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Figure 6.  Conformal diagram (with additional construction lines) showing the hyperbola h of possible points that 
could locate the explosive events giving rise to a particular low-variance circle c in the CMB sky (explanations in the text). 

 
Geometrical considerations tell us that in view of the large angular radii of some of the circles 

that are seen (often with !up to around 15- , the events which could 
be source of some of the largest of these circles would have to have occurred no later than around 
" 1/3, which would be well before the final stages of the inflationary phase of any inflationary 
model (although well within the later stages of our previous aeon, in accordance with CCC). It will be 
seen, therefore, that this picture provides a serious problem for inflationary cosmology, assuming that 
our events are not in some unforeseen way spurious. In the inflationary picture [14] the onset of 
inflation, or Big Bang, would be represented, in Fig. 6, by a horizontal line which is extremely far 
down the picture, having little connection with such hyperbolae h. Although it is still geometrically 
possible to obtain circles c of small angular radius from events occurring either in the early 
inflationary phase or near the Big Bang before the inflationary phase takes over, the statistical 
distribution of observed circle radii would be very different from what we appear to see, this 
inflationary picture providing relatively far more circles of large radii and extremely few of tiny radii, 
since the source events would then lead to plane-wave disturbances randomly moving across the 
CMB celestial sphere . In any case, such explanations would be completely at odds with the standard 
inflationary philosophy, which would require the effects of all such early hypothetical explosive 
events to be ironed out by the exponential expansion. Moreover, our finding that such events have a 
recurrent nature, with successive events producing effects of the same order of magnitude, seems very 
hard to square with the inflationary point of view. It may be pointed out, however, that exponential 
expansion does not, in itself exclude recurrent effects of the same order of magnitude. This occurs 
also in CCC where in the late stages of the previous aeon there is also an exponential expansion which 
allows for recurrent effects of the same order of magnitude. But for the reasons stated above, to 
reproduce the effects that we appear to see, within the framework of inflation, one would require a 
mechanism for producing recurrent explosive events close to the inflationary turn-off point. No such 
mechanism has ever been seriously contemplated. 
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Gurzadyan & Penrose

Pre-primordial gravitational waves from pre-primordial black holes!

The clearest observational signal of CCC results from 
numerous supermassive black-hole encounters occurring 
within clusters of galaxies in the aeon previous to ours. 
These encounters should yield huge energy releases in 

the form of gravitational radiation bursts. From the 
perspective of our own aeon (see [3]), these would 

appear not in the form of gravitational waves, but as 
spherical, largely isotropic, impulsive bursts of energy in 
the initial material in the universe, which we take to be 

some primordial form of dark matter, the impulse moving 
outwards with the speed of light up to our last-scattering 

surface (see Fig. 1).
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Figure 2. The temperature variance ring structures in WMAP W (a) and V (b) band maps. The Gaussian map 
simulated for WMAP W parameters is shown as well (c).  

 
 

 
 

Figure 3.The sky region of Fig.2 with indication of the low variance circles. This particular example also illustrates 
a low-variance central point.  

 
Those points in the CMB sky which are centres of circles whose depth (the amount by which 

its temperature variance is lower than the mean) is at least are noted, these deviating greatly 
from the Gaussian expectation with a significance of -7. (The peaks of high 
variance are of no importance, as these can result from numerous irrelevant effects.) It is found, very 
remarkably, that all low-depth circles are also centres of other such circles. We note that points which 
are simultaneously centres of n circles of around that depth would occur, with Gaussian data, only 
with the far smaller probability of~10 7n. 

Although such high significance supports the reality of the effect, we undertook one further 
test, which was to involve the BOOMERanG98 [13] data for comparison. Fig.4ab exhibits the 
analysis for the same  two independent 
channels A+B of 150 GHz. The circle of radius 2-3  is clearly visible in both histograms in Fig.4ab, 
and other features agree as well. For a comparison, we also ran the difference maps A-B, i.e. of noise, 

“Prediction” for concentric rings of low variance

Claim for detection in WMAP data

So let’s look at some real data
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No evidence for anomalously low variance circles on the sky

Adam Moss,! Douglas Scott,† and James P. Zibin‡

Department of Physics & Astronomy
University of British Columbia,

Vancouver, BC, V6T 1Z1 Canada
(Dated: December 16, 2010)

