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Can the decoupling be exponential?

Fitzpatrick, Kaplan, Katz, Randall, hep-th/1304.3448 

1 Introduction

Our understanding of modern physics is largely based on Effective Field Theory (EFT),
which allows us to obtain universal predictions about long-distances while decoupling the
short-distance details. The AdS/CFT correspondence [1–3] and the development of Randall-
Sundrum models [4, 5], AdS/QCD [6–8], and even AdS/CMT [9–12] has led to the study of
EFT in a qualitatively new context. Although it was implicit in many earlier works, the system-
atic study of EFT in AdS/CFT has been a relatively recent development, perhaps beginning
with [13, 14] and continuing with many further studies [15–18].

In this work we will study field theories such as QCD that are approximately conformal at
short distances, but that break conformal invariance at long-distances and generically have a
mass gap. One can naturally describe these ‘Broken CFTs’ at a long distances with an EFT
in d-dimensions, where we will often refer to the familiar case d = 4. In the case of QCD,
this would simply be the EFT of pions, and perhaps also ρ mesons, nucleons, etc. However,
in light of AdS/CFT, it becomes natural to consider an alternative description in terms of a
(d + 1)-dimensional warped space approximating AdS. The description in the warped space
can also be an EFT with only a finite number of light bulk fields. If the CFT has certain
special properties [13, 17–20] then this can be a very good description.

The challenge in making this correspondence is that invariant masses in the warped bulk
spacetime are not directly associated with d-dimensional energies; instead they are related to
the dimensions of operators in the broken CFT [14, 21]. More formally, this connection is
explained by the fact that eigenstates of the AdS Laplacian map directly to eigenstates of the
Conformal Casimir in the CFT, so that

∇2
AdS ←→ C2 = D2 + PµK

µ +KµP
µ +M2

µν (1)

with eigenvalues m2R2
AdS = ∆(∆ − 4) for scalar operators.1 Consequently, there are two

distinct notions of EFT, the traditional kind based on the d-dimensional masses of particle
resonances in the Broken CFT, and a new kind, based on the (d+1)-dimensional masses of bulk
fields. Because bulk masses are dual to the dimensions of operators in the CFT, integrating
out high mass bulk states leads to an Effective CFT [14] with a cutoff in scaling dimensions.
The relation between the d + 1-dimensional EFT or ‘ECFT’ [14] and the more standard d-
dimensional EFT is non-trivial. It is not even clear that the decoupling of the “short-distance”
physics in one theory will be compatible with decoupling in the other. The purpose of this
work will be to study the relationship between these two quite different effective field theory
descriptions.

Although we are motivated by AdS/CFT, many of our central questions can be phrased
purely in the language of the broken CFT. For example, consider two CFT operators O1 and
O2 of dimension ∆1 �= ∆2. When conformal symmetry is unbroken the 2-pt function of O1

with O2 vanishes, but in the presence of a mass gap we expect2

�O2(r)O1(0)� ≈ f(∆1,∆2)
e−mr

rd−2
(2)

1For CFT primaries of dimension ∆ and spin � the conformal Casimir has eigenvalues ∆(∆−d)+�(�+d−2).
2We discuss operator normalizations, which are crucial for defining the magnitude of this correlator, in

appendix B.
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In many cases, the decoupling is exponential

 In the presence of a mass gap
in the large r limit, where m is the mass of the lightest particle created by O1 and O2. We
can now ask how f(∆1,∆2) behaves in the limit that ∆2 � ∆1, in particular when ∆1 ∼
few, so we simply have f∆1(∆2). One of our main goals will be to show that we must have
f∆1(∆) → 0 as ∆ → ∞ and to understand the physics of the rate. We will see that we may
have a power-law dependence such as f∆1(∆) ∝ 1/∆2 in some cases, for example in RS-type
models. However, in many situations we actually find an exponential dependence

f∆1(∆) ∼ exp [−λ∆p] (3)

where the rate depends on the density of states in the sector created by O1 and O2, and λ
is some constant that may depend on O1. In the case of linearly confining theories such as
‘soft-wall’ AdS/QCD [8], we predict that p = 1 from the arguments of section 4.2. When
f → 0 quickly at large ∆, we have a rapid decoupling of the high dimension operators from
the low-dimension and low-mass spectrum of the broken CFT. The latter follows because
the probability for a high dimension operator to create very light particles is proportional to
|f∆1(∆)|2. This makes the d and d+ 1 dimensional notions of decoupling compatible.

