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Rubakov-Callan effect
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[V. A. Rubakov (1982), C. G. Callan (1982)]

@ When the proton collides with a GUT monopole, it decays into a positron
and mesons.

@ The effect has been used to put constraint on the monopole flux in the
Universe.
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Helicity flip: One-flavor case
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@ The helicity flips even in the massless QED.

@ The only possible source of the fermion number violation is the chiral
anomaly, which is a non-perturbative effect of QED.

@ As the effect of the anomaly, the fermion condensate is nonzero.
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Puzzle: Two-flavor massless case

? Ji
BN o ~
Monopole <f1f1> =0
(FDA2F2) < 55

Any fermion cannot be the final state due to the flavor charge
conservation.

? = Pancake (Wall with boundary)

)

Soliton of the phase of the fermion
condensate
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Helicity flip
o If there is a monopole and a charge, the electromagnetic field carries an
angular momentum, (7p: The unit vector pointing from the monopole to the
charge)

- 1 L 1
Jem = 7/(131,7?)( (E x B) = —=y.
4m 2

@ If the incoming particle has a helicity —1/2 (left-handed), the total angular
momentum is zero.

@ After the scattering, the angular momentum from the electro magnetic field
has the opposite direction to the particle momentum.

@ To conserve the total angular momentum, the helicity of the particle has to

flip.
Jen = —%fo Jem = — 170
® - <D @ = ®
Jp = 5720 Jp = %TA’O
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Set up

o We consider an SU(2) gauge theory with an adjoint Higgs and 4 flavors of
Weyl fermions, where SU(2) is spontaneously broken down to U(1).

@ The global symmetry is SU(4).

SU(4) quadruplets (fund. rep.)

sU) doublets{ (G5)-G2)-G2)-G)

@ The theory can be regarded as an approximation of SU(5) GUT:

()-() ()= (1 ()-Ch)- -G
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The low energy effective theory

o We approximate the theory as the gauge theory of the unbroken U(1).

a: The U(1) gauge field,
a; : The Weyl fermions with charge +1,
b; : The Weyl fermions with charge —1.

@ The 't Hooft-Polyakov monopole is approximated by the (background) Dirac
monopole.

e XY bosons, GUT Higgs bosons are considered to be infinitely heavy.
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The missing final state puzzle

@ The helicity, the U(1) charge and the representation of SU(4) are
aj : (L,+1,0), b;:(L,—1,0), a;:(R,—1,0), b;:(R,+1,0)

o If the initial state is a;, the final state should be a particle with (R, +1,0).
However, there are no particle with this quantum number.

@ The s-wave approximation implies that, when the initial state is a1, the final
state is something like

by by b3 by
b;/2: “Semiton”, the state with halves of the U(1) charge, the flavor charge
and the spin of b;.

It is hard to interpret what this “semiton state” actually is. )
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Interpretation of the final state
Probabilistic interpretation [C. G. Callan (1984), V. A. Rubakov (1988)]:
@ In the SU(5) GUT,

-3
aj :(32_7 a2:dL7 (13:’114}1, (14:’1,6%,
bl :d%, bgzez, b3 Zﬂ%, b4:ﬂi.
@ “The semiton state” is
1 1 1 1
+ 1 2 3
—ep + —up + —uRp + =d
2 BT gTR T 9TR T 97L

@ The state is interpreted as
Lo+ g o3 2
NG ler, M) + NG lugupdy, M) 1

This is problematic because e;g = by is in the antifundamental representation
of SU(4), i.e., the flavor charge is not conserved.

o If massless QED is unitary, there must be a final state.

@ The non-perturbative effect of QED can make an appropriate final state.
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S-wave approximation and bosonization

@ The final state is obtained as the soliton in the bosonized theory in the s-wave
approximation, where we only consider the spherically symmetric fields.

™

N

4
1 _
S4d = /d4.'17 —@f*f + Z (Z.Ej E“D#aj + ’lbj E”D‘ubj) y
j=1

S-wave approximation, bosonization

S ) 1 4 2 1 4
S2d = /0 d’“/_oo dt [% ;((@@)Q — (0,¢4)*) — 35?7,—2(; ¢:)? |,
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Fermions are kinks
@ The fermions correspond to the kink solitons.

Kinks = Fermions with the charge +1
Anti-kinks = Fermions with the charge —1

Incoming (anti-)kinks = a; (a;)
Outgoing (anti-)kinks = b; (b;)

o1
2
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Currents and boundary conditions
@ The currents of U(1) and the maximal torus of SU(4) is (o, 8 = ¢t, 1)

1
Arr?J% = or ZEaﬁaB¢j7
J

o 1
471—7'2(](1’_1)0’0) = %gaﬁaﬁ(d)l - ¢2)7
1
4777"2J(%’0’1,,1) = %%ﬁaﬁ(% — $a),

1
Arr?J3 1 11 = %%((bl + @2 — ¢3 — Pa).

J{ ) is the current of U(1) generated by diag(...).