In a recent paper, Gurzadyan & Penrose claim to have found directions on the sky centred on
which are circles of anomalously low variance in the cosmic microwave background (CMB). These
features are presented as evidence for a particular picture of the very early Universe. We attempted
to repeat the analysis of these authors, and we can indeed confirm that such variations do exist in
the temperature variance for annuli around points in the data. However, we find that this variation
is entirely expected in a sky which contains the usual CMB anisotropies. In other words, properly
simulated Gaussian CMB data contain just the sorts of variations claimed. Gurzadyan & Penrose
have not found evidence for pre-Big Bang phenomena, but have simply re-discovered that the CMB
contains structure.

A recent preprint by Gurzadyan & Penrose [1] (here-
after GP10) makes what must be considered by any stan-
dard to be an extraordinary claim – that the cosmic
microwave background (CMB) contains statistically un-
usual circles which are signatures of events which hap-
pened before the hot, dense stage in the usual Big Bang
theory. In particular, GP10 claim to have found direc-
tions on the sky centred on which are circles of anoma-
lously low variance in the CMB. If true, this would have
profound implications for our understanding of the early
Universe, since such features are not expected in the stan-
dard picture of primordial structure, based on Gaussian
random fields. Such a result would also be very surpris-
ing, given the intense scrutiny the CMB has seen in the
search for signs of non-Gaussianity. However, we will
show that the evidence claimed in GP10 fails to be ex-
traordinary; indeed, such low-variance circles are expected
to arise, as properly simulated data show.

GP10 studied maps from the Wilkinson Microwave
Anisotropy Probe (WMAP) 7-year data release [2]. They
specifically looked at circles around particular positions,
calculating the variance within annuli of 0.5" width, and
plotting this variance as a function of radius. They found
some positions where there appeared to be concentric
rings of suppressed variance. In addition, figure 2 in
GP10 implies that the scatter in the annulus variances is
much larger in some particular locations than it is for a
simulated CMB sky.

We first tried to reproduce the plots of the variance in
annuli presented for the two selected positions in GP10.
We found that we could reproduce very similar results
(see Fig. 1), and that these are present in both W-band
and V-band maps, as well as in the so-called ILCmap (see
[3]), which is largely free of foreground signals. Hence it
is clear that the particular map used is not the issue, and

!Electronic address: adammoss@phas.ubc.ca
†Electronic address: dscott@phas.ubc.ca
‡Electronic address: zibin@phas.ubc.ca

FIG. 1: Standard deviation in temperature measured within
annuli of width 0.5" as a function of radius R, for the WMAP
7-year W-band data. The red and blue curves are for the
two specific directions selected by GP10 (red corresponds to
galactic coordinates l = 105", b = 37", and blue to l = 252",
b = !31"), and agree well with the results presented there.
The dashed curves are for 100 randomly chosen centres. The
green curve was chosen from the random centres on the basis
that it has a prominent low-variance annulus at R = 2.5" as
well as another near R = 6". Other curves having annuli with
high variance could just as easily be highlighted. Note also
that the vertical axis on this plot does not start at zero, so the
variations in variance are only at the " 10% level, and hence
are quite subtle in the maps themselves.

it is also unlikely that foregrounds are a major part of the
e!ect. Moreover, we found that strong variation among
the annuli could be seen all over the map. In other words,
the particular positions selected in GP10 did not seem
very unusual. Additionally we could find rings of high
variance just as easily as those of low variance (examples
can be seen in Fig. 1); this is just what would be expected
if both low and high variance rings are simply excursions
in the noise. if the

For all of the results presented here we used the masked

2

CMB maps. Also, because of the WMAP scanning pro-
cess, the number of samples going into individual pixels
can vary, and so the uncertainty in the temperature varies
across the sky. Therefore our results include proper noise
weighting and removal of bias. As a check, we also per-
formed the calculations using the unmasked sky, and not
taking into account noise weighting. In this case, our
results for the two directions chosen in GP10 matched
those of GP10 almost perfectly. However, ignoring these
details did not have a large e!ect on our results (despite
one of the directions suggested in GP10 being very close
to the north ecliptic pole).

