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Why would one care about QCD ?

Reasons not to care: 

✓We completely know the theory. 
✓No room for surprises. 
✓All “easy” results are already known.  
Need to work hard, and the progress will be  
only incremental.



Why would one care about QCD ?

Reasons to care: 

✓We completely know the theory ! 
✓There is a 50 years old surprise, which is not  
quite understood yet. 
✓There are “easy” qualitative results, still waiting  
 to be discovered. 
✓As an extra benefit we may learn something about  
gravity.
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FIG. 10: Isosurface and surface plot of C(y⃗) for a 10-sweep
smeared T-shape source with quark positions as in the seventh
configuration of Table I. The maximum expulsion is 8.3% and
the isosurface is set to 4.4%. Further details are described in
the caption of Fig. 6.

FIG. 11: Isosurface and surface plot of C(y⃗) for a 10-sweep
smeared Y-shape source with quark positions as in the seventh
configuration of Table I. The maximum expulsion is 8.3% and
the isosurface is set to 4.4%. Further details are described in
the caption of Fig. 6.

FIG. 12: Isosurface and surface plot of C(y⃗) for a 10-sweep
smeared L-shape source with quark separations of ℓ = 10.
The maximum expulsion is 8.8% and the isosurface is set to
4.4%. Further details are described in the caption of Fig. 6.

tive three-quark potential for the various quark positions,
source shapes and Euclidean time evolutions. The vac-
uum expectation value for W3Q is

⟨W3Q(τ)⟩ =
∞
∑

n=0

Cn exp(−a Vn τ), (4)

where Vn is the potential energy of the n-th excited state
and Cn describes the overlap of the source with the n-
th state. The effective potential is extracted from the
Wilson loop via the standard ratio

a V (r⃗, τ) = ln

(

W3Q(r⃗, τ)

W3Q(r⃗, τ + 1)

)

. (5)

If the ground state is indeed dominant, plotting V as a
function of τ will show a plateau and any curvature can
be associated with excited state contributions. Statistical
uncertainties are estimated via the jackknife method [16].

Our results for the various quark positions and source
shapes are shown in Fig. 16. All small shapes are stable
against noise over a long period of time evolution and
even some of the largest shapes show some stability be-
fore being lost into the noise.

Robust plateaus are revealed for the first four quark
positions of Table I for the T and Y shape sources. This
suggests the ground state has been isolated and indeed
the four lowest effective potentials of the T- and Y-shape
sources agree. This result was foreseen in the qualita-
tive analysis where Figs. 6 and 7 for the T- and Y-shape
sources respectively displayed the same correlations be-
tween the action density and the quark positions.

Conversely, the disagreement between Figs. 10 and 11
indicates the ground state has not been isolated in one
or possibly both cases. Indeed the nontrivial slopes of
the seventh effective potentials of Fig. 16 for the Y- and
T-shape sources confirm this. On the other hand, the
curves are sufficiently flat to estimate an effective poten-
tial at small values of τ , and given knowledge of the node
position from our qualitative analysis, one can make con-
tact with models for the effective potential.

The expected r⃗ dependence of the baryonic potential
is [2, 4]

V3Q =
3

2
V0 −

1

2

∑

j<k

g2CF

4πrjk
+ σL , (6)

where CF = 4/3, σ is the string tension of the qq̄ poten-
tial and L is a length linking the quarks. There are two
models which predominate the discussion of L; namely
the ∆ and Y ansätze.

In the ∆-ansatz, the potential is expressed by a sum
of two body potentials [4]. In this case L = L∆/2 =
3⟨dqq⟩/2 where L∆ is the sum of the inter-quark dis-
tances. In the Y-ansatz [2, 6], L = LY = 3⟨rs⟩ is the
sum of the distances of the quarks to the Fermat point.

Bissey et al, hep-lat/0606016 

QCD is a theory of strings

What can we say about this string theory?



Remarkable recent progress from top-down 

✓Planar N=4 SYM string is integrable 
✓Exact solution for the spectrum 
Next Steps: 

✓OPE coefficients 
✓Is there a confining theory with an integrable 
string?

This talk: bottom up (EFT) approach:

If you quack like a duck, you should be a 
perturbed duck



What is being measured?

O = P exp {i
I

A}

Z
DAe�SY MO(0)O†(t) ! e�EOt + . . .

all the data from the papers by 
Athenodorou, Bringoltz and Teper 



Puzzle #1: Remarkable agreement with a theory
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Puzzle #2: The theory is known to be wrong

2 3 4 5 6 7 8

0

2

4

6

8

Rê{s

D
E

{ s

Dashed --- light cone quantized bosonic string 
Solid --- standard          effective field theory expansion`s/R



Puzzle #3: More is going on 
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Nambu-Goto Spectrum

However, the emphasis is usually made on non-critical theories with non-zero string coupling
constant. To the best of our knowledge the exact S-matrix (1) of a “free” critical string has
not been discussed before, and we feel that the viewpoint advocated here may be useful. We
present further speculations and future directions in the concluding section 7.