@ The boundary condition is determined so that any charge does not flow into
the infinitesimal region around the monopole to prohibit the existence of the
dyon:

Arr?J" =0, 4mr?J{ y=0atr =0,
which implies
¢1+ G2+ 3+ ¢a =0, ¢1 = b2, ¢3= @1, Op(¢1 + b2 — ¢3 — ¢4) = 0.
e 15re



Scattering process

@ When the initial state is a1, the final state corresponds to the soliton:

(bl(o) = ¢2(0) =, ¢1 (OO) = 27(-,

$3(00) = ¢4(00) = 0.

1 2] .
= ¢2

$2(00) =0,

o1 | o3

-
>

<Y

T
7$|

$3,4

<Y

T —T =
$3.4

o The final state seems to be b; /2 + by /2 + b3 /2 + by /2, which is hardly

interpreted.

(¢ :7m — 27
Qo :m— 0
¢3:—m — 0

(g1 —1 = 0

-
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Massive case: No puzzle

In the massive case, this puzzle disappears. )

@ When we introduce the mass term,
mq(a1ba + agby + h.c.) + ma(asbs + asbs + h.c.),
@ The global symmetry reduces to U(1) x U(1), which is generated by
H, = diag(1,-1,0,0), H, = diag(0,0,1,-1),
and the charge correspond to
H; = diag(1,1,—-1,-1)

is not conserved.

@ There is a candidate of the final state

ar: (L, +1,Qq1,-1,00 = 1,Q0,0,1,—1) = 0)
— by (R, +1,Q(1,-1,0,0) = 1, Q0,0,1,—-1) = 0).

Ryutaro Matsudo (KEK) The missing final state puzzle April 19, 2021 17 /35



Numerical result in massive case

According to the numerical simulation [S. Dawson & A. N. Schellekens (1983)],
the scattering process is as follows :
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What happens when we take the massless limit?

@ In the scattering process, when the semitons reach r ~ 1/m, the values of ¢;
at the core start to change.

@ This means that, in the region where 1 < 1/m, the theory can be regarded
as the massless theory.

@ In the massless limit, every point is near the monopole.

Ryutaro Matsudo (KEK) The missing final state puzzle April 19, 2021 19/35



Outline

© Pancake soliton

Ryutaro Matsudo (KEK)

The missing final state puzzle



Fermion condensates

@ In the s-wave approximation, the final state is described as a soliton in the
bosonized theory.
= To interpret this in the 4d theory, a “bosonized” picture in 4d is needed.

@ The effective theory of the phases of the fermion condensates can be
regarded as such a theory.

@ Fact: In the monopole background, operators of the fermion fields have
nonzero expectation values:

—i 1 . .
<(b E#aj)(akaﬂbl)> = S5 (c10}3f + ea0}0),
1

<(ai1bi2)(ai3bi4)> = Ec3gi1i2i3i4'

@ The condensation is the seed of the helicity flip.

@ By “integrating in” the phases of these condensates, and integrating out the
fermions fields, we obtain the effective theory of the phases.
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@ The variables of the effective theory is the following four:
0.4 : the phase of (a1bs)(asbs), 61; : the phase of (b'5,a1)(a’5"b;)

@ It is convenient to express them using the phases of the fermion fields. Let

aj be the phase of a; and ; be that of b;, which means

a; — e%a; corresponds to a; — a1 + 6.

@ The genuine variables are expressed as

OA:Z(Oéj—‘rﬁj), 91]‘:041—51—(1]'4-6]‘ forj:2,3,4.

J

@ There are configurations of a; and 3; that represent an identical
configuration of the phases of the condensates
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Pancakes

@ We find that pancake configurations of the phases can be fermions by
determining the quantum numbers of the object.

<> = Fermion

a;j:0—=2r~0
@ The pancake is a 2 + 1 dimensional object.

@ On the bulk of the pancake, the value of a; (8;) gradually changes from 0 to
2.

@ «; (3;) winds around the boundary of the pancake.
= The boundary is a string of the phase.

Slice of pancake
aj =2m~0

S ———X----
A -
Boudar J
Y Bulk
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The effective theory of the phases of the fermion
condensates

@ Due to the chiral anomaly, the phase shift of the fermion causes the shift of
the Lagrangian:

i 1
aj—>e‘9aj = ﬁ%ﬁ'ﬁ‘ﬁe]p/\f
i 1
bj—>60bj = ;C-)ﬁ-F@ef/\f
@ To reproduce this, the effective theory of o, 3; has to contain the term,
1
oz 2 (g +B8)(f A L),
J
@ The U(1) current is read off as

vpo 1
JM:EH P mz&,(aj +ﬂ])fpa
J
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Monopole bag and pancake

@ Let us consider the monopole surrounded by the wall of .

o Witten effect: Because there is a monopole, f = sinf dfdy/2, the charges

are

JH = MVPU Za Olg +ﬁj)fp0‘7

= Q:/d?’xJO:%Z/O drOp(a; + B5) =1
J

@ This object corresponds to the kink in the s-wave theory.