We next turned our attention to simulations. We
performed the same variance calculations as described
above, but applied to a combination of simulated maps
for all W-band feedhorns over the full 7 years (as pro-
vided on the LAMBDA website [3]); this should represent
a realistic simulation of the CMB signal plus the WMAP
noise. Our results are presented in Fig. 2. Comparing
with Fig. 1, it is clear that the expectation of the annu-
lus variances, together with their degree of fluctuation,
are indistinguishable between the simulated data and the
real data. Since the WMAP data are dominated by the
CMB anisotropies rather than by instrumental noise, it
is not surprising that we found qualitatively the same re-
sults using simpler simulations which were based purely
on the estimated power spectrum, C! [4], or equivalently
the temperature correlation function, C(!).

In Fig. 2 we also indicate specific curves which we se-
lected based on the presence of particularly low variance
annuli. This demonstrates that the simulated data con-
tain similar low-variance circles as occur in the real data
(e.g. the green curve could be claimed to have a ‘fam-
ily’ of multiple low variance rings). Results for a sim-
ulated sky are also presented in GP10 (the third panel
of their figure 2), where the fluctuations in the variance
appear very small compared with the real data. Details
of this simulation are not provided in GP10. However,
we can reproduce a similar plot by using purely white
noise simulations – i.e. C! = constant, normalized to
have approximately the correct total power, but with
entirely the wrong distribution with scale. It is clear
that the scatter around the average variance level are
not what is expected in a map containing the measured
CMB anisotropies.

It is important to point out that even when a low-
variance annulus is identified in real or simulated data,
that does not imply the presence of a circular feature in
the map. The low variance could simply be due to par-
ticularly low fluctuations in a segment of the annulus.
Indeed, it is straightforward to repeat the above anal-
ysis, but searching for low-variance features of shapes
other than circular annuli. As an example, we performed
the identical analysis steps, but looking instead for low-
variance ‘triangular annuli’, i.e. the regions between con-
centric equilateral triangles of di!erent sizes [5]. The
results are presented in Fig. 3. It is clear from this figure
that there are directions around which there are similarly

FIG. 2: Same as Fig. 1, except that this plot is for simulated
W-band data. We have plotted the results for 100 random di-
rections. The red, green and blue (heavy) curves were chosen
from the random centres on the basis that they have annuli
which show prominent dips in variance. It is clear that there
are directions around which there are low variance circles, just
like in the real data. Again, high variance annuli could just
as easily be highlighted.

FIG. 3: Same as Fig. 1, except that here we have calculated
the variances in equilateral ‘triangular annuli’ inscribed into
circles of radiusR. We have plotted the results for 100 random
directions and random orientations of the triangles. The green
(heavy) curve was chosen from the random centres on the
basis that it has several prominent low-variance triangles.

low-variance triangles to the low-variance circles found
above. Therefore there is nothing special about the pres-
ence of low-variance circles on the sky. We also tested
the same triangles in simulated data, finding results con-
sistent with those in Fig. 3.
We have refrained from any attempt to estimate the

significance level for the specific patterns identified in
GP10. Since the predictions for low variance annuli are
quite vague, it would be impossible to avoid the issue of a
posteriori statistics. But in any case, this is unnecessary,

G&P-selected position

G&P-selected position

MSZ-selected position

Triangles are just as good
(maybe better!)
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(see Moss, Scott & Zibin, arXiv:1012.1305)



Non-standard morphological relic patterns in the cosmic
microwave background

Joe Zuntz∗, James P. Zibin†, Caroline Zunckel‡, Jonathan Zwart§

1 April 2011

Abstract

Statistically anomalous signals in the mi-

crowave background have been extensively

studied in general in multipole space, and in

real space mainly for circular and other sim-

ple patterns. In this paper we search for a

range of non-trivial patterns in the temper-

ature data from WMAP 7-year observations.

We find a very significant detection of a num-

ber of such features and discuss their conse-

quences for the essential character of the cos-

mos.

1 Introduction

The most significant information contained

in maps of the cosmic microwave background

(CMB) and large-scale structure has for the

most part been contained solely in their two-

point statistics: the power spectra and an-

gular correlation functions of the respective

fields. But it has long been recognized that
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†Department of Physics & Astronomy, University
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‡Astrophysics and Cosmology Research Unit, Uni-
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important information can be lost if we ex-

clusively follow this approach.