2. Exact S-Matrix of the Critical Nambu–Goto

For our purposes it will be instructive to consider the worldsheet theory from an e↵ective
field theory point of view. A detailed introduction to this approach can be found in the
accompanying paper [18]. From this point of view the world-sheet theory of an infinitely long
string in a D-dimensional Minkowski space is a theory of Goldstone bosons corresponding
to the coset ISO(D� 1, 1)/ISO(1, 1)⇥ SO(D� 2). Here ISO(D� 1, 1) is the non-linearly
realized target space Poincaré symmetry. Its linearly realized subgroup is a direct product
of the worldsheet Poincaré symmetry ISO(1, 1) and of the SO(D � 2) group of transverse
rotations. This is a consistent e↵ective field theory in any number of dimensions with a
cuto↵ scale set by the string length `s, which physically corresponds to the string width. The
e↵ective action starts with the Nambu–Goto term and in principle has an infinite number of
higher derivative corrections, corresponding to higher order geometric invariants.

Somewhat miraculously, the Nambu–Goto theory is expected, at least in a certain sense,
to be renormalizable in the critical number of dimensions D = 26 [19]. An e↵ective field
theorist would discover this by calculating loops and finding that divergences, which were
expected on the basis of the naive power counting, cancel. We will discuss some aspects of
these expected cancellations in section 4. We will argue that the story is somewhat subtle.
In particular, the cancellations occur only for on-shell quantities. This makes it challenging
to see the cancellations by a direct calculation because at low orders in perturbation theory
on-shell divergences cancel because of symmetry. To see non-trivial cancellations one thus
has to go rather far in the loop expansion.

For now we take a shortcut, and do not check the cancellations by brute force calculation.
Instead, we deduce the properties of the resulting finite on-shell amplitudes from the known
spectrum of the theory at finite volume. This is known for instance from the quantization in
light-cone gauge (which is consistent with the non-linearly realized ISO(D� 1, 1) symmetry
at D = 26). After compactification on a circle (see, e.g., [20]),

ELC(N, Ñ) =

s
4⇡2(N � Ñ)2

R2
+

R2

`4s
+

4⇡

`2s

✓
N + Ñ � D � 2

12

◆
. (4)

Here R is the length of the string, N and Ñ are levels of an excited string state, so that
2⇡(N � Ñ)/R is the total Kaluza–Klein momentum of the state.

To avoid confusion, let us clarify the meaning of the subscript LC. It indicates that we
use light-cone quantization to define the theory at the quantum level. However, equation (4)
corresponds to target space energies obtained in light-cone quantization and should not be
confused with the spectrum of the light-cone Hamiltonian. Classically, the target space
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Comes from quantization in the light cone gauge

Goddard, Goldstone, Rebbi, Thorn’73 +winding

“Light Cone” or GGRT 

Consistent with target space Lorentz symmetry only 
at D=26. What it has to do with D=4 spectrum?

Crucial property: no splittings between different 
SO(D-2) multiplets



ISO(1, D � 1) ! ISO(1, 1)⇥ SO(D � 2)

Theory of Goldstone Bosons

These Xµ’s are the coordinates of the embedding of the string worldsheet into the target
space. Hence their transformation rules under the full Poincaré group ISO(D � 1, 1) are
simply those of the space-time coordinates. These are analogues of the sigma model U field
in the chiral pion Lagrangian. The Lorentz invariant Lagrangian is then simply a sum of
local geometric invariants constructed with the help of the embedding Xµ,

Sstring = �
Z

d2�
p� deth↵�

✓
`�2
s +

1

↵0

�
Ki

↵�

�2
+ . . .

◆
(4)

where h↵� is the induced metric on the world-sheet,

h↵� = @↵X
µ@�Xµ (5)

Ki
↵� is the second fundamental form (the extrinsic curvature) of the world-sheet. The first

term in (4) is the Nambu–Goto (NG) action, the second one is the rigidity term introduced
by Polyakov [8] and Kleinert [9], and dots stand for higher derivative geometric invariants.2

The tension of the string `�2
s , the rigidity parameter ↵0, and the coe�cients in front of all

other higher-derivative operators are free parameters of the low energy e↵ective theory to be
determined either from experiment (or from the lattice data for the QCD string), or from
matching the e↵ective theory to the microscopic theory in the UV (which can be done, for
example, for cosmic strings in weakly coupled models).

Much of our discussion will deal with infinitely long strings because we are concerned
with the form of the bulk action. IR e↵ects such as finite size e↵ects and boundary terms
can be included at a later stage.

As expected, the action (4) is invariant under the linearly realized ISO(1, 1)⇥SO(D�2)
symmetry, which is the unbroken subgroup of ISO(D�1, 1) in the presence of a long straight
string. The ISO(1, 1) factor acts as a worldsheet Poincaré group, and SO(D� 2) acts as in
(2). The remaining spatial translations act as in (1), and the action of the remaining broken
boosts and rotations J↵i following from the linear transformation law for Xµ is

�↵i✏ Xj = �✏(�ij�↵ +X i@↵Xj) , (6)

where ✏ is an infinitesimal parameter of the boost/rotation.
Often as a starting point for formulating the string dynamics one chooses the manifestly

covariant formalism, where all components of Xµ are considered as independent dynamical
fields. Then the action (4) is invariant under an additional gauge symmetry, world sheet
reparametrizations, and the formulation presented here arises as a result of gauge fixing
defined by (3). The transformation rule (6) in this language arises as a combination of a
conventional linearly realized boost/rotation on the components of Xµ, and a compensating
gauge transformation restoring the gauge condition (3). We deliberately chose a somewhat
less elegant formulation, to stress the analogy with the more familiar case of Goldstones for

2Naively, at this order there are two additional operators, (Ki↵
↵)

2 and R. In two dimensions R is a total
derivative and the three operators are related by the Gauss-Codazzi equation so that in two dimensions only
one of the extrinsic curvature squares has to be kept.

