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Motivation

Decoupling of higher-dim operators from the lightest
states happens in systems with a large gap in op dim.

A

Oa(Az) = A"20(x) A

— dual to stringy modes

TH” dual to SUGRA

in SUGRA background

dual to a confining gauge theory eg hep-th/0007191, hep-th/0003136
3
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Motivation

Can the decoupling be exponential?

Fitzpatrick, Kaplan, Katz, Randall, hep-th/1304.3448
In the presence of a mass gap

—mr

€
Td_Q

(O2(r)01(0)) =~ f(A1, Ay)

In many cases, the decoupling is exponential

If A=As> Ay fa, (A) ~ exp [—AAP]




Motivation

AdS/CFT: Fitzpatrick, Kaplan, Katz, Randall, hep-th/1304.3448

In a CFT broken by a single scale, high dimensional operators can
decouple from the lightest states exponentially fast, e~ .

2

A
A2 EOM: (—8,3 + 5+ Vconf(z)) W = m2y




Motivation

Can there be an exponential decoupling if there
is a mild / no gap!

vo) = Oa, |€2)
(Q|Oa|tbo) ~ exp(—AAP)




Motivation

Can there be an exponential decoupling if there
is a mild / no gap!

|¢O> — OA1’Q>
(2O |ho) ~ exp(—AAP)

Yes, e.g.in 2d QCD at large N




2d QCD models

't Hooft Model| Nucl. Phys. B75 (1974) 461

Simple : gluons have no dof, M
use light-cone gauge.

Large N : planar diagrams




2d QCD models

't Hooft Model

Decoupling of high-dim op from lightest states
Katz, Okui, hep-th/0710.3402

(Qq0"qlpo) ~ exp(—k)

0

Oa

o) ~ exp(—AAPY)

However,

at large N, reduces to QM, no particle # violation

(fundamental fermions).




2d QCD models

2d QCD with an adjoint fermion

e.g. Dalley, Klebanov, hep-th/9209049

1
Sp = / d?z Tr {i\DTWOWDa\I} — U — - F g

4q2

at large N - planar, has particle # violation.
more like real QCD.

Tr(gq) [ Tr(gqqq)

No analytic control, numerical results obtained from
Discrete Light-cone Quantization (DLCQ) method.
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Effective conformal dominance

Suppose
(Q|Oaltho) ~ exp(—AAP)

then taking a basis |aA) = OaA|Q))
with
A < Amaa;

one expects accuracy

SM? ~ exp(—)\/Amax)

This suggests an expansion parameter: A, ..




Effective conformal dominance

Although motivated by holography, this method is
entirely field theoretic.

Construct the basis Oa, — |¥a.) = Oa, Q)

2 _ a2
to calculate the spectrum (Ya, IM7|a;) = M ;-

<p17p27 |¢A> ~ POIY in pias
A~ degree of poly.

Low-lying parton
Decoupling T wavefunction dominated by
low-degree poly.




2d QCD with an adjoint fermion

S = /dszr (z\I!Tq/OW DU — mUL~9 — @FaﬁF B)

1
S = /d:v+d:z:Tr (i¢5’+¢ + ix0_x - 29 (0-AL)* + 2A+¢¢>

light cone coord.

v = (2 + 21 /v2

Pt = /da:_Tr (290 0_)

P~ = /da?_Tr (—292¢26i2¢2>

M? =o2Pt P~

PT, P =0




2d QCD with an adjoint

. o 1 o
S = /dQ:ETr (z\I!TWOfy DU — mUL~9 — @FaﬁF *8)

S = /dadezTr 101 4+ ixO—x

/

left mover and right mover do not mix

(like left/right handed fermions in 4D)

Pt = /dx_Tr (290 0_)

P = / dx ™ Tr (—zg%?aizw?