We will argue that in bulk models that are asymptotically AdS in the UV, large dimension
CFT operators naturally decouple from the interactions of the light particles, which we refer
to as ‘mesons and glueballs’. In the bulk theory, there are two distinct mechanisms behind
this decoupling:

• Higher dimension operators in the broken CFT can create mesons with larger masses, so
d-dimensional decoupling follows from (d+ 1)-dimensional decoupling.

• Bulk modes associated with operators of different dimensions can be localized in different
regions. Bulk locality then leads higher dimension operators to decouple exponentially
as a consequence of tiny wave-function overlaps.

We will see that on the one hand, the first mechanism occurs in “hard wall” RS-type models,
where space-time ends at some point in the bulk. The second mechanism tends to dominate
in generic “soft wall” models, where the bulk geometry cuts off more smoothly. Our results
explain the decoupling of high-dimension operators in explicitly solvable models such as 2-d
QCD [22, 23].

Our analysis will mostly be at the level of the quadratic bulk actions that determine
CFT operator dimensions, meson and glueball masses, and bulk wavefunctions. These data
can be determined from a one-dimensional Schrodinger equation for the bulk modes. Our
results will be sufficient to demonstrate the decoupling of high dimension operators in large N
type broken CFTs, for it will imply that the interactions of high-dimension operators must be
suppressed by a combination of large energy denominators and small couplings from suppressed
bulk wavefunction overlaps. We will leave a more detailed study of the meson and glueball
interactions for future work.

The outline of this paper is as follows. In section 2 we will review a number of results
about hard-wall RS-type models and holography, emphasizing the role of effective field theory
in the bulk. In section 3 we will give a detailed analysis of the expectations from naturalness
for meson and glueballs in hard-wall models. We move on to study general models in section
4, beginning by motivating more general warped metrics with dilaton profiles. We explain the

2

∆ = ∆2 � ∆1If



Motivation

5

AdS/CFT:  Fitzpatrick, Kaplan, Katz, Randall, hep-th/1304.3448 

In a CFT broken by a single scale, high dimensional operators can 
decouple from the lightest states exponentially fast,           .e−∆

z

∆2
1

z2

∆2
2

z2

Vconf ∼ Λ4z2

EOM: 

z → 0,

ds2 =
1

k2z2
(−dz2 + ηµν)

Decoupling

�
−∂2

z +
∆2

z2
+ Vconf(z)

�
ψ = m2ψ
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Can there be an exponential decoupling if there 
is a mild / no gap?

|ψ0� = O∆1 |Ω�
�Ω|O∆|ψ0� ∼ exp(−λ∆p)
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Can there be an exponential decoupling if there 
is a mild / no gap?

Yes, e.g. in 2d QCD at large N

|ψ0� = O∆1 |Ω�
�Ω|O∆|ψ0� ∼ exp(−λ∆p)
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gluons have no dof,  
use light-cone gauge.

’t Hooft Model

Large N : planar diagrams

Simple :  

Nucl. Phys. B75 (1974) 461

q

q̄



2d QCD models

However,
at large N, reduces to QM, no particle # violation 
(fundamental fermions).
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Decoupling of high-dim op from lightest states
Katz, Okui, hep-th/0710.3402

’t Hooft Model

�Ω|O∆|ψ0� ∼ exp(−λ∆p)

�Ω|q̄∂kq|ψ0� ∼ exp(−k)
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2d QCD with an adjoint fermion

diagonalization no proper account was taken of the divergent mass renormalization.
!

The

bare mass was held fixed, and hence all the bound state masses were diverging in the contin-

uum limit. A proper numerical diagonalization, where the renormalized mass is held fixed,

is in progress, and we hope to report on it in the future.