2

(Long) String as seen by an Effective Field Theorist
Luscher ’81 

Luscher, Weisz ’04 
Aharony et al ’07-11 

…



Perturbatively:

Sstring = �`�2
s

Z
d2�

1

2
(@↵X

i)2 + c2(@↵X
i)4 + c3(@↵X

i@�X
j)2 + . . .

c2 = �1

8
c3 =

1
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CCWZ construction

These Xµ’s are the coordinates of the embedding of the string worldsheet into the target
space. Hence their transformation rules under the full Poincaré group ISO(D � 1, 1) are
simply those of the space-time coordinates. These are analogues of the sigma model U field
in the chiral pion Lagrangian. The Lorentz invariant Lagrangian is then simply a sum of
local geometric invariants constructed with the help of the embedding Xµ,
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Nambu-Goto rigidity
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1. Introduction and Summary

Long string-like objects are ubiquitous in field theory. Physical examples range from mag-
netic vortices in superconductors to (yet waiting to be observed) cosmic strings in grand
unified models and to QCD flux tubes seen on the lattice [1,2]. Conceptually, these are very
simple objects, at least from the e↵ective field theory point of view. In the absence of any
additional light worldsheet degrees of freedom a long string in a D-dimensional space-time
is a system of (D � 2) two-dimensional Goldstone bosons X i. Their purpose in life is to
non-linearly realize the transverse spatial translations spontaneously broken by the presence
of a string.

The dynamics of an axially symmetric long string is then described by a generic action
for X’s invariant under shift symmetries

X i ! X i + xi
0 , (1)

corresponding to non-linearly realized translations, and rotations

X i ! Oi
jX

j , (2)

with O 2 SO(D � 2). As any e↵ective field theory this action contains an infinite set of
higher derivative operators suppressed by a length scale `s. Physically, this scale corresponds
to the width of the string, and the e↵ective field theory description breaks down at distances
shorter than `s.

The system becomes more restricted when the underlying UV theory is Lorentz invariant,
as for cosmic strings and QCD flux tubes. In this case the form of the action is further
constrained because the full D-dimensional Poincaré group ISO(D � 1, 1) must be non-
linearly realized. We will concentrate on this case in what follows.1 Even though the number
of broken generators has increased, the set of the Goldstone fields does not get enlarged. The
reason is that space-time dependent translations include boosts as well. This subtlety in
counting the Goldstone modes for space-time symmetries is well known. A relatively recent
discussion can be found in [3].

The task of constructing a general Lagrangian invariant under non-linearly realized
Poincaré symmetry ISO(D�1, 1) is very similar to the problem of constructing Lagrangians
for Goldstone bosons corresponding to internal symmetries (with pions providing the primary
example in particle physics). The latter was solved exhaustively by the Callan, Coleman,
Wess and Zumino (CCWZ) construction [4,5]. Soon after CCWZ their recipe was generalized
to spontaneously broken space-time symmetries [6,7]. For the case at hand it reduces to the
following prescription. Combine the fields X i and the world-sheet coordinates �↵ (↵ = 1, 2)
into a single object

Xµ = (�↵, X i(�)) , µ = 0, . . . , D � 1 . (3)

1Of course, there can be other interesting cases as well. For instance, for a vortex in an isotropic medium
the full rotation symmetry still imposes constraints on the low energy action. Galilean boosts are more
subtle to implement in this case because those bring in also interactions with phonons of the medium.

1

Interacting, in fact non-renormalizable, healthy 
effective field theory with cutoff        `s



Why D=26 is special?

 Theory is renormalizable (in some sense)



General SO(D-2) invariant amplitude: 

NG spectrum, because the NG theory is Lorentz invariant. Instead, we will refer to (17) as
the light cone spectrum.

Notice that this is not the spectrum of a free theory. The energies of n-particle states
are not the sums of the energies of 1-particle states. We will discuss consequences of this
simple observation in [23]. A distinctive property of the spectrum (17) is that the energy
is uniquely determined by the level of the state. This implies in particular that states at
the same level, which belong to di↵erent representations of the “flavor” group SO(D � 2)
(the group of transverse rotations), are degenerate. Physically, this implies that a string
oscillating in one direction does not start oscillating in other directions. So our guiding
principle for identifying the critical number of dimensions and the PS interaction will be to
look for annihilations of, say, two X2 quanta into two X3 quanta.

Let us first study the tree level 2 ! 2 scattering amplitude. In what follows, we will
always consider on-shell amplitudes. However, keeping in mind the later use of dimensional
regularization, we do not use its specific two-dimensional properties, unless stated otherwise.
In general, the SO(D � 2) flavor symmetry restricts the 2 ! 2 amplitude to take the form6

Mij,kl = A�ij�kl +B�ik�jl + C�il�jk , (18)

where i, j, k, l are the flavor labels of scattering particles. Crossing symmetry implies that
the amplitudes A, B and C satisfy the following relations as functions of the Mandelstam
variables s, t, and u

A(s, t, u) = A(s, u, t) = B(t, s, u) = C(u, t, s) . (19)

Our convention in defining the s, t, u variables is that for an i-particle carrying momentum
p1, a j-particle carrying p2, a k-particle carrying p3 and an l-particle carrying p4

s = �(p1 + p2)
2 , t = �(p1 � p3)

2 and u = �(p1 � p4)
2 . (20)

The absence of annihilations is simply the statement that for the critical string the whole
amplitude (18) is proportional to unity

Mij,kl / �ik�jl�(p
�
1 � p�3 )�(p

�
2 � p�4 ) + �il�jk�(p

�
1 � p�4 )�(p

�
2 � p�3 ) .

