown in Eqs. (2.39) and (2.40), the slope of the oscillation profile and the UV part of the GW
spectrum are sensitive to the detailed models of the evolution of the scale factor a when the modes
exit the horizon. This e↵ect is parameterized by the factor G̃f

0 (k) in Eqs. (2.39) and (2.40).

3.1 dS Space

Inflation is the most popular scenario to describe the very early universe. It can solve the horizon
problem, flatness problem and the magnetic monopole problem of the standard hot big bang cosmol-
ogy [1–3, 79]. Most inflation models assume a quasi-de Sitter expansion. In the general slow roll
scenario, the vacuum energy is dominated by the potential energy of the inflaton field. This leads to
an almost constant Hubble parameter and the universe undergoes exponentially expansion. During
inflation, the background is described by the de Sitter spacetime.

a(⌧) = � 1

H⌧
. (3.1)

In this case, (2.11) with the initial condition (2.21) can be solved exactly. The solution is

G̃(1)(⌘, ⌘0) =

✓
1

⌘
� 1

⌘0

◆
cos(⌘ � ⌘

0) +

✓
1 +

1

⌘⌘0

◆
sin(⌘ � ⌘

0) . (3.2)

Since bubble collision happens at sub-horizon (|⌘0| � 1) and the modes went super-horizon (⌘ ! 0).
Taking these two limits yields

G̃(1)(⌘, ⌘0)

a(⌘)

����
⌘!0

=

✓
� H

k

◆
cos(⌘0) (3.3)

Comparing with (2.17), we can obtain

G̃f

0 =

✓
� H

k

◆
, ⌘

0
0 = 0 . (3.4)
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Quasi de Sitter:

Power law:  
Lucchin and Matarrese, 1985 p→∞,quasi de Sitter 

We can replace the constant parameters a�1
0 (�⌧0)

p
1�p with the Hubble parameter

(�⌧0)
p

1�p a
�1
0 =

✓
p

p� 1

◆� p
p�1 a

1
p�1

H(a)�
p

p�1

. (3.15)

Hence (3.14) can be converted into

G̃(1)(⌘, ⌘0)

a(⌘)

����
⌘!0

=

✓
p

p� 1

◆� p
p�1 a

1
p�1

H(a)�
p

p�1

k
p

1�p�(↵)2
1
2+

1
p�1 (�⌘

0)1/2J↵(�⌘
0)

=

✓
p

p� 1

◆� p
p�1

a
�1

✓
k

aH

◆� p
p�1

2
1
2+

1
p�1�(↵)(�⌘

0)1/2J↵(�⌘
0)

(3.16)

in which a and H can be chosen at ⌧ = ⌧
0 or ⌧ = ⌧end which would be useful for the post-inflationary

connection condition. The only ⌧
0 dependence are encoded in the last two terms. Since we consider

phase transition happening at sub-horizon scale, k/(aH) ⌘ (p � 1)|⌘0|/p � 1. Taking |⌘0| � 1, we
have the following asymptotic formula

G̃(1)(⌘, ⌘0)

a(⌘)

����
⌘!0

=

✓
p

p� 1

◆� p
p�1

a
�1

✓
k

aH

◆� p
p�1 2

p
p�1

p
⇡

cos


⇡

2� 2p
� ⌘

0
�
�

✓
3

2
+

1

�1 + p

◆
. (3.17)

Comparing with (2.17), we can obtain

G̃f

0 =

✓
p

p� 1

◆� p
p�1

a
�1

✓
k

aH

◆� p
p�1 2

p
p�1

p
⇡

�

✓
3

2
+

1

�1 + p

◆
, ⌘

0
0 =

⇡

2� 2p
. (3.18)

4 GW oscillation pattern influenced by later evolution

In this section we focus on the evolution after the completion of inflation. The key issue is to compute
the E(k⌧) factor. The simplest case is directly enter into the RD stage after instantaneous reheating
with E(⌘) = sin ⌘/⌘.