In the present paper we will examine, instead, a simpler model where the adjoint scalar

is replaced by an adjoint Majorana fermion [5]. Thus, we obtain a 1+1-dimensional gauge

theory coupled to the zero mode of a transverse gluino. The bound states again are built

of any number of partons connected into a closed string by color flux tubes. The new

feature is that the bound states are fermions or bosons depending on whether the number

of partons is even or odd. This theory has the advantage of being perfectly finite; moreover,

it is supersymmetric for a special value of the fermion mass [11]. In Ref. [5], S. Dalley

and one of the authors carried out the light-cone quantization of this theory, and began

a numerical investigation of the low-lying spectrum. Here we continue this program with

further analytical and numerical results.

2. Light-cone quantization

Consider N2−1 Majorana (real) fermions which transform in the adjoint representation

of SU(N). They can be combined into a traceless Hermitian matrix Ψij . Upon gauging the

SU(N) symmetry we obtain the action

Sf =

∫

d2x Tr

[

iΨT γ0γαDαΨ − mΨT γ0Ψ −
1

4g2
FαβFαβ

]

, (4)

where the transposition acts only on the Dirac indices, and the covariant derivative is defined

by DαΨ = ∂αΨ + i[Aα, Ψ]. The fermion field Ψij = 2−1/4
(ψij

χij

)

is a two-component spinor,

where χ and ψ are traceless Hermitian N × N matrices of Grassmann variables. Choosing

the light-cone gauge A− = 0, and the representation γ0 = σ2, γ1 = iσ1, we find the action

Sf =

∫

dx+dx− Tr

[

iψ∂+ψ + iχ∂−χ − i
√

2mχψ +
1

2g2 (∂−A+)2 + A+J+

]

, (5)

where the longitudinal momentum current is now of the form J+
ij = 2ψikψkj .

! We thank D. Kutasov for helpful discussions on this issue.

4

e.g. Dalley, Klebanov, hep-th/9209049

at large N - planar, has particle # violation.
more like real QCD.

No analytic control, numerical results obtained from 
Discrete Light-cone Quantization (DLCQ) method.

Tr(qq) Tr(qqqq)



Effective conformal dominance

This suggests an expansion parameter: 
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Suppose
�Ω|O∆|ψ0� ∼ exp(−λ∆p)

then taking a basis |ψ∆� ≡ O∆|Ω�

with

one expects accuracy

∆max

∆ < ∆max,

δM2 ∼ exp(−λ
�
∆max)



Effective conformal dominance

Although motivated by holography, this method is 
entirely field theoretic.

Decoupling
Low-lying parton 

wavefunction dominated by 
low-degree poly.
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O∆i → |ψ∆i� ≡ O∆i |Ω�

to calculate the spectrum

Construct the basis

�ψ∆i |M2|ψ∆j � ≡ M2
i,j .

�p1, p2, ...|ψ∆�  ~ poly. in pi’s

∆  ~ degree of poly. 



2d QCD with an adjoint fermion

S =

�
dx+dx−Tr

�
iψ∂+ψ + iχ∂−χ+

1

2g2
(∂−A+)

2 + 2A+ψψ

�

P+ =

�
dx−Tr (iψ∂−ψ)

P− =

�
dx−Tr

�
−2g2ψ2 1

∂2
−
ψ2

�

M2 = 2P+P−

x± = (x0 ± x1)/
√
2

light cone coord.