In particular, this condition implies A = 0. Naively, the crossing relations (19) then imply
that there is no non-trivial scattering at all. As we will see momentarily, this argument fails
in two space-time dimensions. It is a peculiarity of the two dimensional kinematics that
either t = 0 and u = �s (“t-channel”), or u = 0 and t = �s (“u-channel”). In other words,
in two dimensions the absence of annihilations

Ad=2 = 0 (21)

6We will use conventions in which S↵� = 1↵� + i(2⇡)d�d(p↵ � p�)M↵� . In these conventions, the optical
theorem implies that the imaginary part of the Feynman amplitude for forward scattering is positive definite.
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annihilation
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Tree level: 

��

��

Figure 1: Quartic treel-level vertices following from the NG action. Solid lines follow the
flow of flavor indices, and dashed lines show the contractions of momenta at the vertex.

allows for a non-trivial S-matrix if A / ut. Moreover, as soon as the condition (21) is
satisfied and the amplitude in a general number of space-time dimensions d = 2�2✏ satisfies
the crossing relations (19), Mij,kl is automatically proportional to unity at d = 2. Note that
pieces in A proportional to ut still carry physical information, because by crossing they allow
to reconstruct parts of B and C amplitudes, which are non-vanishing at d = 2.

To see how all this works let us study the tree level scattering amplitudes for a general
choice of c2, c3 coe�cients in the action (12). With the one-loop calculation in mind, it is
convenient to represent di↵erent vertices originating from (12) as shown in Fig. 1, where solid
lines follow the flow of the flavor indices, and dashed lines show the momentum contractions.
Using s+ t+ u = 0, the amplitude for annihilation can be written as

A = �`2s
4
((c3 + 2c2)s

2 � 2c3tu) , (22)

and B and C can be obtained by the crossing relations (19). We find that the relation (21)
corresponds to the NG choice

2c2 + c3 = 0 .

Note that the absolute values of c2, c3 can be rescaled by redefinition of the fields X i and
`s. The overall sign is fixed by the positivity (subluminality) constraint on the forward
scattering amplitude [25]

Mforward = `2sc2s
2 . (23)

So at quartic level, the NG action in two dimensions is uniquely determined if one requires
the shift symmetry and the absence of annihilations, without explicit reference to nonlinearly
realized boosts and takes the form

Mij,kl = �`2s(�
ik�jlsu+ �il�jkst) . (24)

Let us now turn to the PS interaction. In general the physical states in the PS gauge are
not merely the excitations of the X i components. However, for 2 ! 2 scattering at leading
order in the PS interaction this is still the case [26]. The leading interaction at low energies
then arises through the constraints (see e.g. (13) in [11]) and agrees with (24) as expected.
At the next order the PS term leads to a flavor changing contribution to 2 ! 2 scattering

MPS
ij,kl = �D � 26

192⇡
`4s
�
�ij�kls3 + �ik�jlt3 + �il�jku3

�
. (25)

9

No annihilations for Nambu-Got0!

Mij,kl = �`2s
2
(�ik�jlsu+ �il�jkst)



One-loop: 

�� ���� ��

��

a) b)

Figure 2: Sample one-loop diagrams contributing to the 2 ! 2 scattering in the NG theory.
Solid and dashed lines have the same meaning as in Fig. 1.

operator has to be included in dimensional regularization for a consistent renormalization
of the theory, and the infinite part of the corresponding coe�cient is fixed unambigiously.
When inserted in loops, this operator contributes to the physical observables.

To see that adding this operator is enough to remove all the divergences at this order,
note that in general at the level of four fields and six derivatives there are two linearly
independent ISO(1, 1)⇥ SO(D� 2) invariant local interaction vertices which do not vanish
on-shell in d world-sheet dimensions,

@�Xj@�X i@↵@�X
i@↵@�X

j and
�
@↵@�X

i@�X i
�2

. (26)

The first term appears in the expansion of the Einstein-Hilbert term, which up to total
derivatives is

Z
dd�

p�hR =

Z
dd� @�Xj@�X i

�
@↵@�X

i@↵@�X
j � @�@�X

i⇤Xj
�
+ . . . (27)

(the second term in (27) vanishes on-shell). This interaction leads to a contribution to the
scattering amplitudes of the form (18) with

A = �1

2
`4sstu . (28)

The second term is the non-covariant c4-term (14) and leads to an amplitude of the form (25).
Non-linearly realized Lorentz-invariance predicts that all the divergences in the 2 ! 2 scat-
tering should be of the form (28), so that the divergences can be canceled at this order by
inclusion of the evanescent Einstein-Hilbert term. Calculation of the infinite part of the
amplitude gives

A =
`4s
32⇡

✓
1

✏
� �E + log 4⇡

◆✓
D

2
(2c2 + c3)

2 s3 � 1

3

✓
Dc23 � 2c22 � 22c2c3 � 37

2
c23

◆
stu

◆
.