One area of fertile or at least exten-

sive research has been searches for non-

gaussian statistics of the CMB. The bis-

pectrum and trispectrum of Wilkinson Mi-

crowave Anisotropy Probe (WMAP) and

other data have been analyzed for consis-

tency with gaussianity, with varying results

[1, 2, 3, 4, 5] and even single point statis-

tics beyond the variance can provide strongly

convincing evidence of non-gaussian behavior

[6].

There have also been searches for real-

space (morphological) patterns in the CMB.

Various models suggest that there should

be ‘circles-in-the-sky’ present on very large

scales: large annular regions of correlated or

enhanced background temperature. These

patterns might be generated by non-trivial

cosmic topologies [7, 8, 9, 10, 11], or by

more exotic pre-big bang models of cosmo-

logical history. There have been claims of a

highly significant detection of concentric cir-

cles in the latter context in WMAP and other

data [12], but they have been contradicted by

other analyses [13, 14, 15], which have sug-

gested that such signals could be caused by

systematic error.

There is little work in the literature con-

cerning non-circular relic patterns in the
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New paper (by the Z-men)

CMB, apart from the pioneering search for

triangular patterns in [13]. Elliptical patterns

have been considered, but it has been noted

that ellipses are really just stretchy circles

[16].

In this article we search for other mor-

phologies in primary CMB data by correlat-

ing patterns with the WMAP 7-year W-band

data [17]. Section 1 contains the standard

description of things you already know. We

copied and pasted some text from a previous

paper into section 2. In section 3 we discuss

the theoretical underpinning of the relic pat-

terns for which we search. In section 4 we

describe results of searches for such patterns.

Throughout this article we use the conven-

tion that happiness and morality are positive

and sadness and evil negative. We assume the

standard mind-the-gap tube announcement.

2 Methodology

2.1 Posterior statistics & mor-
phology

It has been stated that selection of one’s

CMB statistic a posteriori is on some level

bad science [18]. We must object to this

on two counts. On a practical level cos-

mic variance limits us; if we were to follow

this principle exactly we would be permit-

ted no more hypotheses about the CMB af-

ter the first WMAP data release. Second,

there is clearly some level of significance of a

statistic so-selected that overcomes any ob-

jection. For example, if the primary cos-

mic microwave background anisotropies had

the words We apologise for the inconvenience
written in 300µK hot letters at the Galactic

north pole (see Figure 1) then we would not

be persuaded that this has no significance,

even if no one suggested it in advance (though

in fact they did: [19]).

Figure 1: An example of a CMB map for

which the application of posterior statistics

would not be wholly unreasonable.

2.2 Methods

It has often been noted by theorists that the

conceptual simplicity and beauty of a theory

is as important as such quotidian concerns

as accurate fits to data. We adopt this phi-

losophy now and apply it to the data analy-

sis method we use in this paper. Our analy-

sis will be the computational equivalent of a

theoretical toy model: simple, but we do not

want to imply we are not clever enough to do

a better one, just too busy.

We generate template images of the pat-

terns discussed in section 3, and convert

them to Healpix [20] maps at resolution

Nside = 512, initially centered at the north

pole. We compare these template maps to

co-added WMAP 7-year maps of the W-band

microwave sky as follows: For each pixel on

a lower resolution Nside = 64 map, we ro-

tate the positions of those pixels ‘hit’ in the

2

Figure 4: Detection levels of patterns E (look-
of-disapproval) with radius.

Figure 5: A detection of pattern E, the look
of disapproval.

grounds, WMAP scan strategies, and corre-
lated noise. We might use the method recom-
mended in [29], where cosmological CMB sig-
nal in the maps is excluded and only noise is
considered. It is clear, however, that this runs
the risk of over-estimating the probability of
finding a pattern by chance; the more con-
servative choice is clearly to analyze a map
with neither signal nor noise using the same
pipeline.
We find that the likelihood of finding any

such patterns in these simulations is zero; the
absolute detection significance of our discov-
eries is therefore approximately ∞σ.