[P+, P−] = 0

12

S =

�
d2xTr

�
iΨT γ0γαDαΨ−mΨT γ0Ψ− 1

4g2
FαβF

αβ

�
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2d QCD with an adjoint fermion
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ψk(x1, x2, ..., xk) = �p1, p2, ..., pk|ψ� xi = pi/
�

pjEigenfunction



2d QCD with an adjoint fermion

dim of g =1

�p1, p2, ..., pk|2P+P−|ψ� = g2N

π(x1 + x2)2

� x1+x2

0
dyψk(y, x1 + x2 − y, x3, ..., xk)

+
g2N

π

� x1+x2

0

dy

(x1 − y)2
[ψk(x1, x2, x3, ..., xk)− ψk(y, x1 + x2 − y, x3, ..., xk)]

+
g2N

π

� x1

0
dy

� x1−y

0
dzψk+2(y, z, x1 − y − z, x2, ..., xk)

�
1

(y + z)2
− 1

(x1 − y)2

�

+
g2N

π
ψk−2(x1 + x2 + x3, x4, ..., xk)

�
1

(x1 + x2)2
− 1

(x2 + x3)2

�

± cyclic permutations of (x1, x2, ..., xk)

13

ψk(x1, x2, ..., xk) = �p1, p2, ..., pk|ψ� xi = pi/
�

pjEigenfunction
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parton # 
changed 

by 2

ψk(x1, x2, ..., xk) = �p1, p2, ..., pk|ψ� xi = pi/
�

pjEigenfunction



2d QCD with an adjoint fermion

Spectrum

previously solved numerically by DLCQ

M

Bhanot, Demeterfi, Klebanov, hep-th/9307111, 
Gross, Hashimoto, Klebanov, hep-th/9710240.

14

{Single-particle states
(eigenstates of parton #)

Linear spectrum, not Regge

continumm,
multi-particle states{ {

MF1

2-part. threshold 2MF1



The basis - primary operators

[K−,On+k/2(x
−)] = i

�
(x−)2∂− + x−(2n+ k)

�
On+k/2(x

−)

On+k/2 ≡ 1

Nk/2

�
�

si=n

cs1,s2,...,skTr
�
∂s1
− ψ1∂

s2
− ψ2...∂

sk
− ψk

�
Define primary operators in the UV:

satisfying the Killing equation:

Gauge singlet

15

Construct the basis:

|ψ∆� = O∆(x
−, x+ = 0)|Ω�
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Define primary operators in the UV:
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constraints on the coefficients:
orthonormal and cyclicity

Gauge singlet
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Construct the basis:

|ψ∆� = O∆(x
−, x+ = 0)|Ω�



The basis - technicality

ψij =
1

2
√
π

� ∞

0
dp+

�
bij(p

+)e−ip+x−
+ b†ji(p

+)eip
+x−

�

f(p1, p2, ..., pk) = �p1, p2, ..., pk|Õn+k/2|0�

On+k/2 ≡ 1

Nk/2

�
�

si=n

cs1,s2,...,skTr
�
∂s1
− ψ1∂

s2
− ψ2...∂

sk
− ψk

�

Quantization of the fermion at constant “time”       :x+

16

f(p1, p2, ..., pk)Killing eq. differential eq. of the poly.
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The basis - primary operators

O1 ∼ Tr ((∂ψ)ψ − ψ∂ψ) ,

O2 ∼ Tr
�
(∂3ψ)ψ − 9(∂2ψ)∂ψ

�
± ...,

O3 ∼ Tr ((∂ψ)(∂ψ)ψψ)± ...,

O4 ∼ Tr ((∂ψ)ψψψψψ)± ...,

O5 ∼ Tr
�
(∂2ψ)ψψψψψ − 2(∂ψ)ψ(∂ψ)ψψψ

�
± ...

T - even sector, the lowest 5 operators: 

∂ : ∂−

17

T sym ψij → ψji
Hilbert space

(T - even / T - odd)⊗ (Bosons / Fermions)



The mass matrix

18

δ(P − P
�
)M2

i,j =

�
dxdyeiPx−iP

�
y�Oi(x)|2P

+P−
|Oj(y)�

For previous example, the mass matrix (T-even) has a 
basis of the lowest 5 operators.

where the ellipses refer to terms related to the first one by cyclic permutations. The matrix

elements are calculated by numerically integrating the wavefunctions (3.8), obtained directly

from the solutions given by eq. (3.9), against the parton basis mass-squared operator of

eq. (2.3). A more detailed explanation of the calculation can be found in the Appendix B.