(29)
In agreement with the above expectation the divergence proportional to s3 cancels for the
Lorentz-invariant choice of the c2 and c3 coe�cients. This provides an explicit one-loop

11

~18 diagrams 

+

Finite part:

� `4s
16⇡

✓
(s2u log

t

s
+ su2

log

t

u
)�ik�jl + (s2t log

u

s
+ st2 log

u

t
)�il�jk

◆

Mij,kl = �`4s
D � 26

192⇡

�
s3�ij�kl + t3�ik�jl + u3�il�jk

�

gives rise to annihilations!
Polchinski-Strominger interaction
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SO(D-2) multiplets
R�5

L
QCD string
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Explains the ground state data
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`2s
� (D � 2)⇡

6R
� (D � 2)

2⇡2`2s
72R3

� (D � 2)

3⇡3`4s
432R5

+ non-universal terms

classical

Luscher term

Figure 4: Sample connected diagrams contributing to the R�5 order corrections to the energy
levels.

this order. With Weyl symmetric ordering one has to include the contribution from the
non-covariant counterterm (14) with the value of c4 as given by (16).

An attempt to perform this calculation was made recently in [10], using the Weyl sym-
metric ordering. It was assumed that all the diagrams without the c4 term add up into
the light cone spectrum (17) expanded up to this order. So rather than including all the
diagrams above, only the contribution of the c4 term was calculated. It turns out that the
c4 term contributes only to the tree level shift of two-particle states. It was conjectured
that the correct value of c4 is (D� 26)/192⇡, and this tree-level result was suggested as the
leading correction to the light cone spectrum.

As we saw the correct value of c4 is given by (16), and we see no reason for the diagrams
with c4 = 0 to reproduce the light cone spectrum10, so that this calculation is incomplete.

However, here comes the puzzle. Recently the calculation at the 1/R5 order was per-
formed in the PS gauge [27] and yielded the same result as the one obtained in [10]. We
should note in passing that the practical advantage of the PS gauge is that at this order one
has to work with a free theory with a single interaction term. The price to pay is that one
has to impose the BRST constraints to restrict to the correct physical states. The puzzle is
why the calculation in the PS gauge agrees with the incomplete one using the wrong value
of c4.

The explanation is as follows. Rather than doing the full brute force calculation in static
gauge one can make use of the known light cone spectrum. This is the exact spectrum of
some relativistic integrable two-dimensional theory. At this order in the derivative expansion
its Lagrangian takes the form

LLC = LNG +
D � 26

192⇡
@↵@�X

i@↵@�X i@�X
j@�Xj . (50)

Here LNG is the full renormalized NG action at this order in derivative expansion. For
example, in dimensional regularization LNG includes the evanescent term (15), with Weyl
symmetric ordering LNG includes the non-covariant c4-term with the correct value (16) of c4.
The additional term in (50) cancels the PS annihilation amplitude and breaks non-linearly

10In fact, as will become clear momentarily they do not reproduce the light cone spectrum.
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GGRT spectrum:

However, the emphasis is usually made on non-critical theories with non-zero string coupling
constant. To the best of our knowledge the exact S-matrix (1) of a “free” critical string has
not been discussed before, and we feel that the viewpoint advocated here may be useful. We
present further speculations and future directions in the concluding section 7.

2. Exact S-Matrix of the Critical Nambu–Goto

For our purposes it will be instructive to consider the worldsheet theory from an e↵ective
field theory point of view. A detailed introduction to this approach can be found in the
accompanying paper [18]. From this point of view the world-sheet theory of an infinitely long
string in a D-dimensional Minkowski space is a theory of Goldstone bosons corresponding
to the coset ISO(D� 1, 1)/ISO(1, 1)⇥ SO(D� 2). Here ISO(D� 1, 1) is the non-linearly
realized target space Poincaré symmetry. Its linearly realized subgroup is a direct product
of the worldsheet Poincaré symmetry ISO(1, 1) and of the SO(D � 2) group of transverse
rotations. This is a consistent e↵ective field theory in any number of dimensions with a
cuto↵ scale set by the string length `s, which physically corresponds to the string width. The
e↵ective action starts with the Nambu–Goto term and in principle has an infinite number of
higher derivative corrections, corresponding to higher order geometric invariants.

Somewhat miraculously, the Nambu–Goto theory is expected, at least in a certain sense,
to be renormalizable in the critical number of dimensions D = 26 [19]. An e↵ective field
theorist would discover this by calculating loops and finding that divergences, which were
expected on the basis of the naive power counting, cancel. We will discuss some aspects of
these expected cancellations in section 4. We will argue that the story is somewhat subtle.
In particular, the cancellations occur only for on-shell quantities. This makes it challenging
to see the cancellations by a direct calculation because at low orders in perturbation theory
on-shell divergences cancel because of symmetry. To see non-trivial cancellations one thus
has to go rather far in the loop expansion.