4.1 General Equation of State

We connect inflation to a post inflationary scenario parameterized by a(t) ⇠ t
p̃. There are various

possibilities, such as radiation domination, matter domination, cosmic string domination [83, 84],
domain wall domination [85–87] and kination [88, 89]. In the case of cosmic strings and domain walls,
we have to assume they are unstable and annihilated before they overclose the universe. We list
several examples in Table 1 The following discussion is independent of the inflationary scenarios. We
parametrize the scale factor at ⌧1 to be a1 and the Hubble parameter at ⌧1 to be H1. We define a
convenient parameter ↵̃ to be

↵̃ ⌘ �1 + 3p̃

2(�1 + p̃)
. (4.1)

Then the general evolution of the scale factor after inflation is

a(⌧) = F1(⌧ �G1⌧1)
1
2�↵̃

. (4.2)

Requiring a and a
0 are continuous at the transition time ⌧1, we can fix F1 and G1

G1 = 1 +
�1 + 2↵̃

2a1H1⌧1
, F1 = 2

1
2�↵̃

a1

✓
1� 2↵̃

a1H1

◆� 1
2+↵̃

. (4.3)
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Parameterized as



Impact on spectrum

Figure 4. The left figure shows the slope in the UV regime of the GW spectrum for di↵erent p values with

⌧r = |⌧⇤| and �/H⇤ = 20. The right figure shows the slope in the IR regime with ⌧r = 20|⌧⇤| and �/H⇤ = 10.

Both figures are plotted using H⇤ = 108GeV and a⇤/a1 = exp(�15) under the t
p ⇥MD-RD scenario.

density would become smaller which seems to raise the final ⌦GW value. However this enhancement
would be cancelled by the suppression of GW power spectrum. The lower Hubble value, the later
for certain mode exiting the horizon and it would experience more damping thus eventually leave a
weaker power spectrum. In the limit p ! 1 and setting ar = a1, Hr = H1, ⌧r = ⌧1 we recover the
dS⇥RD result

h
Ẽ i

0(k)G̃
f

0 (k)
i2 ✓a⇤

a1

◆4

=

✓
a⇤H⇤
k

◆4

=
1

(k⌧⇤)4
(5.11)

It should be emphasized that the absolute value of the Hubble parameter when phase transition
take place is not important. Only the relative ratio kp/H⇤ matters which divided the spectrum profile
into three regions, IR, oscillatory and UV part. In the following we focus on the slope of the GW
signal in di↵erent region. The source k

3
p
Tij(kp,kp)T ⇤

ij
(kp,kp) can provide two distinct region. For

modes k < kpeak, the IR part is approximately proportional to k
3 while for modes k > kpeak the signal

goes like k
�1. The signals are given as in the following tables. We summarize the tilt of the UV part

of the gravitational wave spectrum in Table 2, the tilt of the intermediate part of the gravitational
wave spectrum in Table 3 and the tilt of the IR part of the gravitational wave spectrum in Table 4.

RD MD t
p̃

dS k
�5

k
�7

k
�3+2 p̃

p̃�1

t
p

k
�3+2 p

1�p k
�5+2 p

1�p k
�1+2( p

1�p+
p̃

p̃�1 )

Table 2. The slope of the gravitational wave spectrum in the UV regime which scales as
h
Ẽi
0(k)G̃f

0 (k)
i2

k
�1.

Here
h
Ẽi
0(k)G̃f

0 (k)
i2

encodes the UV e↵ect from the propagation of the gravitational wave. k�1 is contributed

by the UV part of the source.

In the tables, the rows show di↵erent inflationary scenarios while the columns refer to the di↵erent
stages when the modes re-enter the horizon. The slope here is in the near small region of the k mode.
The k mode re-enters the horizon and starts to oscillate at certain era like matter dominated or
radiation dominated stage. Afterwards it would never exit the horizon under the assumption that
there is no extra inflationary stage as the universe continues to expand. In the ”deep” IR part, the low
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UV
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t
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3+2( p

1�p+
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Table 3. The slope of the gravitational wave spectrum in the intermediate regime which scales

as
h
Ẽi
0(k)G̃f

0 (k)
i2

k
3. Here

h
Ẽi
0(k)G̃f

0 (k)
i2

encodes the UV e↵ect from the propagation of the gravitational

wave. k3 is contributed by the IR part of the source.

RD MD t
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dS k
3

k
1

k
5+2 p̃

p̃�1

t
p

k
3

k
1

k
5+2 p̃

p̃�1

Table 4. The slope of the gravitational wave spectrum in the IR regime which scales as
h
Ẽi
0(k)

i2
k
5. Here

h
Ẽi
0(k)

i2
k
2 is the contribution from the Green’s function which encodes the IR e↵ect from the propagation of

the gravitational wave. k3 is contributed by the IR part of the source.

enough k-modes do not becomes subhorizon until the universe enters the final radiation-dominated
stage where SM particles have been thermalized and its signal still behave like k