@ The wall with a boundary is the pancake. There are edge modes that
contribute to the charge so that the total charge is an integer.

oy =21

@ Witten effect: ‘a Witten effect +

™M Jq = +1 — ' ™ edge contribution:
=+1

- A - Q

edge mode
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The edge state

@ By substituting the 27 jump of «; into the effective Lagrangian
>+ Bi) f A f/(87?), we obtain the Chern-Simons theory as the theory

on the wall:
1
— A\
47r/a !

@ When the wall has the boundary, the CS theory is not gauge invariant.
= There has to be a chiral edge mode:

1 1
i Jope AN+ /aDZ (D,¢(Dip +vD,¢) dadt — ¢ f),

D¢ :=dp—a, a—a+d\, ¢— o+ A\
@ ¢ is a 2m-periodic scalar, thus we can define the winding number of ¢,

€ dé.

2T oD?2
@ The pancake with the exited edge state with this winding number +1 can be
considered as a fermion.
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The charge of the edge state
@ The U(1) charge is

1 1
Q=5 [ w-arg [ 1

In the gauge where the Dirac string does not penetrate the pancake, the
charge is given as a winding number of ¢ around the edge.

@ The quantum eigenstate of [, , d¢/2m with the eigenvalue +1 (—1) in the
edge theory has the charge +1.

@ Classically, the state corresponds to the solution of the eq. of motion of the
edge theory. If we neglect the gauge fields, it is

¢ =27 (x —vt)/L.

@ By introducing the background fields of the maximal torus of SU(4), we can
confirm that the edge state also have the flavor charge corresponding to the
fundamental representation.
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The spin of the pancake

@ The spin of the object is given as the generator of the translation along the
edge:

L L [*
JP=—P,=— dz (0,0)?,
27 82 Jo 2 (9:9)
where we neglect the gauge fields.
@ By substituting the solution ¢ = +27(z — vt)/L, we obtain

1

J? =

2

@ The direction of the spin depends only on the orientation of the wall, and
does not depend on the charge.

aj=2r J Bj=2m J
a; =0 __Ef]_:_o____
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Original and new fermions

@ The pancakes can be regarded as fermions.

@ Some of them have opposite helicity to the original fermions.

— New fermions!

o The final state of the monopole-fermion scattering is
identified with the new fermions.

Original New
aj;
;=0 |y =27 aj=0//:a1':27r
(o (o
1A\ - A >
| | | !
L7t 41 R
: / : /
| |
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Massive case

@ We introduce the mass term
mq (a1b2 + asby + hC) + mg(a3b4 + aqbs + hC)
@ The global symmetry reduces to U(1) x U(1), whose generators are

H, = diag(1,-1,0,0), Hy = diag(0,0,1,-1).

@ There are no quantum number corresponding to Hs = diag(1,1,—1,—1).

a;: (L,+1,Qn, =1,Qu, =0)
b2: (R7 +13QH1 = 17QH2 = O)

a1 b
0417()(/ 30{1:27r al—or,’/i ap =21
A 7 LA -

— @ ‘ -
Li 4}1 3 J}lR
! I
: l
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Boundary condition at the core of the monopole

@ In the process of the scattering, the boundary condition at the core of the
monopole plays an important role.

@ For the action to be finite, it has to be satisfied that

> (g +8)) =0,

J

@ For the background gauge field of SU(4) to be coupled to the theory, it has
to be satisfied that

aj —Bj —ar+ B =0, Vjk.
@ When oy changes from 0 to 27 at the core, the §8; change as

fr=a1/2, Po=P3=PFs=—a1/2.

to maintain the boundary condition.
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Pancake-monopole scattering

@ The wall of the red line corresponds to an SU(4) rotation (associated with a
U(1) gauge transformation) of the phases, and thus it is transparent, i.e.,
there is no object actually.

CON 2 (3)

=0 | a=27 a =0} 01 =27 a =0 §r1'|:27rﬁ
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Massive case

@ In the massive case, there appears additional condensates:

m3 m3 _
{ajbj1) oc s {aj1bj) o< 7, for odd j.

76
@ In the massive case, the region
ar=2m, Pi=m, Pa=Pf3=P1=-7

is no longer the vacuum, because the additional condensates change.