For now we take a shortcut, and do not check the cancellations by brute force calculation.
Instead, we deduce the properties of the resulting finite on-shell amplitudes from the known
spectrum of the theory at finite volume. This is known for instance from the quantization in
light-cone gauge (which is consistent with the non-linearly realized ISO(D� 1, 1) symmetry
at D = 26). After compactification on a circle (see, e.g., [20]),

ELC(N, Ñ) =

s
4⇡2(N � Ñ)2

R2
+

R2

`4s
+

4⇡

`2s

✓
N + Ñ � D � 2

12

◆
. (4)

Here R is the length of the string, N and Ñ are levels of an excited string state, so that
2⇡(N � Ñ)/R is the total Kaluza–Klein momentum of the state.

To avoid confusion, let us clarify the meaning of the subscript LC. It indicates that we
use light-cone quantization to define the theory at the quantum level. However, equation (4)
corresponds to target space energies obtained in light-cone quantization and should not be
confused with the spectrum of the light-cone Hamiltonian. Classically, the target space

5

          expansion breaks down for excited states  
because          is a large number! 
`s/R

2⇡

E = `�1
s E(pi`s, `s/R)

for excited states:

Let’s try to disentagle these two expansions



Finite volume spectrum in two steps:

1) Find infinite volume S-matrix 

2) Extract finite volume spectrum from the S-matrix 

1) is a standard perturbative expansion in          

2) perturbatively in massive theories (Luscher) 

exactly in integrable 2d theories through TBA

p`s

Relativistic string is neither massive nor integrable... 
But approaches integrable GGRT theory at low energies!



✴Polynomially bounded on the physical sheet 
✴No poles anywhere. A cut all the way to infinity 
with an infinite number of broad resonances 
✴One can reconstruct the entire finite volume 
spectrum using Thermodynamic Bethe Ansatz 

✴Does not go to a constant at infinity!

e2i�GGRT (s) = eis`
2
s/4GGRT S-matrix:

E(N, Ñ) =

s
4⇡2(N � Ñ)2

R2
+

R2

`4
+

4⇡

`2

✓
N + Ñ � D � 2

12

◆



Integrable QG rather than QFT

Gravitational shock waves:

Eikonal phase shift:
ei2�eik(s) = ei`

2s/4

`2 / GNb4�d

Dray,’t Hooft ’85 
Amati, Ciafaloni,Veneziano ’88



Free string spectrum circa 2012  

Thermodynamic Bethe Ansatz
Zamolodchikov ’91

Z(T, L) = e�LE0(1/T ) = e�Lf(T )/T

in thermodynamic (large L) limit

p(i)k R, (k = 1, 2 . . . ,1) are

p(i)k RL+
D�2X

i=1

Z 1

0

2�(p(i)k R, p)⇢
i
1L(p)dp = 2⇡n(i)

k R, (13)

where n(i)
k R are positive integers. The allowed left-moving momenta p(i)k L satisfy the same

equation with left- and right-movers interchanged. These equations receive corrections at
finite L, but become exact in the thermodynamic limit. Introducing the level densities ⇢iL(p)
and ⇢iR(p), this becomes the TBA constraint

2⇡⇢iR(p) = L+ `2s

D�2X

j=1

Z 1

0

p0⇢j1L(p
0)dp0, (14)

where we have substituted 2�(p(i)k R, p) = `2sp
(i)
k Rp, as follows from (1). Notice that this equation

implies that the level densities for the long string are in fact independent of flavor and
momentum

⇢iL(p) = ⇢L and ⇢iR(p) = ⇢R . (15)

In terms of the level densities and the number densities, the macroscopic energy H and
entropy S are

H =
L

`2s
+

D�2X

i=1

Z 1

0

dp p(⇢i1L(p) + ⇢i1R(p)) , (16)

S =
D�2X

i=1

Z 1

0

dp
⇥
(⇢L + ⇢i1L) log(⇢L + ⇢i1L)� ⇢L log ⇢L � ⇢i1L log ⇢

i
1L

⇤

+
D�2X

i=1

Z 1

0

dp
⇥
(⇢R + ⇢i1R) log(⇢R + ⇢i1R)� ⇢R log ⇢R � ⇢i1R log ⇢i1R

⇤
. (17)

Notice that the expression for the energy includes the bulk cosmological constant. Regarding
the equation for the entropy (17), it is interesting to note that for the long string the particles
appearing in the thermodynamic Bethe Ansatz are bosons unlike any other physical examples
we are aware of where they are fermions.

The partition function can then be written as a functional integral over the particle
densities

Z(R,L) =

Z Y

i

D⇢i1LD⇢i1R exp
��RH

⇥
⇢i1L, ⇢

i
1R

⇤
+ S[⇢i1L, ⇢

i
1R, ⇢L, ⇢R]

�
. (18)

In the saddle point approximation the integral is dominated by the ⇢1 that minimize the free
energy

F [⇢i1L, ⇢
i
1R, ⇢L, ⇢R] = H[⇢i1L, ⇢

i
1R]�

1

R
S[⇢i1L, ⇢

i
1R, ⇢L, ⇢R]

11

Asymptotic Bethe Ansatz
+



Asymptotic Bethe Ansatz 

NB: particles are getting softer! 