3 as expected.
In Fig 4, we emphasize the slopes in the UV and IR regime of the GW spectrum under the t

p⇥
MD-RD scenario. Apart form the k

3 behaviour in deep IR, the other slope values are p-dependent
as expected. In Fig 5 we show the explicit current observed GW spectrum from the phase transition
happened during the t

p inflation and followed by later MD-RD evolution. Cases with two p values
and four di↵erent ⌧r values are displayed. The solid line is for p = 10 while the dashed line is with
p = 3. ⌧r = ⌧1 refers to the instantaneous reheating which could serve as the limiting case for very
short reheating process. For the other three settings we vary the ratio ⌧2/|⌧⇤| to be 0.1, 1 and 10. As
we have seen from Eq (5.10), when we vary the value of a⇤/a1 and H⇤, the signal strength would be
una↵ected. This means the spectrum profile is just moved left or right horizontally in this plot when
phase transition happens at di↵erent moments or with di↵erent Hubble values. Hence it is likely some
parts of such signal profile enter into the sensitivity regime of di↵erent GW observatories especially
like SKA, BBO1 and BBO2 which can probe weaker GW signal strength.

5.2 dS ⇥ RD-dS-RD

We consider this combination evolution as an interesting extension. The factor Ẽ i

0(k) has been calcu-
lated in Sec. 2.2. Inserting these expressions we get

h
Ẽ i

0(k)G̃
f

0 (k)
i2 H

2
⇤

H2
r

✓
a⇤
ar

◆4

=

✓
H1

k

◆2

Ẽ i

0(k)
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✓
a⇤
a1

◆4 ✓
a2
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◆4

=

✓
a⇤H1

k

◆4

R

✓
k

a⇤H1
,
⌧2

⌧⇤
,
⌧r

⌧2

◆
(5.12)

In the last equation we have inserted the explicit expressions and write down the final result in terms
of the dS-RD result and the ratio which is only dependent on k/(a⇤H1) or k⌧⇤, the ratios of ⌧2, ⌧r to
⌧⇤ but no ⌧1. Of course while ⌧r ! ⌧2, the ratio R ! 1 and we recover the simple dS-RD result. In
Fig 6 we show the observed GW spectrum under two di↵erent ⌧r/⌧2 settings and the corresponding
four ⌧2 values. Compared to the single RD signal profile, the larger ⌧2/⌧⇤ leads to the modification
to deeper IR modes which may hardly be detected even in the future BBO2. For ⌧r = 1.9⌧2, the UV
part is considerably altered which may serve as the characteristic to distinguish. If the parameters are
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Table 4. The slope of the gravitational wave spectrum in the IR regime which scales as
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the gravitational wave. k3 is contributed by the IR part of the source.

enough k-modes do not becomes subhorizon until the universe enters the final radiation-dominated
stage where SM particles have been thermalized and its signal still behave like k

3 as expected.
In Fig 4, we emphasize the slopes in the UV and IR regime of the GW spectrum under the t

p⇥
MD-RD scenario. Apart form the k

3 behaviour in deep IR, the other slope values are p-dependent
as expected. In Fig 5 we show the explicit current observed GW spectrum from the phase transition
happened during the t

p inflation and followed by later MD-RD evolution. Cases with two p values
and four di↵erent ⌧r values are displayed. The solid line is for p = 10 while the dashed line is with
p = 3. ⌧r = ⌧1 refers to the instantaneous reheating which could serve as the limiting case for very
short reheating process. For the other three settings we vary the ratio ⌧2/|⌧⇤| to be 0.1, 1 and 10. As
we have seen from Eq (5.10), when we vary the value of a⇤/a1 and H⇤, the signal strength would be
una↵ected. This means the spectrum profile is just moved left or right horizontally in this plot when
phase transition happens at di↵erent moments or with di↵erent Hubble values. Hence it is likely some
parts of such signal profile enter into the sensitivity regime of di↵erent GW observatories especially
like SKA, BBO1 and BBO2 which can probe weaker GW signal strength.

5.2 dS ⇥ RD-dS-RD

We consider this combination evolution as an interesting extension. The factor Ẽ i

0(k) has been calcu-
lated in Sec. 2.2. Inserting these expressions we get
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In the last equation we have inserted the explicit expressions and write down the final result in terms
of the dS-RD result and the ratio which is only dependent on k/(a⇤H1) or k⌧⇤, the ratios of ⌧2, ⌧r to
⌧⇤ but no ⌧1. Of course while ⌧r ! ⌧2, the ratio R ! 1 and we recover the simple dS-RD result. In
Fig 6 we show the observed GW spectrum under two di↵erent ⌧r/⌧2 settings and the corresponding
four ⌧2 values. Compared to the single RD signal profile, the larger ⌧2/⌧⇤ leads to the modification
to deeper IR modes which may hardly be detected even in the future BBO2. For ⌧r = 1.9⌧2, the UV
part is considerably altered which may serve as the characteristic to distinguish. If the parameters are
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Figure 1. Illustration of the k dependence of di↵erent parts of a typical GW spectrum.

none of these scenarios can produce features in the GW spectrum similar to first order phase transition
during inflation.