In the case of the above 5 quasi-primary operators, for example, the corresponding 5 × 5

dimensional mass matrix is





12. 3.05 4.83 0 0

3.05 51.3 −7.38 0 0

4.83 −7.38 44.3 0 0

0 0 0 56. 0

0 0 0 0 72.




. (3.13)

The spectrum of the adjoint fermion model is then obtained from the diagonalization of

the mass matrix with a basis up to a maximum operator dimension ∆max.

4 Results

In this section we present the spectrum of the mass-squared operator in the conformal quasi-

primary basis. We diagonalize the mass-squared operator for a basis of up to dimension 9 for

the bosonic sector, and up to 9.5 for the fermonic sector. Since there is no mixing between

T-even and odd states, the diagonalization is performed separately for each sector. In total

we found six single particle states, together with states that match well to the expected

manifestation of a continuous spectrum at finite ∆max. This agrees with previous studies [4–

7]. Most of the single particle states have clearly converged. That is, for these eigenstates we

saw an exponential drop in the contribution of high-dimension operators, with the combined

weight carried by operators of order ∆max being at or below 10
−3

. Specifically, the lowest

states in each sector converge at a rather small dimension when the basis contains only ∼ 50

states for all sectors combined. Therefore, different from DLCQ, we obtain the particle mass

without the need to linearly extrapolate. The mass spectrum of the single particle states we

find grows linearly with parton number.

As discovered previously [6], we also saw evidence for a continuous spectrum starting

with twice the mass of the lightest state |F1�. We will describe the way one can identify a

two-particle threshold with a truncated basis using our approach in section 4.2.

4.1 Single particle states

We show in Fig. 2 the convergence of the mass with respect to 1/∆max for the eigenstates

identified as single particle states. Here ∆max is equal to the dimension of the highest quasi-

primary operator used to generate a truncated Hilbert space. The mass-squared, m2
, is in

units of g2N/π. States are counted as single particle states if more than 0.9 of their weight

is generated by operators with the same number of partons. It is therefore straightforward

to track these states as ∆max increases. It is remarkable that the spectrum of the low-lying

– 10 –

{∆max = 5M2
i,j =

M2(∆max = 5)Eigenstates w/



The size of the basis

∆max 2 3 4 5 6 7 8 9

T-even 1 1 4 5 16 27 75 153

T-odd 0 1 2 6 12 31 66 165

Table 1: Number of states in the bosonic sector at each operator dimension

have a special form when expressed in term of angular variables defined by

pk = P cos2 θ1,

pk−1 = P sin2 θ1 cos
2 θ2,

...

p2 = P sin2 θ1 sin
2 θ2... cos

2 θk−1,

p1 = P sin2 θ1 sin
2 θ2... sin

2 θk−1.

In these variables the wave-functions can be expressed as linear combinations of products

of Jacobi Polynomials of the form 4

fn,l1,l2,...,lk−2
(P, θ1, θ2..., θk−1)

= Pn sin2l1θ1 sin
2l2θ2... sin

2lk−2θk−2

× P (2l1+k−2,0)
n−l1

(cos 2θ1)P
(2l2+k−3,0)
l1−l2

(cos 2θ2) ...P
(2lk−2+1,0)
lk−3−lk−2

(cos 2θk−2)Plk−2
(cos 2θk−1) ,

(12)

with n ≥ l1 ≥ l2 ≥ ... ≥ lk−2. All wave-functions can be generated by these “basis”

functions with the additional constraint that they lead to wavefunctions, cyclic in the

original momenta variables (up to a (−1)k sign). This constraint comes from the single

trace requirement. This reproduces the previous result [10] that for operators bilinear

in the fields, the wave-function is given by Legendre Polynomials.

We also need to ensure that our basis is orthonormal. Operators with different

dimensions, different T-parity or different number of partons are automatically orthog-

onal. However given two operators of same dimension with equal T-parity and number

of partons, Oi and Oj , they must satisfy

�0|Õ†
i (P )Õj(P

�
)|0� =1

k
δ(P − P

�
)

�

�
i pi=P

�

i

dpig(p1, p2, ..., pk)
∗f(p1, p2, ..., pk)

= δijδ(P − P
�
).