5 Conclusions

We have shown that common methods of
CMB circle-searching can be straightfor-
wardly extended to non-circular patterns,
and have applied such a method. In doing
so, we have been able to characterize pre-
viously unmeasured statistics about the mi-
crowave background: its mood, characterized
by the difference in detection significance be-
tween patterns A and B, and its moral fiber,
characterized by the difference between pat-
terns C and D. We find that the CMB is sad,
good and disapproving, which is perhaps a
bittersweet conclusion.
There are of course several other simi-

lar statistical CMB measurements we could
make: its political persuasion, for example,
or its gender or sexuality2; we leave these to
future work. We expect our findings to in-
spire theoretical studies to elucidate the un-
derpinnings of these unanticipated aspects of
the CMB. Indeed, we suggest that such efforts
begin immediately, since it is known that the

2The authors have always conceived of the CMB
as an elderly lesbian Tea-Partier; this perhaps says
more about them than it.
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FIG. 1: Spatial gradient in a cosmological parameter (repre-
sented by the colour gradient), which is locally negligible at
last scattering, but important over the free-streaming length
scale. The filled circle shows (to scale) the comoving horizon
size at last scattering.

the suggestions of a gradient in !e and by the flow mea-
surements, but can also be justified in that any residual
inhomogeneity from before inflation would be expected
to have been stretched until it was essentially linear in-
side our Hubble volume. Therefore we characterize the
anisotropy in parameter X at trec by

X(n̂) = X0 (1 +!X/X0) cos " , (1)

where n̂ is the direction to the LSS and X0 is the
monopole value. We find that such a dipole induces cor-
relations between the # and #+1 multipole modes of the
CMB covariance matrix, with an amplitude and spec-
trum depending on X . This is a generic feature of a
dipole anisotropy—our motion with respect to the CMB
rest frame [11, 12] or a Hubble-scale homogeneous mag-
netic field [13, 14] also induce similar correlations.
In the following we fix the monopoles X0 to their re-

spective WMAP 7-year best-fit values [15]. As well as
!e, we consider the baryon matter fraction fb = "b/"m

at the LSS, and the amplitude and spectral index of the
primordial fluctuations, As and ns. A wider list could
be considered, such as: mp/me; other particle couplings,
mass ratios, and mixing angles; helium abundance; or ef-
fective number of neutrino species. However, our method
assumes that the gradient a#ects only the generation of
primary anisotropies (i.e. anisotropies generated at last
scattering), so it should be generalized for parameters
such as the redshift to reionization or tensor contribu-
tion, which e#ect anisotropies along the line of sight.
Isocurvature mode.—Some variations may lead to an

additional # = 1 mode. In the case of motion with respect
to the CMB frame, any di#erence between the dipole de-
duced from aberration and the directly measured CMB
dipole can be ascribed to an isocurvature mode. In the
same way, gradients in parameters like fb will correspond
to gradients in the relative densities of matter compo-
nents, i.e. to isocurvature modes, and hence will give rise

to an “intrinsic” dipole on the sky. On the other hand,
modulation of other parameters, such as As, will clearly
not correspond to isocurvature modes. When an isocur-
vature mode is present, the evolution of the mode should
properly be examined to late times, to capture any line-
of-sight e#ects that our approach would miss. Therefore,
we present the higher order correlations for fb with the
caveat that the connection with isocurvature models is
yet to be fully explored.
CMB covariance matrix.—The CMB temperature

anisotropies observed today are described by T (n̂) =
T0 [1 + $(n̂)], where the T0 is the monopole. The fluc-
tuations are typically expanded in terms of the spherical
harmonics Y!m(n̂) as

$(n̂) =
!
!

!=1

!
!

m="!

a!mY!m(n̂) . (2)

In the approximation that the anisotropies are primary,
we can Taylor expand the temperature field in terms of
the unmodulated (statistically isotropic) field $i(n̂) and
parameter X to give

$(n̂) = $i(n̂) +!X
d$i(n̂)

dX

"

4$

3
Y10(n̂) , (3)

where we have oriented the dipole along the polar direc-
tion. The harmonic modes are then given by

a!m = ai!m +!X
!

l!

dai!!m
dX

%!m!!m , (4)

with the coupling coe%cients

%!m!!m! = &!!,!+1&mm!

#

(#+ 1)2 !m2

(2#+ 1)(2#+ 3)
(5)

+ &!!,!"1&mm!

#

(#2 !m2)

(2#! 1)(2#+ 1)
.