M? =o2Pt P~

fermion

Non-dynamical

Y } >

| 292 (8—144-)2 + 2A+¢¢

light cone coord.

vt = (2" £ 2)/V2

PT, P =0

)




2d QCD with an adjoint fermion

S = /dQ:ETr (i\I!TWOWO‘Da\I! — mUT 0w — éFaﬁFo‘ﬁ)
Non-dynamical

Y } >

S = /dadezTr 10 + 10— x : 2(0_A+)2—|—2A+¢¢

/ g
light cone coord.

left mover and right mover do not mix L0, 1
(like left/right handed fermions in 4D) o= (a0 £ a)/V2

Pt = /dx_Tr (290 0_)

PT, P =0

P~ = /dx_Tr (—292¢25’i2¢2> l

M2 —optp- < eigenfunctions of
P* and P~




2d QCD with an adjoint fermion

Eigenfunction ¢k (71, 2,...,2k) = (p1, P2, .., P |¥) T =pi/ »_p;




2d QCD with an adjoint fermion

Eigenfunction ¢k (71, 2,...,2k) = (p1, P2, .., P |¥) T =pi/ Y D)

2
_ g-N
..pL|2PT P —

<p17p27 7pk’ ‘¢> 7T($1—|—£U2

g2N T1+IT2 dy

+ = 5 [wk(x1,$2,$3, ,.CCk) — wk(yyxl T T2 — Y, T3, 7$k)]
708 0 (371 _y)

2 1 r1—yY
g N/ 1 1
+ dy/ dzwk 2\Y, %, 21 —?J_Zﬂ?Qa---,fEk [ _ ]
™ Jo 0 +2( ) (y+2)? (21 —y)?

r1t+x2
)2 / dywk(yaxl + X9 — Y,x3, ,ZEk)
0

g*N 1 1

-+ ka—g(an + T2 + T3, Ly, ., Tg) [(xl + x9)? - (72 + $3)2]

+ cyclic permutations of (x1,xo, ..., Tg)

dim of g =1




2d QCD with an adjoint fermion

Eigenfunction ¢k (71, 2,...,2k) = (p1, P2, .., P |¥) T =pi/ Y D)

g°N
7T($1 —|—2172
dy
(371 — 9)2
g2N 1 r1—Y 1 1
parton H + —/ dy/ d2¢k+2(%27$1 —y — 2,22, afEk) [ 2 2]
ron ) W/ (y+2?  (21—)
C ange g2N 1 1
by 2 J==> kel s, B 1) [(:pl t22)? (22 +:v3)2]

+ cyclic permutations of (x1,xo, ..., Tg)

(P1, P2y ooy PE|2PT P 1)) =

r1t+x2
)2 / dywk(yaxl + X9 — Y,x3, 7$k)
0

[wk(x17$27$37 7$l€) o wk(yvxl + Tg — Y, L3, 7$k)]

dim of g =1




2d QCD with an adjoint fermion

Spectrum

A

M

continumm,
multi-particle states

Single-particle states
(eigenstates of parton #)

Linear spectrum, not Regge 2-part. threshold 2M,

_MF1

Bhanot, Demeterfi, Klebanov, hep-th/930711 1,

previously solved numerically by DLCQ Gross, Hashimoto, Klebanoyv, hep-th/9710240.

| 4



The basis - primary operators

Construct the basis:
Ya) = Oalz™, 2T = 0)|Q)
Define primary operators in the UV:

o Tr (051 4h10%24py...0% 4y, )

Gauge singlet
satisfying the Killing equation:

K, Oajo(a)] =i (x7)20- + 2~ (204 k) Oppyala)




The basis - primary operators

Construct the basis:
Ya) = Oalz™, 2T = 0)|Q)
Define primary operators in the UV:

o Tr (051 4h10%24py...0% 4y, )

Gauge singlet
satisfying the Killing equation:

K™, Opqis2(x7)) =1 ((x_)zﬁ_ + 27 (2n + k)) Optrs2(z™)

constraints on the coefficients:
orthonormal and cyclicity

|5



The basis - technicality

1 S 52 Sk
On—l—k/Z = NE/2 ’ ska (a_lwla— wg...a_ wk)

> s,=n

Quantization of the fermion at constant “time” z™ :

1 > —ipTa” ipT @
Vij = ﬁ/o dp™ (bij(f)@ P by (ph)e )

F(P1,p2, s Pk) = (D1,D2, ey P | O i /210)

Killing eq. — differential eq. of the poly. f(p1,p2,...,Pk)




The basis - technicality

1 S 52 Sk
On—l—k/Z = NE/2 ’ ska (a_lwla— wg...a_ wk)

> s,=n

Quantization of the fermion at constant “time” z™ :