(13)

Here g and f are the corresponding wavefunctions defined in eq. (11). The factor 1/k

takes care of the normalization of the color singlet state (10) at leading order.

The number of states in the basis of conformal primaries up to dimension 9 for the

bosonic sector and 9.5 for the fermionic sector is listed in Tables 1 and 2. Note that the

dimension of the basis is almost an order of magnitude smaller than that used for the

DLCQ method.

The matrix element of the mass operator 2P+P− in the primary operator basis is

defined as

M2
i,j = �Oi|2P

+P−
|Oj�. (14)

4 Recall that the Legendre Polynomial is a special case of Jacobi Polynomials Pl = P (0,0)
l .

8

∆max 1.5 2.5 3.5 4.5 5.5 6.5 7.5 8.5 9.5

T-even 0 1 1 5 7 22 42 111 235

T-odd 1 1 3 4 11 18 51 99 257

Table 2: Number of states in the fermionic sector at each operator dimension

For example, there are 5 primary operators up to ∆max = 5 in the T-even sector

O1 ∼ Tr ((∂ψ)ψ − ψ∂ψ) ,

O2 ∼ Tr
�
(∂3ψ)ψ − 9(∂2ψ)∂ψ

�
± ...,

O3 ∼ Tr ((∂ψ)(∂ψ)ψψ)± ...,

O4 ∼ Tr ((∂ψ)ψψψψψ)± ...,

O5 ∼ Tr
�
(∂2ψ)ψψψψψ − 2(∂ψ)ψ(∂ψ)ψψψ

�
± ...,

(15)

where the ellipses refer to terms related to the first one by cyclic permutations. The ma-

trix elements are calculated by numerically integrating the wavefunctions (11), obtained

directly from the solutions given by eq.(12), against the parton basis mass-squared op-

erator of eq.(3). A more detailed explanation of the calculation can be found in the

Appendix B. In the case of the above 5 primary operators, for example, the correspond-

ing 5× 5 dimensional mass matrix is





12. 3.05 4.83 0 0

3.05 51.3 −7.38 0 0

4.83 −7.38 44.3 0 0

0 0 0 56. 0

0 0 0 0 72.




. (16)

The spectrum of the adjoint fermion model is then obtained from the diagonalization

of the mass matrix with a basis up to a maximum operator dimension ∆max.

4 Results

In this section we present the spectrum of the mass-squared operator in the conformal

primary basis. We diagonalize the mass-squared operator for a basis of up to dimension

9 for the bosonic sector, and up to 9.5 for the fermonic sector. Since there is no mixing

between T-even and odd states, the diagonalization is performed separately for each

sector. In total we found six single particle states, together with states that match well

to the expected manifestation of a continuous spectrum at finite ∆max. This agrees with

previous studies [2, 3, 4, 5]. Most of the single particle states have clearly converged.

That is, for these eigenstates we saw an exponential drop in the contribution of high-

dimension operators, with the combined weight carried by operators of order ∆max

being at or below 10−3. Specifically, the lowest states in each sector converge at a

rather small dimension when the basis contains only ∼ 50 states for all sectors combined.

Therefore, different from DLCQ, we obtain the particle mass without the need to linearly

9

Fermionic sector

Bosonic sector

DLCQ:  ~ 6700 states
(hep-th/9710240)
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Results - single particle states
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Results - single particle states

�
������

��

�

��

��

�����

�������

��

�
����

�
������

35.3

25.6

17.3

10.8
5.7

0.1 0.2 0.3 0.4 0.5 0.6 0.7
0

20

40

60

80

1��max

M
2

Single Particle States

21

Exponential decoupling: δM2 ∼ exp(−λ
�
∆max) ?



Results - effective conformal dominance

convergence: M2 −M2
asym = e−∆max

22

perturbation in to power of ∆maxe−1
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Results - effective conformal dominance
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Results - effective conformal dominance
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Results

�3 - parton|M2|3 - parton�

=
g2N

π

�
dx1dx2dx3δ (x1 + x2 + x3 − 1) (

√
6)2

1

(x1 + x2)2

� x1+x2

0
dy

= 6× g2N

π
,

Analytic ground states parton wavefunction :

The spectrum is approximated with the lowest 
operators to <15% accuracy.