From this one can compute the correlation matrix

C!m!!m! " #a#!ma!!m!$ (6)

= C!&!!!&mm! +
!X

2

$

dC!

dX
+

dC!!

dX

%

%!m!!m! ,

to order !X , where #ai#!mai!!m!$ = C!&!!!&mm! . The only
non-isotropic terms are the o#-diagonal #, #± 1 modes—
as expected, a dipole modulation couples multipoles with
|!#| = 1. The derivative power spectra can easily be ex-
tracted from standard CMB codes; we used CAMB [16],
using the unlensed spectra.
The o#-diagonal terms due to the aberration caused

by our motion with respect to the CMB rest frame have
a similar form, also coupling modes with |!#| = 1. These
are given by (see e.g. [11])

C!,m,!+1,m % '(#+ 1)
&

C!+1 ! C!

'

%!,m,!+1,m , (7)

• Imagine that physics varies over very large scales

• Maybe we could observe bubble collisions?

• But the second craziest idea is:

  Perhaps we could detect a gradient across our patch?

• → dipole modulation of sky

• Already studied for 
perturbation amplitude

• Effectively same as for 
“aberration”

• Recently suggested for α

• But could be any parameter

(Moss, Scott, Zibin & Battye, arXiv:1011.2990)



Let’s look at aberration of the CMB

• Challinor & van Leeuwen 2002

• Burles & Rappaport 2006

• Kosowsky & Kahniashvili 2010

• Amendola et al. 2010

• Chluba 2011

β = 0

β = 0.5

β = 0.9

• Real effect has β≈0.001 

• C  modulated by cosθ pattern

• Detectable by Planck

• Just a poor way of measuring 
the dipole?

l



Let’s look at aberration of the CMB

Angles squashed
on the other side

Angles stretched
on one side of sky

Or can consider this as an effect which 
couples harmonics



×

↓

↓ ↓



×

↓

↓ ↓



• Any modulation couples spherical harmonics

• Modulation by a dipole couples l with l ±1

• True for any T(θ,φ⎮P)= T(θ,φ⎮P₀+ΔP), with ΔP∝cosθ

C!m!!m! ! "a!

!ma!!m!#

= C!!!!!!mm! +
!X

2

!

dC!

dX
+

dC!!

dX

"

"!m!!m!

with ! = "!!,!+1"mm!

!

(# + 1)2 ! m2

(2# + 1)(2# + 3)

+!!!,!!1!mm!

!

("2 ! m2)

(2" ! 1)(2" + 1)



From this one can compute the correlation matrix

C!m!!m! ! "a!
!ma!!m!# (6)

= C!!!!!!mm! +
!X

2

!
dC!

dX
+

dC!!

dX

"
"!m!!m! ,

to order !X , where "ai!
!mai

!!m!# = C!!!!!!mm! . The only
non-isotropic terms are the o"-diagonal #, #± 1 modes—
as expected, a dipole modulation couples multipoles with
|!#| = 1. The derivative power spectra can easily be ex-
tracted from standard CMB codes; we used CAMB [20],
using the unlensed spectra.

The o"-diagonal terms due to the aberration caused
by our motion with respect to the CMB rest frame have
a similar form, also coupling modes with |!#| = 1. These
are given by (see e.g. [14])

C!,m,!+1,m $ $(# + 1)
#
C!+1 % C!

$
"!,m,!+1,m , (7)

where $ = v/c $ 1.23 & 10"3. This is essentially
a derivative of the C! with respect to # itself, since
C!+1 % C! $ dC!/d#.

V. VARIABLE !e EXAMPLE

To choose a concrete example, let us focus on %e. We
recap the basic recombination equation, considering the
3-level hydrogen atom. A full explanation of the symbols
can be found in Ref. [21]. The rate equation is

H
dxp

d ln z
=

%
xexpnH%H % $H(1 % xp)e"h"!/kTM

&
(8)

& 1 + KH#HnH(1 % xp)
1 + KH(#H + $H)nH(1 % xp)

,

where xp = np/nH is the ionization fraction, $H the ion-
ization rate, #H the 2-photon rate, KH = &3

#/(8'H(z))
the redshift factor, and %H the recombination rate.