1 > —ipTa” ipT @
Vij = ﬁ/o dp™ (bij(f)@ P by (ph)e )

F(P1,p2, s Pk) = (D1,D2, ey P | O i /210)

Killing eq. — differential eq. of the poly. f(p1,p2,...,Pk)

|

On—l—k/Q




The basis - primary operators

Hilbert space
T sym i — Pji - (T - even /T - odd) ® (Bosons / Fermions)

T - even sector, the lowest 5 operators:

OY) — oY)

0> )b — 9(9°Y) V) -
) (OY) ) £ ...,

) phpy)) £

02 )apapipep — 2(aw)¢<<‘w>ww) -




The mass matrix

O(P — P)M,] —/d:vdyesz ’Py< {(2)2PTP7|0;(y))

For previous example, the mass matrix (T-even) has a
basis of the lowest 5 operators.

(12. 3.05 483 0 0 )
3.05 51.3 —7.38 0 0
M7 =|483 -73%8 443 0 0
0 0 0 56 0
\ 0 0 0 0 72/

l

Eigenstates w/ M?(A,,q0 = 5)

|18



The size of the basis

Bosonic sector

Amaac
T-even

T-odd

Fermionic sector

A | 1.5 2.5
T-even | 0 1
T-odd 1

DLCQ: ~ 6700 states
(hep-th/9710240)




Results - single particle states

Single Particle States

bosons:up to A,,u. =9
fermions: up to A4 = 9.5

20



Results - single particle states

Single Particle States

I DLCQ results
hep-th/9710240

bosons:up to A,,u. =9
fermions: up to A4 = 9.5

20



Results - single particle states

Single Particle States

Exponential decoupling:




Results - effective conformal dominance

Convergence of the spectrum

6

Amax

convergence: M?* — My, .. = o~ Dmaa
1

perturbationin e™ " to power of A, 44

22



Results - effective conformal dominance

‘\If> = CQ‘@A:2> -+ Cg‘@A:3> -+ C4‘@A:4> + ...

Two—parton state




Results - effective conformal dominance

Z cA ~ exp(—AA)

Two—parton state Three—parton state

Six—parton state Seven—parton state




Results

Analytic ground states parton wavefunction :

BI Tr (wﬁw) (2 - parton|M?|2 - parton)

2N ! ! —21) — (1 - 2y))°
— g—/ dmlda:25(:c1 + X9 — 1)/ dy6 ((562 371) ( 5 y))
™ Jo 0 2(z1 —y)

2 N
—19x L%
7T

(3 - parton|M?|3 - parton)

92]\7 1 T1+T2
= T /d$1d$2d$35 (561 + To + T3 — 1) (\/6)2 )2 / dy
0

(331 + i)

2

N
:6><g ,

7T

The spectrum is approximated with the lowest
operators to <|5% accuracy.

25




Results

Analytic ground states parton wavefunction :

BI Tr (wﬁw) (2 - parton|M?|2 - parton)

2N ! ! —21) — (1 - 2y))°
— g—/ d$1d$25($1 + X9 — 1)/ dy6 ((562 371) ( 5 y))
™ Jo 0 2(z1 —y)

2N
—12x L2
™ 2
N
compared to 11.3 x 2
A8

(3 - parton|M?|3 - parton)

92]\7 1 T1+T2
= T /d$1d$2d£€35 (561 + To + T3 — 1) (\/6)2 )2 / dy
0

(331 + i)

2

N
:6><g ,

7T

The spectrum is approximated with the lowest
operators to <|5% accuracy.
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Results

Analytic ground states parton wavefunction :

BI Tr (wﬁw) (2 - parton|M?|2 - parton)

2N ! ! —21) — (1 - 2y))°
— g—/ d$1d$25($1 + X9 — 1)/ dy6 ((562 371) ( 5 y))
™ Jo 0 2(z1 —y)

2N
—12x L2
™ 2
N
compared to 11.3 x 2
A8

(3 - parton|M?|3 - parton)

92]\7 1 T1+T2
= T /d$1d$2d£€35 (561 + To + T3 — 1) (\/6)2 )2 / dy
0

(331 + i)

g°N 2
_ N
O T compared to 5.7 x Z
7i8

The spectrum is approximated with the lowest
operators to <|5% accuracy.
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Results - the continuum

Two-particle threshold

discovered by previous studies

Two-
of

e.g.

hep-th/97 10240
hep-th/01 10058

-particle states

F1)
Fy)

continumm




Results - approximate the continuum

Using A, as a matching parameter, we can approx.
the continuum with the discrete spectrum in the
truncated, finite Hilbert space.