(I1) (I11)

Ryutaro Matsudo (KEK) The missing final state puzzle April 19, 2021

34/35



Summary

When a charged fermion collides with a monopole, the helicity of the s-wave
component of the fermion has to flip irrespective of what the UV theory is.

The only possible source of this flip is the chiral anomaly. This means that

when there is a monopole, the effect of the anomaly is not suppressed in
QED.

@ As a consequence, there is a fermion condensate violating the fermion
number conservation.

@ Puzzle: If there are two flavors of massless Dirac fermions, any fermion
cannot be the final state of the monopole-fermion scattering due to the flavor
charge conservation.

@ We solve this puzzle by identifying the final state as the new fermion, which
is the soliton of the fermion condensates in the monopole background.
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The U(1) charge and the SU(4) charges in s-wave

approximation
@ The U(1) charge is

o= 3 | r@.6)) = 3= 30,00 = 8,00,

J
@ The SU(4) charge corresponding to diag(1,—1,0,0) is
Quu,-1100) = 5-(61(0) = 62(00) = 61(0) + 62(0))
@ The SU(4) charge corresponding to diag(0,0,1,—1) is
Qui,1) = 5-(83(00) = 64(00) = 93(0) + 61(0))

@ The expression of the SU(4) charge corresponding to diag(1, 1, —1, —1) depends on
the particles are incoming or outgoing. For incoming particles 0:¢;" = 0,¢}", it is

1 in in in in 1 in in in in
47TT2J(t1,1,71,71) = Eat(()bl +dy — 5 —Py) = gar(% +ds — ¢35 —dy)

= Qua 1) = 5o (OF + 68 = 6 — ) (00) — (81" + 88 — 6 — 6I)(0))
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The currents and the boundary condition

@ We couple the background gauge fields for the maximal torus of SU(4).
@ The covariant derivative is given as

3
(d —ia — iZAl[Hl]j]) aj, H;: Cartan generators of SU(4).

=1

@ The anomaly implies the terms in the effective theory of o, §;:

# > <aj(f +) F[H)" +8i(—f + ZFl[Hlb'j)z> :
J ! :

@ The currents are, for F; =0,

xJ = # Z(daj +dBj)f, *Ji= ﬁ Z[Hl]jj(daj —dB;)f.

J J

@ For the action to be finite, the term containing f has to be zero at the core of the
monopole, and thus

> (e +85) =0,

J

aj—Bj—ar+pPr=0, Vjk, atr=0.
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Monopole bag and pancake
@ Let us consider the monopole surrounded by the wall of .

@ Because there is a monopole, f = sin 8 dfdp/2, the charges are

Q:/d?’xJO:%Z/O dr@r(aj—kﬁj):l,
1 e3¢}
Q= /d?’leo = o ;[Hl]jj/o dr o, (oj — B5) = [Hil11.

This means the object has the same charges of a;.
@ This object corresponds to the kink in the s-wave theory.

@ The wall with a boundary is the pancake. There are edge modes that
contribute to the charge so that the total charge is an integer.

ap = 21
@ Witten effect: Witten effect +
™M g =+1 — edge contribution:
"/ p Q= +1

edge mode
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Pancake soliton

@ When the wall has the boundary, there has to be a chiral edge mode to maintain
the gauge invariance:

1

ey (a+ zl: Au[Hi]j)(f + ; Fy[Hyljj)
+ 4— (De¢(Di¢ +vDy¢) dudt — ¢(f + Y Fi[Hils;)),
v JoD2

!
Dgf) = d¢—a—Al[Hl]jj,a—> a -+ dA, A — A + d\i, ¢—> ¢+>\+)\1[Hl]jj.

@ ¢ is a 2m-periodic scalar.
@ The U(1) and SU(4) charges are

Q—%/ ¢+%/2(f+ZFz[HZ]jj),

Q= % D[Hi];; + / (f+ ZF ml33) [Hilj;-

aD2

In the gauge where the Dirac string does not penetrate the pancake, the charges
are given as a winding number of ¢ around the edge.
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@ Additional condensates are

m
{a;bj+1) o<

3

@ The genuine variables are

P12 = a1 + B2,
O3 =0a1—B1 —az+ B3

@ The pancake of 613 : 0 — 2m, that is, the string of

P21 = Qo + B,

3
m .
<aj+1bj> X 7‘_6’ for odd J-
P34 = a3+ f1, Qa3 =y + B3,

(01 : 0 = 2m,82:0— —2m), or (g : 0 — 27, 31 : 0 — —27), etc., does not
have any charge because we cannot couple the background gauge field
corresponding to Hz = diag(1,1,—1,—1).
= The pancake of 1 and that of 85 cannot be distinguished.

-

a; =0

+1°
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&
a; =0
B2 =0
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By =21

|
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