To adapt the RECFAST recombination code, we con-
vert all energies and rates according to their %e de-
pendence. The modifications are as follows: &# '
&# (1 + ()"2; KH ' KH (1 + ()"6; %H ' %H (1 + ()5;
$H ' $H (1 + ()5 e"$2 ; and #H ' #H (1 + ()8, where
( = !%e/%e cos ). We found the changes to the ioniza-
tion history to be consistent with other work (e.g. [22]).
An increase in %e leads to faster recombination, which is
primarily due to the decrease in the ionization rate.

VI. RESULTS

[A few paragraphs added here ....]
In Fig. 2 we show the temperature power spectrum

computed from CAMB for the WMAP 7-year best-fit
parameters [18]. We also show the power spectrum
for shifts in parameter values of X0 (1 + !X/X0), with
!X/X0 = 0.05 for %e, and !X/X0 = 0.2 for fb, As and

FIG. 2: Temperature power spectrum computed for the
WMAP 7-year best-fit parameters (solid, black). Also shown
is the spectrum for shifts in parameters of X0 (1 + !X/X0),
with !X/X0 = 0.05 for !e (dotted, red), and 0.2 for fb

(dashed, blue), As (dot-dash, green), and ns (dot-dot-dash,
magenta).

FIG. 3: Derivative power spectra !X dC!/dX with
!X/X0 = 10!3 for X = !e (dotted, red), fb (dashed, blue),
As (dot-dash, green), and ns (dot-dot-dash, magenta).

ns. The derivative power spectrum can be computed in
the limit !X/X0 ' 0, and is shown in Fig. 3 for the same
cosmological parameters, but all having !X/X0 = 10"3.

The changes in the power spectrum from each pa-
rameter has been widely discussed in the literature (see
e.g. [23, 24]). X = As corresponds to a trivial scal-
ing of the spectrum, whereas X = ns depends on the
chosen value of the pivot scale, k0. In our calculations
we set k0 = 0.05 Mpc"1, and hence the spectrum at
# ( k0rLSS ( 0.05 & 14000 = 700, where rLSS is the
comoving distance to the LSS, is unchanged. The bary-
onic physics is well understood – increasing fb increases
the amplitude of odd peaks compared to even peaks due
to baryon inertia, shifts peaks to smaller scales due to

From this one can compute the correlation matrix

C!m!!m! ! "a!
!ma!!m!# (6)

= C!!!!!!mm! +
!X

2

!
dC!

dX
+

dC!!

dX

"
"!m!!m! ,

to order !X , where "ai!
!mai

!!m!# = C!!!!!!mm! . The only
non-isotropic terms are the o"-diagonal #, #± 1 modes—
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|!#| = 1. The derivative power spectra can easily be ex-
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C!,m,!+1,m $ $(# + 1)
#
C!+1 % C!

$
"!,m,!+1,m , (7)

where $ = v/c $ 1.23 & 10"3. This is essentially
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C!+1 % C! $ dC!/d#.

V. VARIABLE !e EXAMPLE
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H
dxp

d ln z
=

%
xexpnH%H % $H(1 % xp)e"h"!/kTM

&
(8)

& 1 + KH#HnH(1 % xp)
1 + KH(#H + $H)nH(1 % xp)

,
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ns. The derivative power spectrum can be computed in
the limit !X/X0 ' 0, and is shown in Fig. 3 for the same
cosmological parameters, but all having !X/X0 = 10"3.

The changes in the power spectrum from each pa-
rameter has been widely discussed in the literature (see
e.g. [23, 24]). X = As corresponds to a trivial scal-
ing of the spectrum, whereas X = ns depends on the
chosen value of the pivot scale, k0. In our calculations
we set k0 = 0.05 Mpc"1, and hence the spectrum at
# ( k0rLSS ( 0.05 & 14000 = 700, where rLSS is the
comoving distance to the LSS, is unchanged. The bary-
onic physics is well understood – increasing fb increases
the amplitude of odd peaks compared to even peaks due
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the decrease in sound speed of the photon-baryon fluid,
and increases the amplitude on smaller scales due to the
decreased mean free path at recombination.