�2 - parton|M2|2 - parton�

=
g2N

π

� 1

0
dx1dx2δ(x1 + x2 − 1)

� 1

0
dy

6 ((x2 − x1)− (1− 2y))2

2(x1 − y)2

= 12× g2N

π
.

F1

B1
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Results - the continuum

Two-particle threshold
discovered by previous studies

Two-free-particle states 
of single-particle

e.g. |F1� ⊗ |F1�
|F1� ⊗ |F2�

hep-th/9710240

hep-th/0110058
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Real theory - QCD w/ an adjoint fermion

Two-particle free theory 
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∆max

Using           as a matching parameter, we can approx. 
the continuum with the discrete spectrum in the 
truncated, finite Hilbert space.

∆max

Results - approximate the continuum



Results - the truncated free theory

Free two - particle state  
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Results - the truncated free theory

Free two - particle state  

e.g.  two-particle threshold, |F1� ⊗ |F1�,m2
1 = m2

2 = 5.7g2N/π
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Results - the truncated free theory

topological sector (fermions) - change op. dim by 1/2

[M2
2part]∆,∆� =

� 1

0
dxφ∗

∆(x)

�
m2

1

x
+

m2
2

1− x

�
φ∆�(x)

O
2−part
∆n

=






ψ1(x)P
(0,0)
n

�←−
∂ −

−→
∂
�
ψ2(x) , for 2 fermions,

∂φ(x)P (1,0)
n

�←−
∂ −

−→
∂
�
ψ(x) , for a boson and a fermion

∂φ1(x)P
(1,1)
n

�←−
∂ −

−→
∂
�
∂φ2(x) , for 2 bosons.
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δ(P − P
�
)M2

i,j =

�
dxdyeiPx−iP

�
y�Oi(x)|M

2
|Oj(y)�

φ∆(x) ≡ �x, 1− x|Õ2−part
∆ |Ω�

Basis:

Mass matrix:



Results - the truncated free theory
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Results - the real theory
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Results - the real theory
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further evidence of effective conformal dominance



Results - bosonic sector
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Results - fermionic sector
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Conclusions

• Decoupling leads to a basis of quasi-primaries, with 
which the spectrum converges as             .

• Our method agrees with DLCQ method, with a 
much smaller basis.

• Effective conformal dominance suggests an 
expansion parameter             .

• Analytic parton wavefunctions.

• Test this method in other strongly interacting 
systems.

• Finite N.

e−∆max
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Conclusions

• Decoupling leads to a basis of quasi-primaries, with 
which the spectrum converges as             .

• Our method agrees with DLCQ method, with a 
much smaller basis.

• Effective conformal dominance suggests an 
expansion parameter             .

• Analytic parton wavefunctions.

• Test this method in other strongly interacting 
systems.

• Finite N.

e−∆max

Thank you!

34

e−∆max



Backup slides



2d QCD with an adjoint fermion
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The basis 

Solutions to the Killing equation:

pk = P cos2 θ1,

pk−1 = P sin2 θ1 cos
2 θ2,

...

p2 = P sin2 θ1 sin
2 θ2... cos

2 θk−1,

p1 = P sin2 θ1 sin
2 θ2... sin

2 θk−1.

fn,l1,l2,...,lk−2 (P, θ1, θ2..., θk−1)

= Pn sin2l1θ1 sin
2l2θ2... sin

2lk−2θk−2

× P (2l1+k−2,0)
n−l1

(cos 2θ1)P
(2l2+k−3,0)
l1−l2

(cos 2θ2) ...P
(2lk−2+1,0)
lk−3−lk−2

(cos 2θk−2)Plk−2 (cos 2θk−1)

Write the momenta on a simplex in angle variables:

Cyclicity and symmetries coefficients of fn,l1,l2,...,lk−2

T sym ψij → ψji
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