 (x1, x2) = h0|Xi(x1)X
j(x2)|p(i)L , p

(j)
R |i

x1 > x2  (x1, x2) = e

�ipLx1
e

ipRx2

x1 > x2  (x1, x2) = e

�ipLx1
e

ipRx2
e

2i�(pL,pR)

e�ipL,R = e2i�(pL,pR)

i

i j

j

periodicity:

pL + 2�(pL, pR) = 2⇡nR



✏iL(p) = p

2

41 + `2sT

2⇡

D�2X

j=1

Z 1

0
dp0 ln

⇣
1� e�✏jR(p0)/T

⌘
3

5

f =
T

2⇡

D�2X

j=1

Z 1

0
dp0 ln

⇣
1� e�✏jL(p0)/T

⌘
+ (L ! R)

after taking the continuum limit 
minimization of the free energy results in

where

operates in the thermodynamic limit. To appreciate the di↵erence, note, for example, that
any modification of the spectrum by terms decaying faster than 1/R at large R would result
in the same S-matrix. Such a finite volume spectrum does not pass the TBA cross-check,
indicating that it is incompatible with the Lorentz symmetry.

Before moving on let us make one brief remark. We were not too careful in our definition
and evaluation of (18) and simply stated that the saddle point approximation amounted to
the minimization of the free energy. It seems plausible that in a more careful treatment
excited states appear directly as subleading saddle points. This is beyond the scope of this
paper, but might lead to a more satisfactory derivation of the thermodynamic Bethe Ansatz
for excited states.

3.3. Hagedorn equation of state

For any relativistic theory the finite volume ground state energy determines the equation of
state, the free energy as a function of temperature according to equation (12). The unusual
property of the equation of state for the string is that the free energy becomes complex above
certain critical temperature

TH =
1

`s

s
3

⇡(D � 2)
.

To understand the physical meaning of this let us calculate some basic thermodynamic
properties of the system. To reproduce the standard field theory calculation, for this purpose
we subtract the cosmological constant from the free energy so that the new free energy
vanishes in the limit of zero temperature

F (T ) =
L

`2s

s

1� T 2

T 2
H

� L

`2s
. (37)

Let us now calculate the heat capacity cv in the vicinity of the critical temperature TH .
Using the relation between the energy density ⇢, pressure p and entropy density s

p = �⇢+ sT ,

the first law of thermodynamics
dp = sdT

and the relation of the pressure to the free energy p = �F/L, we find

cv = T
@2p

@T 2
=

TTH

`2s(T
2
H � T 2)3/2

⇠ (TH � T )�3/2 . (38)

We see that both the heat capacity and its integral
R
cvdT diverge at the critical temperature.

This indicates that TH is really the maximum physical temperature, it is impossible to reach
it by supplying a finite amount of energy to the system. Of course, all this is just the
familiar Hagedorn behavior of string theory, and indeed this critical temperature TH is equal

15

f(T ) =
1

`2s
(
q

1� T 2/T 2
H � 1)

reproduces the correct ground state energy



Excited States TBA Dorey, Tateo ’96

general idea: excited states can be obtained by analytic 
continuation of the ground state

Exactly reproduces all of the light cone spectrum

Asymptotic Bethe Ansatz

p̂(i)k LR+
X

j,m

2�(p̂(i)k L, p̂
(j)
mR)N

(j)
mR � i

D�2X

j=1

Z 1

0

dp0

2⇡

d 2�(ip̂(i)k L, p
0)

dp0
ln
⇣
1� e�R✏jR(p0)

⌘
= 2⇡n(i)

k L

✏iL(p) = p+
i

R

X

j,k

2�(p,�ip̂(j)kR)N
(j)
kR +

1

2⇡R

D�2X

j=1

Z 1

0
dp0

d 2�(p, p0)

dp0
ln

⇣
1� e�R✏jR(p0)

⌘

E(R) = R+
X

j,k

p(j)k L +
D�2X

j=1

Z 1

0

dp0

2⇡
ln

⇣
1� e�R✏jL(p0)

⌘

+right-movers

finite size corrections



The strategy is to incorporate corrections to 
the S-matrix into TBA equations.

Hard to do in full generality, but turns out possible 
at one-loop level with Polchinski-Strominger phase 

shift taken into account
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Colliding  left- and right-movers

What are the red points?
A new massive state appearing as a resonance in the

antisymmetric channel!
see also arXiv:1007.4720 

Athenodorou, Bringoltz, Teper 
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How do we include this massive state?

Contributes to scattering of Goldstones and changes the 
phase shifts. In particular, it appears as a resonance in the 
antisymmetric channel. We can calculate contributions from

S =

Z
d2�

1

2
@↵�@

↵�� 1

2
m2�2 +

↵

8⇡
�✏↵�✏ijK

i
↵�K

j �
�



cp̂R+ 2�PS + 2�res = 2⇡

c = 1 + `2s
p̂

R
� ⇡`2s

6R2c

2�res = �1
↵2`4sp̂

6

8⇡2(4p̂2 +m2)
+ 2�2 tan

�1

✓
↵2`4sp̂

6

8⇡2(m2 � 4p̂2)

◆

2�PS = ±11`4s
12⇡

p̂4

E = 2p̂� ⇡

3Rc

Full Calculation:



Dear Editor,

we resubmit the revised version of our Letter. We thank the referee for his comments
and criticism. We have made significant changes to our manuscript to address them and
feel that these changes have made it much easier for the interested reader to follow and to
reproduce our results.

In my previous report I have asked the authors to rewrite their manuscript, improve their
presentation, give a more quantitative discussion of their results and to clearly display the
formulas used for the plots. The revised version still displays all the weaknesses characteriz-
ing the original version. In particular, this work is very qualitative, leaving the reader with
the impossibility of judging the results presented.