In the appendix of Ref. [20], we provide simple models that first order phase transition can happen
and finish during inflation. Possible scenarios are also studied in Ref. [69], where first order phase
transition in the thermal plasma is assumed to present at the beginning of inflation, and in Ref. [70],
where the inflation starts from a first order phase transition. Some results about the features of the
GW spectrum from first order phase transition are also studied in Ref. [71].

The rest of the paper is organized as the following. In Sec. 2, we show that the oscillation feature
is generic for instantaneous sources happen during the accelerating expansion era of the universe. In
Sec. 3, we discuss how to use the oscillation pattern to distinguish di↵erent inflation models. In Sec. 4,
we discuss the influence on the oscillation pattern from later evolutions of the universe after inflation.
In Sec. 5, we present examples of inflation models that first order phase transition can happen and
generate GW signals large enough to be observed by future detectors. We summarize our results in
Sec. 6.

2 Generic features

The metric of our expanding universe can be written as

ds
2 = �dt

2 + a
2(t)(�ij + hij)dx

i
dx

j
, (2.1)

where a is the scale factor, and the transverse traceless part of hij parameterizes the GW degrees of
freedom. If the expansion of the universe is accelerating we have ä > 0. Here the dot is defined as
derivatives with respect to t. The conformal time is defined as d⌧ = a

�1(t)dt, then the metric can be
written as

ds
2 = a

2(⌧)
⇥
�d⌧

2 + (�ij + hij)dx
i
dx

j
⇤
. (2.2)

It is well-known that if the expansion of the universe accelerates, there will be a future event horizon,
which means in the comoving coordinate system, the range of the conformal time, ⌧ , has an upper
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Comparing scenarios

Different inflationary scenarios. 
→ different slope in UV part.

Scenarios after reheating. 

 = MD-RD transitionτ2



Conclusions
Cosmological observations can reveal new 
dynamics in the inflationary era.


Production of new particles with m ӗ H leads to 
distinct signals. 


Non-derivative coupling does not lead to large 
signal due to correction to the mass of new 
particle


Well motivated derivative couplings → observable 
signals. 



Conclusions

Cosmological observations can reveal new 
dynamics in the inflationary era.


Potentially large inflaton excursion can trigger new 
dynamics in a spectator sector.


Can trigger 1st order phase transition → GW.


Can probe an era invisible from CMB/LSS 
observables. 
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More general configuration
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2. Derivative coupling
Dim-6 (quasi single field): 

For the coupling to fermions, requiring m ⇠ H and lack of fine-tuning leads to y < H/�0. For

the coupling to gauge bosons, the inflaton needs to be part of a complex scalar which is charged

under the gauge interaction. The gauge boson will have mass m
2
A
⇠ g

2
�
2
0. Then, we will need

to have g . H/�0 to have a gauge boson which is naturally around the Hubble scale. In both of

these cases, the contribution to the bispectrum is only at one-loop level. An estimate similar to

that of the scalar case gives similar conclusions.

Derivative couplings. Next, we move on to consider non-renormalizable couplings. Here, with

the inflation background, it is possible to have two point couplings of the form ˙��Q, which are

necessary to have tree-level contribution to the oscillatory signal. A distinct possibility is that

the inflaton only couples derivatively, which would be the case if it has an approximate shift

symmetry � ! �+ c. So the signals produced from these couplings will be nearly scale invariant

up to slow-roll corrections.

A commonly considered example in this category is that the inflaton couples to matter field

through a dimension-6 operator. The relevant Lagrangian is

L � c6

⇤2
(@�)2Q†

Q�m
2
Q
Q

†
Q� �Q|Q|4, (13)

where ⇤ is the scale of the sector which mediates the interaction. If the mass of Q is comparable

to H, this is the so called quasi-single field inflation [1, 13, 30]. The resulting NG is larger if the

matter field acquires a VEV, hQi = Q0. During the inflation, h@µ�i = �̇0�µ0, there is a correction

to the mass of Q. To avoid fine-tuning

Max

⇢
m

2
Q
, �QQ

2
0, �m

2
Q
= c6

⇣
�̇0

⇤

⌘2
�

. H
2
, (14)

which means
c6

⇤2
. H

2

�̇
2
0

=
(2⇡)2P⇣

H2
. (15)

There are three tree-level contributions to NG:

Q

c6�̇0Q0/⇤2

�QQ0

1 2 3

(16)