The dependence on !e is also well understood (see
e.g. [22]). Increasing !e increases the recombination
rate, such that rLSS is increased and peak positions shift
to higher ". The amplitude of the first peak is also
suppressed relative to the second due to the decreased
baryon-to-photon ratio at last scattering (recombination
occurs at higher redshift, and hence a higher photon tem-
perature). Earlier recombination also leads to an de-
creased photon di!usion length (since the horizon size
is smaller at earlier time) and hence increases the small
scale amplitude. [Check I have all the correct dependen-
cies here]

The power spectrum has a stronger relative depen-
dence on !e than other parameters. This is due to
higher powers of "!e/!e a!ecting the physics – the
redshift of last scattering, for example, is proportional
to (1 + "!e/!e)2 [22]. The derivative power spectrum,
which controls the amplitude of o!-diagonal correlations
for a dipolar parameter modulation, is therefore larger
for the same "X/X0, as shown in Fig. 3. We also see
that the derivative spectra have di!erent shapes, and
hence the dipole modulation of various parameters could
in principle be distinguished.

As discussed, the derivative spectrum for X = ns de-
pends on the chosen value of k0. This is because, when
As is held fixed, dC!/dns will be small near k0. Di!er-
ent k0 would correspond to physically di!erent spectra;
our calculations are for the case of k0 = 0.05 Mpc!1,
which is representative of pivot scales corresponding to
the high-" region. Also, defining a gradient for ns might
be di#cult for scales approaching the Hubble scale today
(" ! 10). However, most of the constraining power comes
from 10 ! " ! 400, where such ambiguity does not arise.
[Further clarification needed here?]

We now turn to the question of the error on "X/X0 for
a single parameter from an idealized (i.e. cosmic variance
limited) experiment. This could be studied in more detail
using a Fisher matrix formalism, but since it is unclear
which set of parameter variations should be considered,
we leave this study for the future.

The correlation matrix C!,m,!+1,m has 2" + 1 o!-
diagonal modes for each ", which are diagonal in m for
a dipole orientated along the polar direction. The vari-
ance of each mode is, to lowest order in "X , C!C!+1.
One can therefore construct the total signal-to-noise of
the correlations by summing over " and m (see e.g. [15])

!
S

N

"2

=
!max#

!=2

!#

m=!!

C2
!,m,!+1,m

C!C!+1

. (9)

For a general dipole direction, the harmonic modes
are rotated according to a"

!m =
$

m! D!
m!m(#, $, %)a!m! ,

where #, $, % are the Euler angles and D!
m!m the Wigner

D-matrix. Since we orient the (unrotated) dipole in the
polar direction, % = 0. The correlations are then redis-

FIG. 4: Fractional error on !X/X0 for a cosmic variance
limited experiment out to ! = !max. Labeling is the same as
in Fig. 3.

tributed between non-diagonal m modes, depending on
the Euler angles. However, one can show that the S/N is
invariant under rotations, so (9) holds for any direction.

An estimate of the error on "X/X0 can be derived
from the total S/N by &("X/X0) = "X/(X0 S/N) [15].
In Fig. 4 we plot this error as a function of "max. At
"max = 2000, which is roughly the Planck satellite cos-
mic variance limit, &("X/X0) ! 10!4 for !e and "10!3

for the other cosmological parameters. This compares
to &(') " 2 # 10!4 for the aberration e!ect [14, 15].
As discussed in Sec. III, although we have presented the
derivative power spectrum for fb, we do not attempt to
interpret this and present S/N constraints. [Explained
why no fb plot]

Returning to the case of !e, if we assume that the
dipole variation claimed from quasar spectra at z $
2 continues as a linear slope in look-back time, then
"!e/!e ! 1.5 # 10!5 at trec. Supposing instead that
the gradient is linear in comoving distance r(z), then
"!e/!e would be a factor of roughly two higher at the
LSS. However, this is still below the detectable limit from
measurements of the CMB according to our results.

In practice, the variation among di!erent parameter
gradients may contain partial degeneracies, and hence
disentangling various possibilities may be challenging.
Also, for small "X , it may be di#cult to distinguish the
correlations from those due to the aberration e!ect. On
the other hand, a parameter gradient producing correla-
tions significantly larger than those of aberration should
be easy to detect. Also, weaker gradients may be de-
tectable in the future using the extra information con-
tained in 21 cm surveys [25].

One can also ask what happens to CMB polarization
anisotropies in the presence of gradients. This has been
studied for the case of a dipole modulation in the 3-
dimensional potential (e.g. [26]), which corresponds to
our case X = As, and one finds similar correlations be-

AS

nS