Real theory - QCD w/ an adjoint fermion

Amaw

Two-particle free theory




Results - the truncated free theory

Free two - particle state

M? = 2Pt P~




Results - the truncated free theory

Free two - particle state

M? = 2Pt P~

mass of the single particle states




Results - the truncated free theory

Free two - particle state

M? = 2Pt P~

mass of the single particle states

e.g. two-particle threshold, |Fy) ® |F1), m; = m3




Results - the truncated free theory

Basis:

% 5)) for 2 fermions,
% 3) for a boson and a fermion

3) (9¢2( ), for 2 bosons.

°
(1 0))(

8¢1( )P(l ! (‘5

Mass matrix:

(P~ PMZ, = [ dadyei = 10, (w)] M0, (1)
da(r) = (2,1 — 2|OF P Q)

1 2 2
Mopdas = [ deon(o) (" 72 ) o (a)

1l —=x

topological sector (fermions) - change op. dim by |/2

29



Results - the truncated free theory

Free two—particle spectrum

FI*F2(3) sof

FI*F2(2)
FI*F2(1)

NE 20 o7
FI*FIQ2) |
30

FI*FI(])

o o015 020 025
l/nmax

N

# of derivatives acting on an operator

30




Results - the real theory

Bosons T—Even

T 7 T
/

(\] i /
40/
/
L /
/
//

30+

2-part threshold }

%).10




Results - the real theory

Bosons T—Even

T v T
/

\
- oem om \*-------‘
\ \

2-part threshold }7~

1
1
1
1
I/
-
1
1
_I_
5
1
1
1
I//
|//
/I
/1
/
1
1
1
1
1
1
1
| B
1
1
1

020
1/Amax

further evidence of effective conformal dominance

31



Results - bosonic sector

F1*F2 BI*BlI




Results - fermionic sector

Fermion T—Even

hd T T T w T
7/

Fermion T—0Odd

020

1/Amax

FI*FI F1*F2 BI*BlI FI*BlI

no evidence of bosonic bound states?

33




Conclusions

* Decoupling leads to a basis of quasi-primaries, with
which the spectrum converges as ¢ =~ maz

* Our method agrees with DLCQ method, with a
much smaller basis.

 Effective conformal dominance suggests an
expansion parameter e~ Bmaz

* Analytic parton wavefunctions.

* Test this method in other strongly interacting
systems.

¢ Finite N.




Conclusions

* Decoupling leads to a basis of quasi-primaries, with
which the spectrum converges as ¢ =~ maz

* Our method agrees with DLCQ method, with a
much smaller basis.

 Effective conformal dominance suggests an
expansion parameter e~ Bmaz

* Analytic parton wavefunctions.

* Test this method in other strongly interacting
systems.

¢ Finite N.

Thank you!




Backup slides




2d QCD with an adjoint fermion

Single—particle states

red: bosons

green: fermions

2 4 6
average parton number

Linear spectrum, not Regge.
Also contains a continuum, multi-particle states




The basis

Write the momenta on a simplex in angle variables:

pr = Pcos® 6y,

pr—1 =P sin” 64 cos? 6,

Do = Psin? 01 sin” 05... cos® O _1,

P1 = P SiIl2 (91 Siﬂ2 (92 SiIl2 Hk—l-

Solutions to the Killing equation:

fn,ll,lg,...,lk_g (P7 917 927 Hk—l)

= P" Sin2l191 Sin2l292... Sil’l2lk_29k_2

X Péz_l};rk_lo) (cos 264) pZl2tk=30) (cos 26,) it h0) (cos20;_2) P;,_, (cos260;_1)

ll—lg lk:—3_lk:—2

Cyclicity and symmetries > coefficients of fn.i, 15, 105
T sym > Vij — Vji
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