In the most favorable case which involves cubic self-coupling of Q,

f
(osc)
NL

0

BBBBBBB@

Q

c6�̇0Q0/⇤2

�QQ0

1

1

CCCCCCCA

⇠ 1

2⇡P 1/2
⇣

⇣
c6

⇤2
�̇0Q0

⌘3

�QQ0
1

H4
. �

�1
Q
(2⇡)2P⇣ . (17)
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Validity of EFT in inflationary background: Λ2 > ·ϕ0

 contributes to the mass of Q. To avoid fine tuning: ·ϕ0 ≠ 0
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Hence, to have a observable signal fNG ⇠ O(1), a small quartic coupling �Q ⇠ (2⇡)2P⇣ ' 8⇥10�8

(or equivalently, a large VEV Q0 ⇠ 3 ⇥ 103H5. ) is necessary. We note that the coe�cient of

the two-point mixing c6�̇0Q0/⇤2 is comparable to H in this regime and thus �� and the massive

field Q are quite strongly coupled. This is not a problem since the strongly coupled regime of

quasi-single field inflation is well understood [11,12], and the above estimate work reasonably well

when the mixing is of O(H).

There is a dim-7 operator of similar form with inflaton coupling to fermion bilinear. However,

this only contributes to NG at one-loop order which is smaller.

Finally, we consider dim-5 couplings of the form

1

⇤
@µ�J µ

,
�

⇤
F ^ F. (18)

For the first operator, J µ is the current associated with a symmetry for which is non-linearly

realized by the shift of �. The second operator is a typical coupling between an axion-like-particle

and gauge (gravity) field strengths. A detailed understanding of the e↵ect of this class of operators

is a main topic of this paper. Here, to set the stage, we first present a simple (and naive) estimate

of its contribution to NG. We note that an important feature of this class of operators is that they

do not directly contribute to the mass spectrum of the matter fields, including the constituents

of Jµ and the gauge field. There is still a constraint on the cut-o↵ scale from the validity of the

EFT expansion

�̇0 < ⇤2
. (19)

This class of operators do not contribute to the bispectrum at the tree level. Naively, their

contribution can be estimated as

f
(osc)
NL ⇠ 1

16⇡2

1

2⇡P 1/2
⇣

⇣
H

⇤

⌘3

<
1

16⇡2

1

2⇡P 1/2
⇣

✓
H

�̇
1/2
0

◆3

=
1

16⇡2
·
p
2⇡P 1/4

⇣
. (20)

This has a smaller power in P⇣ even though one has to pay an additional loop factor. In comparison

with Eq. (77) of Ref. [9], this agrees parametrically with the pre-factor �̇
1/2
0 if we saturate the

EFT limit ⇤ = �̇
1/2
0 . The final result, Eq. (79) of of Ref. [9], features additional enhancement.

Understanding them will be the focus of next sections.

Trispectrum. To finish this section we also briefly consider the trispectrum. The estimate of

the 4-point non-Gaussian parameter T goes as

T ⇠ 1

(2⇡)2P⇣

⇥ loop factor⇥ vertices⇥ propagators. (21)

The trispectrum is more challenging to probe in general, but there are cases where the signals

show up only in the trispectrum but not in the bispectrum. For example, we have shown that the

5We note that such a VEV of Q0 is already larger than the minimal value of the cut-o↵ ⇤ ⇠
q

�̇0. Hence, the
assumption of being able to ignore high order terms in the EFT expansion implies additional fine tuning in this
scenario.
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Can be sizable (O(1)) if



Observing the signal

Ne: efold till the end of inflation = time of the phase transition

Hinf = 1012 GeV, Δρspectator /ρinf = 0.1



1st order phase transition 
during inflation

Bubble nucleation rate: 
Γ
V

≃ m4
σe−S4

Efficient phase transition: 

∫
t

−∞
dt′ 

Γ
V

1
H3 ≃ O(1) → S4 ∼ log ( ϕH

·ϕ
m4

σ

H4 ) ∼ log ( ϕ
ϵ1/2MPl

m4
σ

H4 )

Phase transition is 1st order (S4 ≫1), and spectator sector 
does not dominate energy density: 

H4 ≪ m4
σ ≪ 3M2

PlH2

This is possible to arrange.



Typical bubble r−1
bubble ≃ β = dS4

dt

β
H

= dS4
d log μ2

eff
(2ϵ)1/2 × MPl

ϕ (1 − m2σ /(c2ϕ2))
∼ dS4

d log μ2
eff

× Λ2

μ2
eff

In our example:

First order phase transition during 
inflation
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