We have made several significant changes to address this. We have included five ad-
ditional equations, the dispersion relation of the pseudo-particles (in the text before (5)),
(5), (6), (9) and the unnumbered equation following (9). These equations can immediately
be used to reproduce our results as can be seen from the Mathematica notebook shown below

1



How do we include this massive state?

Contributes to scattering of Goldstone’s and changes the 
phase shifts. In particular, it appears as a resonance in the 
antisymmetric channel. We can calculate contributions from

S =

Z
d2�

1

2
@↵�@

↵�� 1

2
m2�2 +

↵

8⇡
�✏↵�✏ijK

i
↵�K

j �
�

Including the resonant 
s-channel contribution 

�(s) = arctan

✓
m�(s/m)3

m2 � s

◆

m ⇠ 1.85`�1
s � ⇠ 0.4`�1

s

as well as perturbative 
non-resonant contributions in crossed 

channels



Reverting the logic: S-matrix from finite 
volume spectrum
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More states:

‡
‡

‡

‡
‡

‡ ‡
‡

‡
‡

‡

‡0

p
4

p
2

3 p
4

0.5 1.0 1.5 2.0 2.5

‡

‡
‡

‡

‡
‡

0

p
4

p
2

3 p
4

d

‡ ‡‡‡
‡‡

¥
¥

¥¥¥¥

0.5 1.0 1.5 2.0 2.5

0

p
2

p

3 p
2

p{s



3D Yang-Mills
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3D Yang-Mills
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Figure 14: This plot shows the energies of the states included in the fit for the correction
to the scattering phase shift at order `6

s

. The lines show the theoretical prediction. For
the second excited two-particle state, only data for six longest strings is included in
the fit because the phonon momenta become too large.

from the first excited two-particle state using the TBA equations (41)-(43) as well as the
first excited four-particle state using

c = 1 + 2
p`2

s

R
� ⇡(D � 2)

12R2c
`2
s

, (49)

pR + 4�(p)� ⇡(D � 2)

12Rc
`2
s

p = 2⇡N , (50)

with N = 1, and

�E = 4p� ⇡(D � 2)

6Rc
. (51)

Including all data points with p`
s

 2, and taking the error bars at face value, we find

�3 =
0.7± 0.1

(2⇡)2
, (52)

non-zero at approximately 7 �. This correction increases the binding energies and thus lowers
the energies of the theory prediction. It also introduces a splitting between two-particle states
and four-particle states in agreement with the data simply because the phonons comprising
the two-particle states carry larger momenta and will be more strongly bound than the
phonons making up the four-particle states.

Ignoring the contributions to the winding corrections from corrections to the GGRT phase
shift has so far worked well. However, there is a subtlety at the order in the expansion we

33

2� = 2�GGRT +
0.7l6s
(2⇡)2

s3



3A string in 3D SU(6) Yang-Mills
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Figure 17: The left panel shows the energy as a function of string length for the
lowest lying excited states for the anti-symmetric representation with k = 3 with an
even number of phonons and zero total momentum. The solid lines are the theory
predictions for the 2-particle states, dashed lines represent 4-particle states. The right
panel shows the phase shift extracted from the data.

for k = 2 strings. This motivates further high precision lattice measurements of these states.
Hopefully, techniques presented here might be helpful to guide these measurements.

Notice an interesting feature exhibited by the k = 2 data—a very pronounced break
in the resonance plateau on the energy plot for the lowest (orange) level at R/`2A

s

. 3.
The corresponding points also show up very far from the theory curve on the corresponding
phase shift plot. The natural explanation for the origin of this break is that it occurs when
the physical size of the compact dimension becomes comparable to the size of the massive
resonant state. Our phase shift extraction becomes unreliable at these short radii, because
the winding corrections due to resonance become large. This interpretation is supported
by observing that a very similar break at the same values of R appears also in the lightest
glueball energy plot [7], suggesting that the size of the resonance is roughly equal to the size
of the lightest glueball.

The k = 3 data does not exhibit such a break. Perhaps only the shortest point in Fig. 17
(with R/`3A

s

⇡ 2) may be considered as an indication for the beginning of the break. This is
in agreement with the k = 3 string being much more strongly bound than the k = 2 strings.
The k = 3 tension is equal to �3A ⇡ 0.6 ⇥ 3�

f

, while the k = 2 tension is �2A ⇡ 0.8 ⇥ 2�
f

,
where �

f

is the fundamental flux tube tension.

5. Future Directions and Conclusions

We feel that the most important conclusion to be drawn from the current paper is that
there is strong motivation for further high precision lattice studies of the properties of flux
tubes. The TBA method provides a solid analytic framework for theoretical interpretation of
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In 4D is this the lightest massive state, or 
there is a hidden valley?

A massive particle contributes  
into the Casimir energy 

�E(R) = �m

⇡

X

n

K1(mnR)



��2 ⇡ 21                      for one new parameter. Remains to be seen 
whether this is due to  “new physics” or systematics



Conclusions
✴ Even though the flux tubes studied on the lattice 
are not very long, at least some of their energy levels 
are under theoretical control. 

✴More to be understood about pseudoscalar state. 

✴Good chances to learn more about the worldsheet 
theory of the QCD string very soon. 

✴This is not unique to closed strings. One can 
extend this to open strings and make predictions for 
hybrid meson spectra (work in progress). 


